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Abstract

This paper studies identification and doubly robust (DR) estimation
of quantile treatment effects (QTEs) in difference-in-discontinuities (diff-
in-disc) designs. We show that QTEs are point identified under a con-
ditional stable-distributional-effect assumption for the confounding treat-
ment, which is the diff-in-disc counterpart of the distributional parallel
trends assumption in the recent difference-in-differences literature. We
then propose a DR estimator and inference procedure that remain valid
when either the outcome regression or the propensity score model is cor-
rectly specified, while avoiding high-dimensional nonparametric adjust-
ment for covariates in the local estimation setting. We establish asymp-
totic normality of the proposed estimator, and Monte Carlo simulations
illustrate its double-robustness and good finite-sample performance. In
an application to Italian municipal fiscal data, extending the mean anal-
ysis of Grembi et al. (2016), the estimated effects suggest that relaxing
fiscal constraints increases deficits mainly in the lower and middle parts of
the distribution, moving municipalities near fiscal balance into moderate
deficits—heterogeneity that is not visible in mean effects.

Key words: Quantile treatment effects, Diff-in-disc, Regression dis-
continuity design, Difference-in-differences, Doubly Robust, Fiscal policy
JEL classification: C13 C21 H71 H72

1 Introduction

The difference-in-discontinuities (diff-in-disc) design combines elements of re-
gression discontinuity design (RDD) and difference-in-differences (DiD) to iden-
tify causal effects when a new treatment is introduced at a cutoff that is already
associated with a discontinuity from a pre-existing policy or institutional rule.
In an RDD, treatment assignment changes discretely at a known cutoff of a
running variable, and the resulting discontinuity in outcomes identifies a local
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treatment effect at the threshold. In DiD, differences in pre—post changes be-
tween treated and control groups are used to identify treatment effects under
a parallel-trends assumption. Diff-in-disc combines these ideas by contrasting
RDD estimates before and after a policy intervention, thereby differencing out
pre-existing discontinuities at the same threshold.

The diff-in-disc design was introduced by Grembi et al. (2016) in their study
of fiscal rules, and subsequent work has refined identification and estimation
strategies within this framework (e.g., Milldn-Quijano, 2020; Galindo-Silva et al.,
2021; Butts, 2023; Larsen and Valant, 2024; Picchetti et al., 2024). Existing
studies, however, have focused almost exclusively on mean treatment effects.
Mean effects can conceal substantial heterogeneity across the outcome distribu-
tion, especially when a policy shifts some parts of the distribution much more
than others. This paper extends the diff-in-disc framework to quantile treat-
ment effects (QTEs), enabling the analysis of distributional impacts that are
not visible in mean effects.

Our first contribution is an identification result for QTEs in diff-in-disc de-
signs. We show that QTEs are point identified under a conditional stable dis-
tributional effect assumption for the confounding treatment. This assumption
is the diff-in-disc counterpart of the distributional parallel trends restriction in
recent DiD research (Roth and Sant’Anna, 2023; Kim and Wooldridge, 2025):
it requires the discontinuity generated by the confounding treatment to remain
stable over time, conditional on observables. The conditional formulation al-
lows time-varying confounding to operate through observed covariates and is
especially useful when the composition of units near the cutoff changes over
time. Because the identifying restriction is stated in terms of conditional dis-
tributions, it is invariant to strictly monotonic transformations of the outcome
variable, making the framework applicable whether the outcome is measured in
levels, logarithms, or another monotone scale.

Our second contribution is methodological. We propose a doubly robust
(DR) estimator and inference procedure for the identified QTEs. The estima-
tor remains consistent when either the outcome regression or the propensity
score model is correctly specified, and it avoids high-dimensional nonparametric
adjustment for covariates in the local estimation setting. We establish asymp-
totic normality of the proposed DR estimator and discuss the multiplier wild
bootstrap as a convenient method for practical inference.

We study the finite-sample behavior of the estimator in a small-scale Monte
Carlo exercise. The simulations illustrate its double-robustness and good finite-
sample performance. We also apply the method to Italian municipal fiscal data,
extending the mean analysis of Grembi et al. (2016). In this application, point
estimates suggest that relaxing fiscal constraints increases deficits mainly in the
lower and middle parts of the distribution, moving municipalities near fiscal
balance into moderate deficits. These patterns suggest heterogeneity that may
be masked by mean effects.

This paper contributes to two strands of literature. First, it advances the
diff-in-disc literature by providing, to our knowledge, the first framework for
identifying and estimating QTEs in this setting, together with DR inference.



Second, it contributes to the broader literature on distributional and quantile
treatment effects, including conditional and unconditional QTEs under uncon-
foundedness (Koenker and Bassett, 1978; Firpo, 2007), regression discontinuity
designs for quantiles (Frandsen et al., 2012), and extensions of DiD under dis-
tributional parallel trends (Athey and Imbens, 2006; Callaway and Sant’Anna,
2021; Roth and Sant’Anna, 2023). By combining these strands, the paper pro-
vides a new tool for studying heterogeneous policy effects in settings with both
discontinuity-based and before—after variation.

The remainder of the paper is organized as follows. Section 2 presents the
baseline identification result without covariates. Section 3 extends the analysis
to allow for time-varying confounding through observables. Section 4 discusses
estimation and inference. Section 5 presents Monte Carlo simulations. Section
6 contains the empirical application. Section 7 concludes.

2 Baseline Identification

Let Y; € Y C R be the outcome of interest for unit 7. We consider two time
periods, or more generally, two groups. Let T; € {0,1} be an indicator for the
second period/group: T; = 0 for the first period or group and T; = 1 for the
second. There are two binary treatments: a confounding treatment C; € {0, 1},
present in both periods/groups; the treatment of interest D; € {0, 1}, introduced
only in period/group 7; = 1. Our goal is to evaluate the effects of D;. For
concreteness, we refer to T; as a time indicator, but the framework also covers
setups where T; indexes groups rather than time. In such cases, the treated
group experiences both C; and D;, while the control group receives only C;.
An example is Lalive (2008), where unemployment insurance benefits change
discontinuously with age only in the treated region. Let R; be the running
variable. We assume a repeated cross-sectional setup, i.e., (Y;, R;,C;, D;) |T; =
Y Fy rc,pr=t,t =0,1.

Both treatments follow a sharp RDD rule with a known cutoff, normalized
to zero. Specifically:

C; = 1(R;>0), (1)
Di = 1(R;>0)-1(T;=1). (2)

~

The outcome is generated as:
Y; =g (Ci, Di, Ry, ei), (3)

where ¢ (-) is an unknown function, and e; captures all other observable or
unobservable determinants of Y;, in addition to C;, D; and R;.
Potential outcomes are defined by fixing treatment values:

)/i (C, d) ::g (C’ d7 R'L? 67') ) c7 d E {0’ 1} *



The observed outcome is then

Yi=(1-C)(1-D;) Y (0,0)+C; (1—D;)-Y; (1,0)
+(1—Cy)D;-Y;(0,1) + CiD; - Vi (1,1). (4)

which simplifies to Y; = (1 —C;) - Y;(0,0) + C; - Y; (1,0) when T; = 0 (since
D; =0).

The causal parameter of interest is the quantile treatment effect (QTE) of
D; in the presence of C};, at the threshold R; = 0 for T; = 1, i.e.,

0 (1) :=Qy,1,1)|r;=0,1:=1 (T) — Qv,(1,0)|R;=0,1;=1 (T) , for 7 € (0,1),

where Qy,|r,—o,1,=1 (7) is the conditional quantile function of a random variable
W; given R; = 0 and T; = 1. This parameter captures how D; shifts the outcome
distribution in the presence of C; rather than individual treatment effects.
Notation rule: In the following we drop the i subscript. For conditional cu-
mulative distribution functions (CDF's) and probability density functions (PDF's)
conditioning on R = r and T' = t appears in the subscript; additional condi-
tioning variable (e.g., covariates X) appears in the argument. For instance,
Fw p=r =t (w):=Pr (W < w|R =r,T = t) denotes the conditional CDF of W
given R =r and T' =t (for t = 0,1), whereas Fyy|x, r—r,7—¢ (w|r):=
Pr(W <w|X =z,R=r,T =t) denotes the conditional CDF of W given X =
x, R=r,and T = t. Similarly, frjr—(r) and fx|p—r = (z) denote the con-
ditional PDFs of R given T =t (for t =0,1) and of X given R =r and T = t,
respectively. Because R is continuously distributed, events like {R = 0} have
probabilities zero. Throughout, conditioning on R = 0 denotes the limiting
distribution as r — 0.
Assumption 1 (Smoothness): (i) For any y € Y, the CDFs Fy (¢ 0)|r=r,7=0(¥),
{0,1}, and Fy (¢ ayr=r,r=1(y), ¢,d € {0,1}, are continuous in r at r = 0.
fRrjT=¢(r) is continuous and strictly positive in a neighborhood of » = 0 for
0,1.

Assumption 2 (Stable Distributional Effect of C'): For any y € Y,

m

c
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Fy(1,0)\r=0,7=0 (¥) — Fy(0,0)|r=0,7=0 (¥)

= Fy (1,0)|R=0,T=1 (y) — Fy(0,0)|r=0,7=1 (y) .

Assumption 1 is the standard smoothness condition for identifying distri-
butional effects in RDD (Frandsen et al., 2012). Assumption 2 states that the
distributional effect of C', in the absence of D, is invariant across periods. In
identifying mean effects, Millan-Quijano (2020), Larsen and Valant (2024), and
Picchetti et al. (2024) impose the “stable mean effect” while Grembi et al. (2016)
and Galindo-Silva et al. (2021) impose a stronger assumption that the individ-
ual treatment effect of C', in the absence of D, remains the same for T'= 0 and
T = 1, which implies that both the mean and the distributional effects remain
the same.



Assumption 2 is the difference-in-discontinuities counterpart of the distri-
butional parallel trends assumption in DiD (Roth and Sant’Anna, 2023; Kim
and Wooldridge, 2025). In the absence of the confounding treatment C, the
usual RDD logic implies that units just above and just below the cutoff are
locally comparable, providing a design-based rationale for a stable above-below
distributional contrast in the absence of D. With C present in both periods,
Assumption 2 requires that the local distributional contrast generated by C at
the cutoff be the same in T = 0 and T" = 1. This allows the pre-period dis-
continuity due to C to be differenced out from the post-period discontinuity,
thereby isolating the distributional effect of D. As with standard distributional
identification, the assumption is invariant to strictly monotonic transformations
of the outcome. This assumption is most plausible when C' is a longstanding or
institutionally stable policy, when its implementation does not change materi-
ally across periods, or when the pre- and post-periods are sufficiently close that
any mild time variation in the effect of C' is likely to be small.

Although Assumption 2 is not directly testable, its plausibility can be in-
formally assessed when multiple pre-periods are available. A natural placebo
exercise is to re-estimate the quantile effects exactly as in the main analysis us-
ing only pre-period data, treating an earlier pre-period as the base period and
a later pre-period as a placebo post period. Since D is absent in both periods,
placebo QTE estimates close to zero across quantiles would be consistent with
the maintained identifying framework and, in particular, with stability of the
discontinuity generated by C. Importantly, however, this placebo exercise is
not a test of Assumption 2 alone, but a joint check of the full set of identifying
assumptions underlying the placebo comparison. Thus, rejection may reflect in-
stability in the effect of C or other departures from the maintained framework.
Likewise, passing the placebo exercise is only suggestive, since stability across
pre-periods need not extend to the actual post period. The exercise should
therefore be interpreted as a plausibility check rather than a formal validation
of Assumption 2.

Parallel trends in distributions are a stronger assumption than parallel trends
in means; however, as discussed in Chen and Roth (2024), assuming parallel
trends in distributions is necessary (and sufficient) for the parallel trends in
means assumption to be invariant to any monotonic transformations of the out-
come variable. Following their argument (Chen and Roth, 2024, Proposition 1),
it is easy to show that Assumption 2 holds, if and only if for g: Y —¢(Y), a
strictly monotonic bijection on ), the following holds

Fg (v(1,0) \R:O,T:O(S) - Fg(Y(o,o)) |R:0,T:0(s)

F

Fg(Y(l,O))\R:O,T:l(S) - g(Y(O,O))|R:O,T:1(S) for any s € ().

One example of such g function is g (y) = log (y) for y € (0,+00). It follows
that the identification results presented in this paper are robust to monotonic
transformation, including the popular log transformation of the outcome.
Given the above assumptions, one can identify the two distribution functions,
FY(l,l)\RZO,TZl (y) and FY(I,O)\RZO,TZI (y) Since C and D follow sharp designs,



ie, C=1(R>0),and D=1(R>0)-1(T =1), we have Y =Y (1,1) when
R >0 and T = 1. Then under Assumption 1,

Fy a1y r=0,r=1 (y) = lring I(y)|R=rT=1], (5)

where T (y):=1(Y <y).
By Assumption 2, stable distributional effect of C, we have

Fya0)r=0r=1 ) = Fy©,0)r=07r=1(Y)
+Fy1,0)|r=0,7=0 (¥) = Fy(0,0)|rR=0,7=0 (¥)
= li%E [I(y)|R=rT=1]
+liﬁ)lE I(y)|R=r,T=0]

where the second equality follows from (1), (2), (4), and the smoothness condi-
tions in Assumption 1.

The quantile treatment effect of interest is then given by

—1 —1
6(r) = FY(l,l)\R:O,T:l (1) - FY(l,O)\R:O,T:l (1),

where F;(ll)d)‘R:O)T:I (1) = inf {y € V: Fya,a)r=0,r=1(y) > T}, d=0,1.

Under Assumptions 1 and 2, the right-hand side of eq. (6) is a proper CDF
and therefore must be weakly increasing in y and take values in [0,1]. This
yields the testable restriction: for any /',y € Y, and ' < v,

ImE[I(y)—I(y)|R=r,T =1]

10
+HImE[I (y) I (y) |[R=7T =0
~ImE[I () -1y |R=rT=0]
< 0. (7)

A natural route to formal testing would be to estimate the implied counterfac-
tual CDF on a finite grid of outcome values and test the resulting collection of
one-sided moment inequalities—monotonicity across grid points, together with
the [0, 1] bounds—using a studentized Kolmogorov—Smirnov-type statistic with
bootstrap critical values, in the spirit of Arai et al. (2022). An alternative,
closer to Roth and Sant’Anna (2023), would be to test nonnegativity of the im-
plied probability masses (or density) associated with the counterfactual CDF.
Because a full treatment would need to account for boundary local-polynomial
estimation in the diff-in-disc setting, we leave formal testing of eq. (7) for future
research.



3 Identification with Time Varying Confound-
ing Factors

The identification strategy in the preceding setup rests on the stable distribu-
tional effect of C' (Assumption 2), which requires the discontinuity generated
by C at the cutoff, in the absence of D, to be the same in the two periods.
This restriction can be too strong if the composition of units near the cutoff
changes over time, or if period-specific factors alter how C' affects the outcome
distribution.

We now extend the framework to allow such differential trends to operate
through a set of observed covariates X € RP. Throughout this section, X de-
notes observed covariates that may vary across periods but are not themselves
affected by the cutoff-induced treatments C and D. This restriction is important
because identification conditions on X and transports the pre-period conditional
effect to the post-period covariate distribution. This generalized setting retains
the previous diff-in-disc structure but replaces Assumption 2 with a conditional
analogue, in which the stability restriction holds after conditioning on X . Unlike
in standard RDD, where covariates are included mainly to improve efficiency,
here conditioning on X is essential for identification. The approach also ac-
commodates a doubly robust formulation that remains valid when either the
outcome model or the relevant propensity score is correctly specified.

Let

A¢ (y, z) 5:FY(1,0)\X,R:0,T:t (y|z) — FY(o,o)\X:a:,R:O,T:t (ylz),

for t =0, 1. Further let p (z):=Pr (T =1|R=0,X = x).

Assumption 1G (Smoothness): (i) Fy (c,0)x,r=rr=0 (y|z) for ¢ € {0,1}
and Fy (c,q)|r=r,7=1 (y) for ¢,d € {0,1} are continuous in 7 at r = 0. (ii)
fx|R=r,r=¢ () is continuous in r at r» = 0 for ¢t € {0,1}. (iii) frjp—¢ (r) is
continuous and bounded away from zero at r = 0 for ¢ € {0, 1}.

Assumption 2G (Conditional Stable Distributional Effect): Ag(y,z) =
Ay (y,z) for all (y,x).

Assumption 3G (One-sided local overlap): There exists € > 0 such that
Prip(X)<1—¢|lR=0,T=1)=1.

The asymmetry in Assumption 1G(i) is intentional: conditional continu-
ity in X is only imposed on T = 0, because Aq (y,x) is identified from pre-
period one-sided limits and then transported to T' = 1 via Assumption 2G;
for T'= 1, unconditional continuity is sufficient to identify Fy (1 1yjr—=0,7=1 (%)
and Fy (0,0)|r=0,7=1 (¥). Assumption 1G(ii) should be understood as a continu-
ity restriction on the distribution of the untreated covariates X at the cutoff;
variables that respond to C' and D are excluded from the conditioning set in
the current framework. Assumption 1G strengthens Assumption 1 by requiring
smoothness for T = 0 to hold conditional on X. In particular, parts (i)—(ii)
imply the unconditional continuity in Assumption 1, making Assumption 1G



slightly stronger in theory. In practice, the difference is negligible, as smooth-
ness in observables is commonly required in RDD applications—discontinuity
in the distribution of observables at the cutoff is generally viewed as evidence
invalidating the design.!

Assumption 2G relaxes Assumption 2 by allowing the distributional effect of
C to vary across periods with observed covariates X. Conditional on X, how-
ever, the effect of C at the cutoff must remain stable across T =0 and T = 1,
so that the pre-period object Ay(y,z) can be transported to the post-period
covariate distribution. Thus, Assumption 2G is a conditional transportability
restriction: it allows cross-period compositional changes near the cutoff, pro-
vided they are captured by X. As with Assumption 2, it is invariant to strictly
monotonic transformations of the outcome.

Assumption 2G can be informally probed using a placebo exercise based only
on pre-period data when multiple pre-periods are available. One can re-estimate
the same covariate-adjusted specification used in the main analysis, treating an
earlier pre-period as the base period and a later pre-period as a placebo post pe-
riod. Placebo QTE estimates close to zero across quantiles would be consistent
with the maintained identifying framework and, in particular, with conditional
stability of the discontinuity generated by C. Conversely, sizable placebo effects
even after conditioning on X would suggest either that the effect of C' changes
over time in ways not captured by X, or that the covariates are not rich enough
to absorb the relevant heterogeneity. Comparing unconditional and conditional
placebo results can also be informative: rejection of the former but not the lat-
ter would suggest that observable compositional change is the main source of
time variation. As before, however, this exercise is not a test of Assumption 2G
alone, but a joint check of the full set of identifying assumptions underlying the
placebo comparison. Thus, rejection may reflect failure of conditional stabil-
ity, violations of the underlying RDD conditions, or other departures from the
maintained framework. Likewise, passing the placebo exercise is only sugges-
tive, since stability across pre-periods need not extend to the actual post period.
The exercise should therefore be interpreted as a plausibility check rather than
a formal validation of Assumption 2G.

Assumption 3G states that there exists € > 0 such that p(X) <1—¢ as.,
with "a.s.” taken under the T' = 1 local distribution at the cutoff. It allows
p(X) = 0 but rules out p(X) = 1 on covariate values relevant for T'= 1. Let
Sp:=Supp (X|R=0,T =t). Assumption 3G implies support inclusion: &; C
Sy, enabling extrapolation of the effect of C' from T' = 0 to T = 1. More
importantly, Assumption 3G requires p(X) to be bounded sufficiently away
from 1, which ensures stability of inverse propensity score type of reweighting,
which the proposed DR approach relies on.

IThe current framework may be extended to accommodate discontinuities in the distribu-
tion of covariates at the RDD cutoff. This can be done following Frolich and Huber (2019),
at the cost of more cumbersome notations. We do not pursue it here as it is not the main
focus of the paper.



Under Assumption 1G,

Fyq,1)|r=0,r=1 (y) = %{)IE [ (y)|[R=7T=1] (8)

is identified as before. Let

A (y) :==Fyq,0)|r=0,r=1 (¥) — Fy(0,0)|r=0,7=1 (¥) -

Then
Fy1,0)|r=0,7=1 (¥) = Fy(0,0)|r=0,7=1 (¥) + A (¥), (9)

where the first term
Fy (0,0 R=0,7=1 (y) = 17%11@ I (y)|[R=7T=1] (10)

is identified from data with T'= 1 and R < 0. To identify the second term A (y),
note from Assumption 2G that A (y,z) = Ag (y, z), and from Assumption 1G,

Ao (y,z) = hfolE[I(y) | X =2, R=rT= O]—li%]E[I(y) X =2, R=r,T=0].
T T
(11)

By the law of iterated expectations and Assumption 3G,

A(y) = E[A(y,X)|R=0,T=1]
= E[A¢(y,X)|R=0,T=1], (12)

where Ag (y, z) is given by eq. (11).

In contrast to the canonical RDD—where conditioning on covariates im-
proves efficiency but is not needed for identification—conditioning on X is es-
sential here to recover the counterfactual distribution Fy (1 0y\r=0,7=1 (¥)-

If T is randomized or X is stable over time,

[x|r=0,1=0 () = fx|r=0,7=1 (%), the above simplifies to

Afy) = EmE[ ()[R =r.T =0)~ImE[l () [R=r.T=0]. (13)

The conditional approach in (12) — which requires estimating the conditional
effect Ag (y,x) and then averaging it over the distribution of covariates X at
R =0 for T =1 — can still yield efficiency gains over (13) (See Frolich and
Huber, 2019).

Alternatively, A (y) can be identified from using inverse propensity score
weighting. Let p(x):=Pr(I'=1|X =2, R=0) and p:=Pr(T=1|R=0) =

E[p(X) | R = 0]. Define the odds m(x):= 15(;(;) and the normalized weight

_ n(x) _U=p)p@)
YO = X TR=0,T=0]  p(l—p())’ "

The last equality follows from the standard identity E[x(X) | R = 0,7 = 0] =

125+ Assumption 3G ensures that w(x) is finite almost surely under the 7' =1



local distribution. This weight satisfies the identity, for any integrable function
G(X),
E[GX)|R=0,T=1]=Ew(X)G(X)| R=0,T =0]. (15)

Then

A(y) =lmE w (X) - 1 ()[R =T = 0]~ ImE [w (X) - 1 () |7 = r.T = 0].
(16)
A proof of Egs. (15) and (16) is provided in the Appendix.

Egs. (12) and (16) require estimating conditional mean or probability func-
tions given R, T and X. Nonparametric estimation can suffer from the curse
of dimensionality when X is high-dimensional and worse when involves many
continuous covariates; parametric models risk misspecification. We therefore
consider a doubly robust approach that mitigates the misspecification concern.

Let Fy (y, X) and F, (y, X) be some chosen parametric models for the con-
ditional mean functions

ImE|] X, R=rT = ImE|] X, R=rT =
imE[I(y) | X,R=rT=0] and ImE[I(y)|X,R=rT =0],
respectively. Let w (x) be the IPW weights in (14) when the propensity score
p (z) is estimated parametrically, such as by logit or probit. Define
APE (y) =21 (y) + AF (y) — A3 (1), (17)

with

Ar(y)=E[Fy (y,X) — Fy (y,X) | R=0,T =1],

A (y):=ImE[w(X){I(y) — Fy (y, X)}

rl0
|R:7’,T:O],
Ay (y)=ImE[@(X){I(y) - Fy (v, X)}
|R=7rT=0].

Theorem 1 (QTE Identification ) Under Assumptions 1G - 3G,

5 (1) =inf {y € ¥V: Fy,1)r=o,r=1 (y) > 7}
—inf{y € ¥V: Fy(1,0)\r=0,7=1 (y) =2 T},
where
Fy(1,1)r=0,r=1(y) = EIQE [ (y)|[R=7T=1],
Fya,0r=0r=1(y) = 17%11[‘: [I(y)|R=rT=1+AP"(y),
and APE (y) is given by eq. (17). The estimand for Fy (1,00 r=0,r=1 () is valid

if either (i) the conditional mean models F,” and F, are correctly specified, or
(i1) the weights w are correctly specified.

10



The proposed doubly robust formulation in Theorem 1 ensures validity under
correct specification of either the outcome regression or the propensity score
model. This formulation forms the basis for the estimation procedures developed
in the next section.

Note that we focus on the case in which both the confounding treatment C'
and the treatment of interest D follow a sharp design. If both instead follow a
fuzzy design, the QTEs 6 (1) are generally not point identified without additional
restrictions.

4 Estimation and Inference

For clarity and to simplify notation, estimation and inference are presented
using a single bandwidth A common to both periods (¢ € {0,1}) and both sides
of the cutoff (s € {+,—}), i.e., h%* = h for all 7. In practice, one may choose
different bandwidths depending on the time period, the side of the cutoff, and
the specific quantile. We discuss detailed bandwidth choices in Section 4.3.

4.1 Estimation

For the main exposition, assume we have an ii.d. sample {Y;, R;, X;, T;}7 1,
with treatment 7; € {0, 1}, running variable R; € R C R, covariates X; €
X C R, and outcome Y; € ¥ C R. Define I;(y):=1{Y; < y} and the ker-
nel Kj(u):=K(u/h)/h with bandwidth h. Denote by 0 the estimator of any
parameter 6.

Step 1: Estimate local CDFs for T'= 1. Let I 4 (y) = Fy(c,a|r=0,7=1(Y),
c,d € {0,1}. Estimate Fy 1 (y) by @3 (y) from the following local linear regres-
sion (LLR):

{a5 v),af W} =argmin Y (L(y) —af —af R) Ka(R), (18)

0% 4R, >0, T;=1

Similarly, estimate Fy o (y) = limoE[I(y) | R=7,T = 1] by a5 (y) from

{ag ).a7 ()} =arg min > (Li(y) —ag — a7 Ri) Kn(R:).  (19)
@0 5% 4R, <0, T;=1

Step 2: Estimate DR correction ADR(y). Fit side-specific parametric
working models for E[I;(y) | X;, R;, T; = 0] on the subsamples {T; = 0, R; > 0}
and {T; = 0, R; < 0}, and denote by ﬁgr(y, X;) and 130_ (y, X;) the corresponding
fitted values evaluated at R; = 0. Further estimate A;(y) by a(y) from LLR
using the pseudo-outcome A (y, Xl-)::f?'gr(y, X;) fﬁ'o_(y, X;) and the subsample
{Tl = 1}, i.e.,

{@w) b))} =argmin > (B, X) —a—bR)” Kn(Ry).
TeT=1
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Fit Pr(T =1 | X, R) by logit/probit and define p(X;) = P\?"(T =1|X;,,R; =0).
Set 7 (X;) =p(X;) /(1 — p(X;)). Further estimate 7 =E[7 (X)|R=0,T = 0]
by a parametric intercept, regressing 7 (X;) on R; using the subsample {T = O}

Alternatlvely, one may estimate m by local constant estimator ie., T =

T(Xi)Kn, (R
Z’XT: =o ™ K}) (’R_() ), choosing h; > h so that the estimation error of 7 is first-
i:T; =0 (g T

order ignorable. Set

7 (X0)
=

Estimate AJ (y) and A; (y) by LLRs as in (18) and (19), replacing I;(y) with

the pseudo- outcome w (X Y{Li(y) — E (y, X;)} for T; = 0,R; > 0 and with

@ (X;) =

(20)

w (X)) {Li(y) — Fy (y,X,)} for T; =0, R; < 0. Then
APR(y) = A(y)+ AT (y) - A7 (), (21)
Fl,O(y) = Z50,0(3!)4-5131{(31). (22)

Step 3: Estimate quantiles. Let ¢; 4, be the 7-quantile of Fy 4 and @1 4.+
its estimator obtained by inverting the monotone rearrangements of Fj 4; re-

arrangement is Hadamard directionally differentiable and does not affect first-
order asymptotics (Chernozhukov et al., 2010). The estimated QTE is then

5(7')251,, —q10-7€(0,1).

In practice, it might be helpful to adopt smoothing “in the y-direction” to
estimate smoothed versions of CDF's, which in our setting amounts to replacing
1{Y; <y} with ® ((y — Y;)/hy), where ® is a smooth CDF (e.g., the standard
normal), in all the estimation steps described above. Choose hy — 0 with
hy /h — 0 so that y-smoothing is second order and does not affect the first-
order limit ofg(r).

4.2 Inference

Define ny:=Y ;- 1{T; = ¢} for t € {0,1} as the period-specific sample sizes,
and let n:=ng + n1. Let nyh denote the period-t effective local sample size at
the boundary (¢ € {0,1}), and nh the overall effective local sample size when
pooling both periods (with n:=ng + ny).

We impose the following assumptions and regularity conditions for asymp-
totics.

Assumption A (Asymptotics): (i) Assumptions 1G-3G from the identi-
fication section; (i) Smoothness: the conditional expectations entering (8),
(10), and (17) are twice continuously differentiable in r near 0; for ¢ € {0,1},
there exists § > 0 such that frjp—; (r) is continuous and strictly positive for
|r] < ¢ (as in Assumption 1G(iii)); (iii) Kernel: K is bounded, symmetric,

12



nonnegative with compact support and [ K = 1; (iv) Bandwidth:
h—0, nh—oo, Vahh?®—=n~el0,00), 2 p e(0,1)
n
so  V/nhh? = \/py=:y, for t € {0,1};

(v) Double robustness: either the parametric outcome regressions Foi (y,2)
are correctly specified or the propensity score p(x) is correctly specified; (vi)
Quantile regularity: for d € {0,1} the cdf F; 4(y) is absolutely continuous at
1,4, with density f1 4(¢1,4,-) bounded away from 0 and oo on the index set of
interest.

Following the standard asymptotic linear representation of local polynomial
regression estimators applied to CDF's, with indicator outcomes I(Y < y), one
can derive the influence functions for the CDF estimators ﬁlyd, d € {0,1}. For
t € {0,1} and s € {+, —} define the one-sided sample moments

S,Qﬁ?s(h):zlEK]D Kn(R)1{T =t, sR>0}|, m=0,1,2,

and further ,
DO (h):=S§"(h) S5 (h) — (S (h))7,

as well as the associated local-linear terms

CO(Rh) o =S5 (h) — S, (h) (R/h),
MRy =S5 (h) — S (h) (R/D).

Let W; = (Yi, R;, X;, T;). Define the side-specific local mean functions
mi+(r;y):=E[I(y) | R=r,T =1,R > 0],
my,—(r;y):=E[I(y) | R=rT =1,R <0],

so that F11(y) = m1,4+(0;y) and Fpo(y) = m1,—(0;y). Similarly define
MAl(r;y)::]E[F‘(j_(an) - E)_(y’X) | R = r, T = 1}7
so that Ay (y) = Ma, (0;y). Further for the DR corrections, define
My (3 y)=E[@(X) (I(y) — i (v, X)) | R=r.T = 0,R > 0],
My (riy)=E[@(X)(I(y) - Fy (y, X)) | R=7T =0,R < 0],

2

so that AJ (y) = Mu+ (0;y) and A (y) = My~ (0;y). All the influence functions
below are written as equivalent-kernel weights times residuals from these local
mean functions.
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The boundary local linear estimators for Fy 1(y) and Fp o(y) admit influence
functions

Kn(R)1{T; = 1, R; > 0}V (Ry; h)

W;) =
'(/}1,1,3;( ) Dg_l)(h)

(Li(y) —mi1+(Rizy)), (23)

Kn(R)L{T; =1, R; < 03¢ (R;; h)
DY (n)

Vo,0,4(Wi) = (Li(y) —ma1,—(Rizy)) - (24)

For the components of the DR estimator for Iy o(y) = Foo(y)+A1(y)+AF (y)—
A5 (y), the associated influence functions are

K (R)UHT; =1}

Vany(Wi) = E[Ky(R){T; = 1}]
X (FJ(anl) - FO_ (anl) - MA1 (Ruy)) ) (25)
) o ) O)p.
Vay W) = ST =0 e = OB (GR350, (1,00 - i 0. 0)
D7 (h)
— My (Risy)), (26)
) o , O /p.
Vag,(Wi) = Ko 1 0(,05%1 < OFE () (@0(X:) (Liy) — Fy (y, X3))
DX’ (h)
- My; (Ri;y)). (27)

The expressions for ¢ ; , and g o, in eq.s (23) and (24) correspond to the
canonical form given in Frandsen et al. (2012, hereafter FFM; Section 4 and Ap-
pendix C), adapted to our setup. The DR components influence functions ¢ 5, y»
P Afy and 1 N extend these results to incorporate parametric adjustments
and inverse probability weighting, in the spirit of doubly robust estimation (see,
e.g., Robins et al., 1994; Chernozhukov et al., 2018). For A;(y), the derivation
in Appendix B.2(iii) shows that, under a symmetric kernel and evaluation at
the interior point R = 0, the local linear weights admit the equivalent—kernel
representation used in (25).

By linearity, reflecting the additive construction of Fj o(y) from its identified
components, we can define the overall influence function for the DR estimator
of Fy o(y) as

0y (We)=1{T; = 1}%{w0,0,y<m> +1a, ., (W)}

T, = 0}%{%;@(% TN 1L0) S )

The nuisance models are low-dimensional parametric, estimated at n—1/2

rate, so their contribution is second order relative to (nh)_l/ 2, and sample
splitting/cross-fitting is therefore unnecessary here.
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Theorem 2 (Asymptotic linearity of CDF estimators) Under Assumption
A, for each fixed y,

vnih (ﬁl,l(y)*Fl,l( ) = \/— Z V11, (Wi) +71011(y) +0p(1), (29)

w:Ty=1

\/Tﬁ(ﬁlvo(y)*Fl,o( \/—Z¢1oy i) +7b1o(y) +op(1), (30)

where by .(y) are the usual O(h?) boundary bias constants for LLR. The ezact
expressions of by .(y) are provided in the Appendiz.

Under Assumption A(vi), the quantile map is Hadamard differentiable, hence

~ ¢1 1,q1,1 (”1)
V h T T) = § = 1).
ni (91,1, q1,1, ) W pt fl,l(ql,l,'r) +’yl ﬁl,l(T) +0P( )

. V10,410, (Wi
Vnh (ql,()ﬂ' — q1,0, r = r ; 1f(1),0q(Q1,0(,T) ) +781,0(1) + 0p(1).

with 3, 4(7) for d € {0,1} the density-weighted drift induced by the O(h?) cdf
bias. Therefore, for S(T) =q11,r— Q1,07

Vnh (8(r) — 6(7) rDb D)+ 7 u(r) + op(1), (31)

where

1 w1,1,q1,1,7(Wi) n 1/’170,q1,0,7(Wi)
Vo1 fialaias) fi0(q1,0,7)

and p(7):=81 1 (1) = B o(7).

Corollary 3 (Asymptotic normality of QTE) Under Assumption A, for fixed
€(0,1),

¢, (Wi):= —

\/%(3(7—) —4(1)) 4, N(yu(r), o(1)),
where (7)== B, (1) =B1(7) and 0 (1) = Var(¢,(W)). The exact expressions

1,

-
of B1,4(7), d= 0,1, are presented in the Appendiz.

The above provides a basis for two standard approaches for inference: I)
undersmoothing, so that v = 0, and the leading bias vanishes; (ii) robust bias
correction (RBC), where one subtracts off the estimated leading bias from the
original estimator 4(7), i.e. the RBC estimator is STbC(T)::g(T) — Apu(7)/v/nh,
where 4 = v/nhh?. The corresponding variance then needs to take into account
the added variability of the bias correction. In the following we separately
discuss practical approaches of CI construction under undersmoothing and RBC.
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Assuming v = 0, i.e., undersmoothing, one can have the following plug-
. . ~2 . . . . . R
in estimator for ¢“(7), which uses empirical influence functions at ¢ 4, and
consistent density estimates f1 ¢(g1,a4,-):

. Graa (W) oz, (W
b (W)= — | — 1;1"1j*( O T’qf"( ) (32)
e fiaGue) J10(a10,7)
where /n/n; is the plug-in counterpart of 1/,/p1 in the population influence
function ¢ ..

n

2= 13 (6.00-3) =Y am) @
i=1

=1

For example, f1.4(y), d € {0,1}, can be estimated by numerically differentiating
a y-smoothed version of the CDF, Fff;(y), obtained from the corresponding
estimators of F\Ld(y) after replacing 1{Y; < y} with (I)((y — Yi)/hy), where @ is
a smooth CDF (e.g., the standard normal).? The pointwise (1 — o)) Wald CI is

8(T) £ 21_ay2 6(1)/Vnh,

where 2z1_q/5 is the 100 - (1 — «/2) — th percentile of a standard normal distri-
bution.

In practice, we recommend bootstrap, as it provides a better finite sample
approximation of the distribution of 5 (1), particularly at tails. Bootstrap by
resampling with replacement is valid under the usual regularity conditions (in
particular, positive densities at the target quantiles). Alternatively, for the
case of undersmoothing, one may leverage the influence function in (32) and
implement influence function based multiplier bootstrap as follows.

1. Compute unit-level influence functions aT(Wi) by eq. (32).

2. Draw i.i.d. multipliers {£;}7-; with E[§;] = 0 and Var(§;) = 1 (e.g.,
Rademacher or normal N (0,1)).

3. For each draw, b =1,..., B, compute the bootstrap score

T(r) = = 3 € (600 = 0,).

2An equivalent route is to differentiate inside the local polynomial, i.e., estimate f1,1(y)
by an LLR of the y-smoothed score i &(y — Yi)/hy) on R; using {T; = 1,R; > 0} (and
analogously for the left side), where ¢ is a smooth pdf. For fi o(y), one may (i) apply this
to each term in the DR decomposition F1 ,0(y) = Fo,0(y) + A1(y) + Ag‘(y) — A5 (y), so that
J1,0(y) = fo,0(y) + fa, (y)+ fAj (y)— fA,; (y); or (ii) form ﬁlfg‘(y) first and then differentiate

it as above. Because the RDD local linear fit is linear in the outcome and its weights do
not depend on y, differentiation in y commutes with the R-fit; hence these approaches are
asymptotically equivalent. As in the main text, take hy — 0 with hy /h — 0.
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Because Var(¢,.(W;)) = O(1/h), the distribution of T;(7) approximates
that of ﬁ > ¢ (W), which, after dividing by vnh in step 4, yields a
valid approximation to the law of v/ nh(g(r) —4(7)).

4. Construct the (1—a) Cl as {3(7) =i _y 2 (T) /Vnh, 5(r) — Qoo (T) [V nh},
where ¢ (7) is the u quantile of {T} (T)}le.

Remark 4 (Clustered sampling) For notational simplicity, the asymptotic
results above are stated for i.i.d. observations. In applications with repeated ob-
servations for the same unit over time, let the data be indexed by clusters g =
1,...,G and within-cluster observations j = 1,...,mg, with Wy; = (Y, Rgj, Xg5, Tys)
andn = Zngl mg. Suppose clusters are independent, while observations within
a cluster may be arbitrarily dependent, and assume cluster sizes are uniformly
bounded, i.e.,

max mg < m < 00.

1<9<G
Then n =< G, so the rate conditions in Assumption A continue to govern the
first-order behavior up to constants, and the asymptotic linear representation
in (81) carries over after grouping the influence-function contributions at the
cluster level.

In particular, for the multiplier bootstrap under undersmoothing, define

Mg = = G Mg -~
(/I\)QJ = Z(¢T(ng) - (b‘r)? ¢T = %ZZ (b‘r(ng)’

Jj=1 g=1j=1

draw i.i.d. cluster-level multipliers {5?}?21 with E[ﬁg’)] =0 and Var(fgb)) =1,
and compute

G
7)== 3.6 B
Likewise, a clustered plug-in variance estimator can be formed as
G ~
d e
g=1

Accordingly, whenever the same unit is observed in multiple periods, inference
should be clustered at the unit level.

SRS

~2
UCI(T) =

For a fixed finite grid of quantiles, the same influence-function-based mul-
tiplier bootstrap (using cluster-level multipliers when appropriate) can also be
used to construct simultaneous confidence bands by using the bootstrap dis-
tribution of the maximum absolute t-statistic over the grid. We use this as
a supplementary empirical diagnostic in the application. Formal uniform va-
lidity over a continuum of quantiles would require additional empirical-process
arguments and is beyond the scope of the present paper.
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The analytical and multiplier-bootstrap CIs above rely on undersmoothing,
which may be undesirable when one uses a large bandwidth, such as an asymp-
totic mean squared error (AMSE)-optimal bandwidth. In this case, one may

~rbe
estimate the RBC estimator 6  (7) by replacing all the boundary or interior
LLR estimators involved in estimating F} 1(y) and Fi o(y) by their RBC alter-

natives before inverting to obtain grbc(T). One can further construct Cls by
the usual resampling bootstrap; when observations repeat across periods, re-
sampling should be done at the cluster level. The RBC estimators for local
polynomial regression at both boundary and interior points can be conveniently
implemented in Stata by Iprobust or in R by nprobust (Calonico et al., 2019).

4.3 Bandwidth Selection

Estimation of the conditional distribution functions in our framework requires
choosing bandwidths for local polynomial fits on either side of the cutoff in
each period. While most data-driven selectors in the RDD literature — such as
Imbens and Kalyanaraman (2012) or Calonico et al. (2014) — are designed for
mean treatment effects, our target is the CDF (and its inverse). We therefore
follow the approach of FFM, who adapt mean-optimal bandwidths to quantile
estimation by first selecting a reference bandwidth for the mean on each side
of the cutoff and then scaling it to each quantile 7 via a closed-form factor.
Specifically, letting hl:¢  denote the plug-in bandwidth for the mean in period

mean

t € {0,1} and side s € {+, —} the quantile specific bandwidth is

t,s _ 1t,s
h'r - hn’iean

1/5
u—))] | (34

¢ (271 (7)

where ¢ and ® are the standard normal PDF and CDF, respectively.?

This rule is valid in our setting because the local CDF estimators we use have
the same boundary bias—variance trade-off as in FFM’s RDD-QTE framework:
they are local-linear fits of binary indicators 1 (Y < y) on each side of the cutoff,
and the doubly robust correction terms are likewise functions of such boundary
fits. The derivation of the scaling factor in FFM does not depend on whether the
design is a standard RDD or our difference-in-discontinuities extension; it only
requires the usual smoothness and kernel regularity conditions already imposed
in our identification arguments.

In practice, one may choose symmetric bandwidths (k%™ = h%:~) within a
period if curvature and variance appear similar on both sides, or allow side-
specific choices if smoothness or effective sample sizes differ—both options are
accommodated by the FFM procedure. Following their recommendation, we
use plug-in (mean-optimal) k%S as the reference rather than cross-validation,

mean
given their better performance at boundaries.

1/5
3For 7 € [0.05,0.95], the scaling factor [ﬁ} is between 1.095 and 1.345.
T

18



For the LLR interior estimator of A; (y), use a center bandwidth

. 1/5
h}' = h71nean T( 1_T) 2 ’ (35)
¢ (@1 (7))
where hl,... can be the harmonic mean of kL ~—and hlZ . — any consistent

choice of the same rate works.

The CDF estimation uses binary outcomes I(Y < y), while the quantile
level 7 associated with y is unknown a priori. We recommend a plug-in rule
that maps y — 7(y) via a pilot CDF and then applies the FFM scaling shown
above. We provide details in the Appendix.

5 Monte Carlo Simulations

This section reports a small-scale Monte Carlo study that evaluates the finite-
sample performance of the doubly robust (DR) estimator developed in Sec-
tions 3-4. The goals are threefold: (i) verify that double robustness holds in
finite samples, (ii) compare the DR estimator with single-robust alternatives
(OR-only and IPW-only), and (iii) document how bias and dispersion evolve
with sample size.

5.1 Simulation Design

Data-generating process. For i = 1,...,n we generate (X;,T;, R;,Y;) as
follows. Draw independently two covariates:

X, ~ N(0, 0.7), X5 ~ Bernoulli(1/2).
The time-period indicator is
T | X ~ Bernoulli(p(X)), P(X):=A(yg + 71 X1 + 72 X2),
where A(u) = {1 + exp(—u)}~! is the logistic CDF. Because p(X) depends on
X, the covariate distribution differs across T'=0 and T = 1.
The running variable is

R=2U -1, U ~ Beta(5,5),

drawn independently of (X, 7). Define the confounding policy and the treat-
ment of interest:

C =1{R > 0}, D=1{R>0}-1{T =1}.
The baseline outcome index is

m(R, T, X):=ag + 1T + p1 R+ poR? + B, X1 + B2 Xo.

19



The confounding-policy effect is heterogeneous in Xi:
Ac(X):=ko + k1 X1,

and the treatment of interest has both a location and a scale component:
Ap(X):=b¢ + 61 Xs.

Let & ~ N(0,1) be drawn independently of (R, T, X). The potential out-
comes are

Y (0,0):=m(R,T, X) + ¢,
Y (1,0):=m(R,T,X) + Ac(X) +e¢,
Y(1,1):=m(R,T,X) + Ac(X) + Ap(X) +ope,

with op:=1+ d2 > 0. The observed outcome is therefore

Y=m(R,T,X)+C -Ac(X)+D -Ap(X)+(o6p—1)-De.

Parameter values. Table 1 collects all scalar DGP parameters.

Table 1: DGP parameter values

Group Parameter Value
Propensity score (o> V1> V2) (0, 0.7, —0.4)
Baseline outcome (ap, a1) (0, 0)
(p1 P2) (0.6, 0.3)
(B1: B2) (0.5, —0.3)
Confounding effect  (ko, k1) (0.6, 0.8)
Treatment effect (60, 01, 62) (0.5, 0.1, —0.4)
op=1+ d2 0.6

This DGP has three noteworthy features. First, conditional distributional
stability holds: Y'(1,0) =Y (0,0) = A¢(X) does not depend on T, satisfying our
identifying assumption conditional on X. Second, unconditional stability can
fail, because p(X) and Ax(X) both depend on X, so the marginal distribu-
tional effect of C' may differ across T'= 0 and T" = 1—motivating covariate ad-
justment. Third, quantile treatment effects are non-constant: because op # 1,
the QTE 0(7) varies with 7.

True quantile treatment effects. Because the estimand is defined at the
limit R — 0, we compute the “true” §(7) by generating a large auxiliary sample

(n = 100,000) at (R =0,T = 1) under D = 1 and under D = 0 (holding the
same X | T =1 distribution) and taking sample quantiles. At the five quantile
indices used in the simulation, the true QTEs are:
0(0.10) = 0.892, 6(0.25) = 0.728, §(0.50) = 0.542,
0(0.75) = 0.370, §(0.90) = 0.192.
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The treatment effect declines monotonically across quantiles, reflecting the scale
compression (op = 0.6 < 1).

Estimators and specification cases. We evaluate the DR estimator of Sec-
tion 4 under four specification cases, each combining a propensity-score (PS)
model and an outcome-regression (OR) model:

Case 1. Both correct: OR includes (X1, Xo, R, R?); PS is logit of T on
(X1, X5).

Case 2. OR wrong, PS correct: OR omits R? and X;; PS is correctly
specified as in Case 1.

Case 3. OR correct, PS wrong: OR is correctly specified as in Case 1; PS
omits X; and Xs.

Case 4. Both wrong: OR omits R? and X;; PS omits X; and Xo.

Under double robustness, Cases 1-3 yield consistent estimation of §(7) be-
cause at least one nuisance component is correct; Case 4, where both are wrong,
should exhibit persistent bias.

In addition, we report two single-robust benchmarks: 1) OR-only: the DR
estimator with propensity-score weights set to unity (w(X;) = 1), relying solely
on the outcome regression; evaluated under correct and wrong OR specifica-
tions. 2) IPW-only: the DR estimator with Foi = 0, relying solely on inverse-
probability weighting; evaluated under correct and wrong PS specifications.

Design choices. Sample sizes are n € {1000, 2000, 5000, 10,000}, with 1., =
300 Monte Carlo replications per design point. Bandwidths are h = ¢ -n=/5,
with tuning constants cpy, = 3.27 for boundary CDF estimation and ¢, = 3.82
for the propensity-score ratio 7, capped at hpax = 0.80 and 0.90, respectively.
CDFs are evaluated on a grid of ngiq = 200 equally spaced y-values, and quan-
tiles are obtained by inverting the monotonized CDF estimates. Across Monte
Carlo replications we report bias, root mean squared error (RMSE), and stan-
dard deviation (SD) for each 7 € {0.10, 0.25, 0.50, 0.75, 0.90}.*

5.2 Results

For brevity, we present the simulation results at sample size n = 10,000 in the
main text. Table 2 reports bias, RMSE, and standard deviation across 300
Monte Carlo replications for each estimator and specification case. Tables Al—
A3 in the Appendix report analogous results for n € {1,000,2,000, 5,000},
showing that standard deviations decline with sample size, while bias remains
modest in the DR-valid cases. Several findings emerge.

1. Double robustness in finite samples. The DR estimator in Cases 1-3—
where at least one of the OR or PS models is correctly specified—exhibits small
bias across all reported quantile indices and sample sizes. At the largest sample

4Results using local quadratic estimation are qualitatively similar but exhibit higher RMSE
due to increased variance; they are available upon request.
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Table 2: Monte Carlo results: n = 10,000, 7y, = 300. True QTEs: §(0.10) =
0.892, 5(0.25) = 0.728, §(0.50) = 0.542, 5(0.75) = 0.370, 5(0.90) = 0.192.

T = T = T = T = T =

0.10 0.25 0.50 0.75 0.90

Panel A: Bias

DR (OR v, PS V) 0.002 —0.001 0.013 0.000 0.007
DR (OR x, PS V) 0.001  —0.002 0.018 0.007 0.017
DR (OR v, PS x) 0.000 —0.007 0.014 0.003 0.011

DR (OR x, PS x) 0.171 0.175 0.245 0.313 0.386
OR-only (v') —0.001 —0.001 0.008 —0.004 0.004
OR-only (x) —0.202 0.016 0.268 0.499 0.730
IPW-only (v') —0.001  —0.005 0.012 —-0.009 —0.036
IPW-only (X) 0.151 0.166 0.250 0.323 0.395

Panel B: RMSE

DR (OR v, PS V) 0.210 0.148 0.117 0.117 0.152
DR (OR x, PS V) 0.212 0.154 0.126 0.130 0.173
DR (OR v, PS x) 0.210 0.142 0.111 0.105 0.122

DR (OR x, PS x) 0.266 0.225 0.267 0.331 0.410
OR-only (V) 0.182 0.134 0.101 0.087 0.103
OR-only (x) 0.255 0.107 0.281 0.506 0.738
IPW-only (v') 0.212 0.152 0.124 0.151 0.287
IPW-only (x) 0.254 0.218 0.272 0.340 0.419

Panel C: Standard Deviation

DR (OR v, PS V) 0.210 0.148 0.117 0.117 0.152
DR (OR x, PS V) 0.213 0.154 0.125 0.130 0.172
DR (OR v, PS x) 0.210 0.142 0.110 0.105 0.122

DR (OR x, PS x) 0.204 0.141 0.107 0.107 0.139
OR-only (V) 0.182 0.135 0.101 0.087 0.103
OR-only (x) 0.157 0.106 0.084 0.084 0.103
IPW-only (v') 0.213 0.152 0.123 0.151 0.285
IPW-only (x) 0.205 0.141 0.108 0.106 0.139

Notes: Bold labels indicate DR-valid cases (at least one nuisance component
correctly specified). v’ = correctly specified; X = misspecified. Bias =
npt 32, 180 (1) = 8()]; RMSE = {n} 3, (3™ (7) = 6(7)]1*}'/%; SD is the Monte

Carlo standard deviation of 3™ (7).

size, n = 10,000, the absolute bias of Cases 1-3 is uniformly below 0.025 at every
reported quantile 7 € {0.10,0.25,0.50,0.75,0.90}, consistent with the double-
robustness property that the estimator is consistent whenever either nuisance
component is correctly specified.

2. Inconsistency when both models are wrong. Case 4, where both
the OR and PS are misspecified, displays large and persistent bias. At n =
10,000, the bias ranges from 0.171 at 7 = 0.10 to 0.386 at 7 = 0.90, and
these magnitudes barely shrink from n = 5,000 to n = 10,000—consistent with
asymptotic bias. The bias is economically meaningful: relative to the true QTE,
it exceeds 100% at 7 = 0.90 (bias = 0.386 vs. §(0.90) = 0.192).
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3. Convergence and variance reduction. For the DR-valid cases, the
Monte Carlo standard deviation shrinks monotonically with n. For example,
SD for Case 1 at the median falls from 0.337 (n = 1,000) to 0.117 (n = 10,000),
roughly proportional to n~2/% as expected for local polynomial estimators at an
interior point of the running-variable density. Meanwhile, bias remains small
and stable, so RMSE declines at the same rate.

4. DR versus OR-only. The correctly specified OR-only estimator has small
bias across all quantiles and sample sizes. At n = 10,000, its absolute bias does
not exceed 0.008 at any reported quantile index. Moreover, OR-only achieves
lower RMSE than the DR estimator at most quantiles—for example, 0.087 ver-
sus 0.117 at 7 = 0.75 and 0.103 versus 0.152 at 7 = 0.90 (n = 10,000)—
reflecting the efficiency gain from imposing the parametric structure without
the additional noise introduced by the IPW correction. However, the OR-only
estimator lacks protection against misspecification: when the outcome model
is wrong, its bias is large and persistent (e.g., 0.499 at 7 = 0.75), whereas the
DR estimator with a correctly specified PS (Case 2) remains consistent, with
absolute bias below 0.020 across all reported quantiles. This illustrates a bias—
efficiency trade-off: the OR-only estimator is more efficient when correct, but
the DR estimator provides insurance against model misspecification.

5. DR versus IPW-only. The correctly specified IPW-only estimator has
small bias at most quantiles but suffers from extremely high variance in the tails.
The variance inflation is concentrated at the extreme upper tail: at 7 = 0.75, the
IPW-only SD is within 30% of DR Case 1 (0.151 vs. 0.117), but at 7 = 0.90 it
nearly doubles to 0.285 compared with 0.152 for DR Case 1. This excess variance
arises because propensity-score reweighting amplifies noise when p(X) is close to
zero or one, and no outcome model is present to stabilize the estimates. The DR
estimator combines the unbiasedness of IPW-only with the variance reduction
from the OR component, yielding uniformly lower RMSE.

6. Efficiency—robustness trade-off. The three single- and doubly-robust
estimators illustrate a clear efficiency—robustness trade-off. At n = 10,000, the
DR Case 1 achieves RMSE values

(0.210, 0.148, 0.117, 0.117, 0.152) across 7 = (0.10, 0.25, 0.50, 0.75, 0.90),
while the OR-only correct estimator achieves
(0.182, 0.134, 0.101, 0.087, 0.103).

The OR-only estimator is more efficient when the outcome model is correctly
specified, because it avoids the additional variance from propensity-score esti-
mation. The IPW-only correct estimator, by contrast, has inflated RMSE in the
tails (0.287 at 7 = 0.90), driven by high variance. The DR estimator occupies
a middle ground: it is less efficient than OR-only when the outcome model is
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correct, but unlike OR-only it remains consistent when the outcome model is
misspecified. This robustness property is the key practical advantage of the DR,
approach, as the researcher typically cannot verify whether the outcome model
is correctly specified.

In summary, the Monte Carlo evidence confirms the double robustness prop-
erty of the proposed estimator in finite samples. When at least one nuisance
component is correctly specified, the DR estimator delivers small bias and well-
behaved convergence; indeed, bias? accounts for less than 5% of MSE at every
quantile index, confirming that estimation error is variance-dominated. The
OR-only estimator can be more efficient when correctly specified, but the DR
estimator provides a safeguard against outcome-model misspecification while
the OR correction stabilizes the IPW estimator in the tails—making the DR
approach the most reliable choice when model correctness is uncertain.

6 Empirical Application

In this section, we revisit the quasi-experimental setting studied by Grembi
et al. (2016) to estimate the distributional impacts of relaxing fiscal constraints
on municipal deficits in Italy. Before 2001, all Italian municipalities were sub-
ject to the Domestic Stability Pact (DSP), which imposed binding numerical
constraints on local fiscal discipline. In 2001, the central government exempted
municipalities with fewer than 5,000 residents from the DSP. At the same 5,000-
resident threshold, the mayor’s wage also changes discontinuously. Following
Grembi et al. (2016), we exploit the before/after policy change and the shared
population threshold to isolate the causal effect of relaxing fiscal rules while
differencing out the confounding wage discontinuity.

Our sample and variables follow Grembi et al. (2016). We focus on the
period 1999-2004, defining 1999-2000 as the pre-policy period and 2001-2004
as the post-policy period. The overall sample size is 6,656, with 2,251 from the
pre-period and 4,405 from the post-period. The running variable is municipal
population measured in the most recent census available for each period (1991
census for the pre period; 2001 census for the post period), consistent with the
institutional timing in Grembi et al. (2016). We use the municipal budget deficit
as the primary outcome, following Grembi et al.’s (2016) argument that deficit
is the relevant “policy variable”—transfers are not locally raised and interest
payments reflect past borrowing, so mayors are less directly accountable for
those components. Additional results for the DSP target variable (the fiscal
gap) are reported in the Appendix. Following Grembi et al. (2016), we adopt
the same covariate set as in their analysis, mainly for comparability with the
benchmark application and to capture the main dimensions of heterogeneity
emphasized there. The covariate set includes an indicator for a binding mayoral
term limit, the number of parties in the city council, the percentage of young
voters, the speed of public good provision, average taxable income, the mayor’s
years of schooling, and an indicator for northern municipalities.

We implement the DR estimator described in Section 4. Implementaion de-
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Table 3: Counterfactual quantiles and quantile treatment effects of relaxing
fiscal constraints on deficit

T q1,1,r q1,0,7 QTE

010 -17.5 (4.0)¥* -30.1 (7.5)** 12,6 (8.9)
015 -11.2 (3.6)¥* 249 (6.6)*** 13.6 (8.0)*
0.20 -6.5  (3.3)%  -21.0 (6.7)¥** 145 (7.9)*
025 -24  (3.1) 177 (6.8)%F% 153 (7.8)%*
030 1.3  (3.1) -15.0  (7.0)%% 162 (8.0)**
035 4.7  (3.1) 124 (TA4)* 171 (8.4)%*
040 82  (3.3)**  -10.1 (7.8) 18.3  (B.9)**
045 11.7  (35)¥* .79  (85) 19.5  (9.5)%*
050 153  (3.6)¥** 57  (9.2) 21.0  (10.2)%*
055 19.0 (3.8)*** 35  (10.1) 225 (11.2)%*
0.60 229 (3.8)%* _1.3  (1L.1) 241 (12.2)%*
0.65 269 (38)** 1.1  (12.5) 25.8  (13.5)*
0.70 31.0 (3.8)*** 3.6  (14.5) 274 (15.4)%
0.75 355  (4.0)* 64  (17.6) 29.1  (18.4)
0.80 40.6  (4.2)%* 97  (22.7) 30.9  (23.5)
0.85 46.9  (47)*** 141  (35.2) 32.8  (36.0)

Notes: Covariates include an indicator for a binding mayoral term
limit, the number of parties in the city council, the percentage of
young voters, the speed of public good provision, average taxable
income, the mayor’s years of schooling, and an indicator for north-
ern cities. Standard errors (in parentheses) are computed using a
multiplier wild bootstrap with 9,999 draws and are clustered at the
municipality level. * p < 0.10, ** p < 0.05, *** p < 0.01.
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Figure 1: Counterfactual quantile curves and QTEs: deficit (full sample)
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tails, including kernel, bandwidth choices and specifications for the parametric
functions are provided in the Appendix. Although the theory is presented for
repeated cross-sections, the empirical application uses a short panel of munic-
ipalities observed over multiple years. We therefore treat municipalities as in-
dependent clusters, allow arbitrary within-municipality dependence over time,
and base inference on a municipality-clustered multiplier bootstrap described
in Section 4.2, with B = 9,999 draws of i.i.d. Rademacher multipliers at the
municipality level. When the unit of observation is municipality-year, each mu-
nicipality contributes at most six observations over 1999-2004, so cluster sizes
are uniformly bounded in this application. Reliable nonparametric inversion of
the counterfactual CDF at extreme quantiles requires a sufficient number of ob-
servations in the upper tail of the local sample. We restrict reported quantiles
to 7 € [0.10,0.85] in our analyses, where the local sample is large enough for
stable quantile inversion.?

Table 3 reports estimated treated quantiles g1 1,-, counterfactual quantiles
1,07, and the quantile treatment effects 3(7) = q1.1, —q1,0,~ for the full sample.
Figure 1 visualizes these quantile curves (left panel) and the QTE function
(right panel) with pointwise 95% confidence intervals. Appendix Figure B2
reports simultaneous confidence bands over the reported quantile grid based
on the clustered multiplier bootstrap. Although the point estimates display a
clear pattern, these bands include zero at every reported quantile, so we do not
reject the joint null that 6 (7) = 0 across the grid. Accordingly, the discussion
below should be read as pointwise rather than uniform evidence that the QTE
function differs from zero.

The estimates in Table 3 and Figure 1 indicate that exempting small mu-
nicipalities from the DSP shifts the deficit distribution upward over most of the
support. The estimated QTEs are positive over all the reported quantiles, and
they are statistically significant at conventional levels from 7 = 0.15 through
7 = 0.70 (with the tightest precision in the middle of the distribution). The mag-
nitudes are economically meaningful: at low quantiles the exemption reduces
fiscal surpluses, and around the center of the distribution it moves municipali-
ties from near balance into clear deficits. For example, at 7 = 0.10 the treated
quantile is —17.5 while the counterfactual is —30.1, implying a QTE of 12.6;
at the median (7 = 0.50) the counterfactual is —5.7 while the treated quantile
is 15.3, implying a 21.0 increase; and at 7 = 0.65 the treated quantile is 26.9
versus a counterfactual of 1.1 (QTE 25.8). Overall, the results suggest that
relaxing the DSP mainly increases the incidence and size of moderate deficits,
rather than shifting the entire distribution by a constant amount.

In the upper tail, point estimates remain sizeable (e.g., 29.1 at 7 = 0.75 and
32.8 at 7 = 0.85) but standard errors grow quickly, and none of these upper-tail
QTE:s is statistically distinguishable from zero. The widening confidence bands

50n the right side of the cutoff within the RD bandwidth, the overall effective local sample
contains 414 observations in the main analysis (years 2001-2004). Due to the outcome sparsity
in the upper tail, the estimated counterfactual quantile sequence qi,0,~ display a big jump
from 7 = 0.85 to 7 = 0.90, so we deem the estimated QTE at 7 = 0.90 unreliable for our
sample.
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in Figure 1 are consistent with greater sampling variability in counterfactual
quantiles obtained by inversion of an estimated counterfactual CDF: when the
counterfactual distribution is thin in the right tail, small CDF estimation errors
translate into large quantile errors. Overall, the strongest pointwise evidence is
for positive effects through the middle of the distribution, with less conclusive
evidence about the extreme upper tail.

Table 4: Quantile Treatment Effects for Deficit: Subgroup Analysis

Term limit Young voters Public good provision
T Non-binding Binding Below median Above median Below median Above median
0.10 5.4 (14.0) 58.7 (15.4)*** 37.1 (12.9)*** -6.9 (10.1) 14.6 (12.6) 10.7 (21.7)
0.15 7.4 (14.5) 26.0 (17.8) 30.2 (10.9)*** -4.8 (9.0) 16.4 (10.6) 9.7 (20.9)
0.20 9.2 (14.9) 23.8 (13.6)*  29.4 (9.8)*** -2.7 (8.9) 17.4 (10.2)*  10.1 (16.2)
0.25 10.7 (15.9) 23.1 (12.8)*  29.2 (9.9)*** -1.2 (9.2) 18.7 (10.1)*  11.2 (14.8)
0.30 12.1 (16.9) 25.6 (15.0)*  29.3 (10.4)*** 0.2 (9.4) 19.6 (10.6)* 12.4 (15.0)
0.35 13.8 (18.3) 26.5 (17.1) 29.5 (11.0)*** 1.7 (10.1) 20.6 (11.1)*  13.6 (15.7)
0.40 15.5 (19.5) 27.3 (20.1) 29.8 (11.9)** 3.1 (10.8) 21.5 (11.5)*  15.0 (17.1)
0.45 17.5 (21.2) 27.5 (26.0) 30.5 (12.8)** 4.6 (11.9) 22.5 (12.2)*  16.4 (19.2)
0.50 19.6 (23.4) 26.5 (37.5) 31.1 (14.0)** 6.2 (13.3) 23.8 (12.9)* 17.7 (23.1)
0.55 21.6 (26.1) 11.9 (41.8) 32.1 (15.2)** 7.7 (15.0) 25.0 (13.6)* 18.7 (32.0)
0.60 23.4 (30.3) 7.0 (22.5) 33.1 (16.7)** 9.3 (16.7) 26.5 (14.4)*  16.7 (75.2)
0.65 24.8 (37.6) 6.4 (18.9) 34.4 (18.2)* 10.2 (18.2) 28.3 (15.3)* 1.2 (29.2)
0.70 25.9 (47.6) 6.8 (18.5) 36.2 (20.0)*  10.6 (19.1) 30.6 (16.1)* 0.7 (19.4)
0.75 26.6 (76.7) 7.4 (41.2) 38.3 (22.0)* 11.0 (20.4) 33.3 (16.7)** 1.0 (15.8)
0.80 -0.1 (28.8) 8.4 (40.9) 41.5 (24.3)*  11.4 (20.2) 37.3 (18.0)** 1.2 (14.9)
0.85 2.2 (26.8) 8.9 (36.1) 46.0 (27.4)*  12.8 (22.6) 43.8 (20.7)** 0.0 (18.1)

Note: QTEs for budget deficit. Covariates in Columns (1)—(2) include the number of parties in the
city council, the percentage of young voters, the speed of public good provision, average taxable
income, the mayor’s years of schooling, and an indicator for whether the city is located in the North.
Columns (3)—(6) additionally control for an indicator for a binding mayoral term limit. Standard
errors (in parentheses) are computed using a multiplier wild bootstrap with 9,999 draws and are
clustered at the municipality level. * p < 0.10, ** p < 0.05, ¥** p < 0.01.

We next explore heterogeneity along the key political-economy dimensions
highlighted by Grembi et al. (2016): term limits (reelection incentives), voter age
composition, and the speed of public good provision. Table 4 reports subgroup
QTEs. Figures 2—4 plot treated and counterfactual quantile curves by subgroup
(the corresponding QTE plots are reported in Appendix Figures B3-B5).

Term limits. The heterogeneity by mayoral term limits is suggestive but
not conclusive. For municipalities with non-binding mayoral term limits, the
estimated QTEs are positive but fairly modest and imprecise throughout the
distribution. For municipalities with binding mayoral term limits, the response
is much stronger at the bottom of the distribution and then fades toward the
upper quantiles. Taken together, the estimates suggest that when reelection
incentives are absent, relaxing fiscal constraints mainly shifts municipalities in
the lower part of the deficit distribution upward—eroding surpluses or push-
ing near-balance municipalities toward deficits—whereas with non-binding term
limits the response is flatter and more diffuse across quantiles. At the same time,
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Figure 2: Counterfactual quantile curves for deficit: term limit non-binding
(left) and binding (right)
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Figure 3: Counterfactual quantile curves for deficit: share of young voters below
median (left) and above median (right)
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Figure 4: Counterfactual quantile curves for deficit: speed of public good pro-
vision below-median (left) and above-median (right)

the standard errors are wide at many quantiles, so these subgroup differences
should be interpreted cautiously.

Voter age composition. The deficit response differs sharply by the share of
young voters. For municipalities with a below-median share of young voters
(older electorates), the QTEs are large, positive and statistically significant
throughout the distribution. For municipalities with an above-median share of
young voters, estimated QTEs are small—slightly negative at the bottom and
modestly positive at higher quantiles—and they are not statistically significant.
This pattern is consistent with the political-economy mechanism emphasized in
Grembi et al. (2016): younger electorates may discipline fiscal policy and limit
deficit expansion when formal constraints are relaxed, whereas older electorates
exhibit a much stronger deficit response.

Public good provision. The speed of public good provision is defined as
the ratio of provided to promised public goods in the provisional budget. A
below-median value corresponds to slower provision and greater under-delivery
relative to promises. For municipalities below the median speed, QTEs are
positive across the distribution and become larger toward the upper tail; they
are statistically significant from 7 = 0.20 onward, reaching 43.8 at 7 = 0.85.
For above-median speed municipalities, estimated effects are much smaller and
imprecisely estimated across quantiles. These results reinforce the interpreta-
tion in Grembi et al. (2016) that formal fiscal constraints bind more strongly
where political distortions are more pronounced, while they matter less where
governance performance is stronger.

Lastly, to probe the plausibility of the maintained identifying framework—
including, in particular, Assumption 2G, the conditional stable distributional
effect of the confounding policy—we conduct a falsification exercise using the
two-year pre-policy sample (1999-2000). Specifically, we re-estimate the same
covariate-adjusted specification as in the main analysis, treating 1999 as the
base period and 2000 as a placebo post period, even though the fiscal-policy
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Figure 5: Counterfactual quantile curves and QTEs for deficit: falsification test

relaxation was not introduced until 2001. Figure 5 plots the resulting counter-
factual quantile curves together with the placebo QTEs for deficit. The placebo
point estimates remain close to zero, and the pointwise 95% confidence intervals
contain zero at all reported quantiles, which is consistent with the maintained
identifying framework in this empirical setting. As discussed above, however,
this exercise should be interpreted as a plausibility check rather than as a formal
validation of the assumptions.

Other standard RDD design diagnostics, including running-variable density
and covariate balancing checks around the 5,000-resident threshold, are reported
in Grembi et al. (2016), whose sample construction and variable definitions we
follow, so we do not reproduce them here.

The mean diff-in-disc estimates in Grembi et al. (2016) establish that relax-
ing the DSP raises deficits on average and that the average response is larger in
politically more distorted environments. The distributional results here refine
that conclusion in several ways. First, in the full sample the deficit increase
is concentrated in the lower and middle parts of the distribution: QTEs are
positive and significant from 7 = 0.15 to 7 = 0.70 (Table 3 and Figure 1),
indicating that the exemption mainly shifts municipalities from surplus or near-
balance into moderate deficits. Second, subgroup comparisons (Table 4 and
Figures 2-4) provide further evidence of strikingly different distributional shifts
across the comparison groups. The clearest differences arise by electorate age
and governance performance: municipalities with older electorates and those
with slow public-good provision exhibit positive QTEs across most or all of the
distribution, whereas municipalities with younger electorates and faster provi-
sion show little evidence of deficit expansion. Together with Grembi et al.’s
(2016) evidence that adjustment operates largely through lower taxes, these
patterns highlight that relaxing numerical rules can change not only average
deficits but also which part of the distribution shifts, and that complementary
monitoring/enforcement may be most valuable where political-economy frictions
generate broad-based distributional increases in deficits.
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7 Conclusion

This paper studies identification and estimation of quantile treatment effects
(QTEs) in difference-in-discontinuities (diff-in-disc) designs when a new treat-
ment is introduced in the post period and a confounding discontinuous policy
is present in both periods. Our main identification result shows that QTEs are
point identified under a conditional stable distributional effect assumption for
the confounding treatment, stated directly in terms of outcome distributions at
the cutoff. This assumption is the distributional diff-in-disc counterpart of the
distributional parallel trends restriction in DiD. It delivers identification of the
post-period counterfactual distribution and, through inversion, the correspond-
ing QTEs at the threshold.

Our second contribution is methodological. We propose a doubly robust
(DR) estimator and inference procedure for the identified QTEs. The estimator
remains valid when either the parametric outcome regression or the propensity
score model is correctly specified, and it avoids high-dimensional nonparamet-
ric adjustment for covariates in the local estimation environment of RDD and
diff-in-disc designs. The framework is also invariant to strictly monotonic trans-
formations of the outcome, making it applicable whether the outcome is mea-
sured in levels, logarithms, or another monotone scale. On the inference side,
we establish asymptotic normality of the proposed estimator and show how
influence-function-based bootstrap methods can be used to conduct inference in
practice.

Our Monte Carlo results illustrate the practical value of the DR approach.
The proposed estimator exhibits the expected double-robustness property, with
small bias whenever at least one of the two working models is correctly specified,
while the singly robust alternatives are sensitive to misspecification of their
respective nuisance component. Overall, the simulations suggest that the DR
estimator offers a favorable robustness-efficiency trade-off in finite samples.

In an empirical application revisiting Grembi et al. (2016), we apply the
method to study the distributional effects of exempting small Italian municipal-
ities from the Domestic Stability Pact. The estimated quantile effects suggest
that the exemption increases deficits mainly in the lower and middle parts of
the distribution, moving municipalities near fiscal balance into moderate deficits,
while effects in the upper tail are considerably more uncertain. Subgroup anal-
yses further suggest that the response may vary across municipal characteristics
in ways that are not visible in mean effects. Although the simultaneous confi-
dence bands indicate nontrivial uncertainty, the application illustrates the type
of distributional heterogeneity that can be missed by average-effect analysis.

Taken together, the paper extends the diff-in-disc framework beyond mean
effects and provides a new tool for studying heterogeneous policy impacts in
settings with both discontinuity-based and before—after variation. More broadly,
the results show that distributional diff-in-disc methods can uncover where in the
outcome distribution policy responses occur, thereby complementing standard
mean-based evaluations.
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8 Appendix A Supplemental Monte Carlo re-
sults

Table Al: Monte Carlo results: n = 1,000, ny. = 300. True QTEs: §(0.10) =
0.892, §(0.25) = 0.728, 6(0.50) = 0.542, §(0.75) = 0.370, §(0.90) = 0.192.

T = T = T = T = T =

0.10 0.25 0.50 0.75 0.90

Panel A: Bias

DR (OR v, PS v) —0.011 0.047 0.057 0.055 0.059
DR (OR x, PS V) 0.002 0.030 0.044 0.041 0.039
DR (OR v, PS x) 0.013 0.057 0.069 0.062 0.062

DR (OR x, PS x) 0.201 0.231 0.319 0.356 0.434
OR-only (v') 0.003 0.074 0.091 0.053 0.039
OR-only (x) —0.143 0.082 0.326 0.538 0.757
IPW-only (v') 0.000 0.043 0.044 —-0.001 -0.319
IPW-only (x) 0.185 0.221 0.318 0.360 0.439

Panel B: RMSE

DR (OR v, PS V) 0.493 0.403 0.342 0.359 0.424
DR (OR x, PS V) 0.494 0.405 0.373 0.402 0.486
DR (OR v, PS x) 0.506 0.399 0.325 0.322 0.342

DR (OR x, PS x) 0.549 0.448 0.451 0.490 0.574
OR-only (V) 0.481 0.405 0.325 0.299 0.310
OR-only (x) 0.434 0.327 0.417 0.601 0.817
IPW-only (v') 0.490 0.407 0.357 0.539 1.307
IPW-only (x) 0.540 0.439 0.447 0.492 0.576

Panel C: Standard Deviation

DR (OR v, PS V) 0.494 0.401 0.337 0.356 0.421
DR (OR x, PS V) 0.495 0.404 0.371 0.401 0.485
DR (OR v, PS Xx) 0.507 0.395 0.318 0.316 0.337

DR (OR x, PS x) 0.512 0.385 0.320 0.338 0.376
OR-only (v') 0.482 0.399 0.312 0.295 0.308
OR-only (x) 0.410 0.318 0.261 0.269 0.309
IPW-only (v') 0.491 0.405 0.355 0.540 1.270
IPW-only (X) 0.508 0.380 0.314 0.336 0.373

Notes: Bold labels indicate DR-valid cases (at least one nuisance component
correctly specified). v/ = correctly specified; X = misspecified. Bias =
_ ~(m) — ~(m) .

mi m 6 (1) —68(7)]; RMSE = {nmi Zm 6 (1) —6(7’)]2}1/2; SD is the Monte

Carlo standard deviation of 3™ (7).

n
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Table A2: Monte Carlo results: n = 2,000, ny. = 300. True QTEs: §(0.10) =
0.892, 5(0.25) = 0.728, §(0.50) = 0.542, 5(0.75) = 0.370, (0.90) = 0.192.

T = T = T = T = T =

0.10 0.25 0.50 0.75 0.90

Panel A: Bias

DR (OR v, PS V) 0.060 0.037 0.028 —0.010 —0.006
DR (OR x, PS V) 0.043 0.028 0.012 —0.015 —0.004
DR (OR v, PS x) 0.063 0.038 0.033 0.004 —0.009

DR (OR x, PS x) 0.216 0.222 0.260 0.304 0.353
OR-only (v') 0.038 0.055 0.043 0.003 —0.019
OR-only (x) —0.152 0.048 0.279 0.496 0.700
IPW-only (v') 0.053 0.034 0.027 —0.004 —0.153
IPW-only (X) 0.195 0.206 0.261 0.313 0.360

Panel B: RMSE

DR (OR v, PS V) 0.392 0.312 0.247 0.238 0.306
DR (OR x, PS V) 0.403 0.318 0.251 0.281 0.359
DR (OR v, PS Xx) 0.397 0.299 0.236 0.207 0.234

DR (OR x, PS x) 0.443 0.374 0.351 0.372 0.437
OR-only (V) 0.369 0.289 0.243 0.203 0.206
OR-only (x) 0.347 0.230 0.338 0.529 0.728
IPW-only (v') 0.386 0.312 0.264 0.306 0.871
IPW-only (x) 0.432 0.363 0.349 0.380 0.443

Panel C: Standard Deviation

DR (OR v, PS V) 0.388 0.310 0.246 0.238 0.306
DR (OR x, PS V) 0.401 0.318 0.251 0.281 0.360
DR (OR v, PS x) 0.392 0.297 0.234 0.207 0.235

DR (OR x, PS x) 0.387 0.302 0.236 0.215 0.258
OR-only (V) 0.368 0.284 0.240 0.203 0.205
OR-only (x) 0.313 0.225 0.190 0.185 0.201
IPW-only (v') 0.383 0.311 0.263 0.306 0.859
IPW-only (x) 0.387 0.299 0.232 0.215 0.259

Notes: See Table Al.
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Table A3: Monte Carlo results: n = 5,000, ny. = 300. True QTEs: §(0.10) =
0.892, 5(0.25) = 0.728, §(0.50) = 0.542, 5(0.75) = 0.370, 5(0.90) = 0.192.

T = T = T = T = T =

0.10 0.25 0.50 0.75 0.90

Panel A: Bias

DR (OR v, PS V) 0.011 —-0.013 —0.012 —0.011 0.008
DR (OR x, PS V) 0.013 —0.007 —0.003 0.004 0.012
DR (OR v, PS x) 0.015 —0.014 —0.009 —0.006 0.007

DR (OR x, PS x) 0.192 0.181 0.229 0.308 0.391
OR-only (v') 0.002 -0.006 —0.007 —0.015 —0.008
OR-only (x) —0.183 0.018 0.261 0.496 0.733
IPW-only (v') 0.009 —-0.013 —-0.016 —0.027 —0.100
IPW-only (X) 0.174 0.172 0.232 0.316 0.400

Panel B: RMSE

DR (OR v, PS V) 0.267 0.205 0.166 0.168 0.194
DR (OR x, PS V) 0.276 0.225 0.185 0.191 0.221
DR (OR v, PS Xx) 0.269 0.199 0.151 0.146 0.165

DR (OR x, PS x) 0.332 0.271 0.279 0.345 0.431
OR-only (V) 0.230 0.184 0.146 0.137 0.149
OR-only (x) 0.277 0.156 0.290 0.512 0.749
IPW-only (v') 0.270 0.214 0.181 0.208 0.524
IPW-only (x) 0.323 0.262 0.280 0.353 0.440

Panel C: Standard Deviation

DR (OR v, PS V) 0.267 0.205 0.166 0.168 0.194
DR (OR x, PS v) 0276 0225 0185 0192  0.221
DR (OR v, PS x) 0.269 0.199 0.151 0.146 0.165

DR (OR x, PS x) 0.272 0.203 0.159 0.156 0.182
OR-only (V) 0.230 0.184 0.146 0.137 0.149
OR-only (x) 0.208 0.155 0.126 0.127 0.153
IPW-only (v') 0.270 0.214 0.181 0.207 0.516
IPW-only (x) 0.272 0.199 0.157 0.156 0.184

Notes: See Table Al.
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9 Appendix B Supplemental empirical discus-
sion and results

9.1 Empirical implementation details

In the empirical analysis, all local linear regressions use a uniform (rectangular)
1

kernel K(u) = 51{|u| < 1}. The reference bandwidth for mean estimation,
Rmean, 18 selected by the plug-in rule of Calonico et al. (2014) applied to T' = 1,
R > 0. We then undersmooth by setting hpase = Amean - 1~ "7 with n = 0.055;
the CDF estimation bandwidth is h = 1.095 - hpgse, where 1.095 is the minimum
of the FFM scaling factor in eq. (34) at 7 = 0.50. Density estimation for the
sparsity function uses the full 7-specific scaling.

The propensity score p(X;) is estimated by a global logit of T; on R;, R?,
and the full covariate vector, evaluated at R; = 0. The outcome regression
Fi(y, X;) is estimated by OLS of the smoothed indicator ®((y — Y;)/hy) on
R;, R?, and the covariates, separately for T; = 0, R; > 0 and T; = 0, R; < 0,
and evaluated at R; = 0. Both nuisance models are estimated on the full
support of R on each side; in contrast, the LLR steps for ﬁ'l,l(y), Al(y), Azi(y),
and the sparsity estimates are all local to the cutoff, using observations within
|R;| < h. Following the discussion in Section 4.1, we replace the sharp indicator
1{Y; < y} with the smoothed version ®((y — Y;)/hy) throughout, using hy =

1.06 - 6y - n~'/® (Silverman’s rule of thumb).

9.2 Supplemental empirical results

Table B1 presents the results for fiscal gap. Figure B1 further visualizes the
estimated counterfactual quantile curves (left) and QTEs (right). Figure B2.
shows QTEs along with the 95% simultaneous ClIs for deficit (left) and fiscal gap
(right) for the full sample. Figures B3-B5 visualize the estimated counterfactual
quantile curves of deficit for the subgroups defined by non-binding vs. binding
term limit, below- vs. above-median share of young voters, and below- vs.
above-median speed of public good provision, respectively.
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Table B1: Counterfactual quantiles and quantile treatment effects of relaxing
fiscal constraints on fiscal gap

T q1,1,7 q1,0,7 QTE
010 757  (9.5)** 354  (18.1)** 402 (2L.5)*
0.15 93.9  (12.4)¥* 440  (22.1)*  50.0 (26.8)*
020 106.6 (14.6)** 510  (27.3)*  55.6 (32.6)*
025 1160 (15.2)%* 59.0 (34.6)*  57.0 (39.2)
030 1239 (14.0)** 689  (39.7)*  55.0 (43.1)
035 1311 (14.2)¥* 87.8  (41.9)** 433 (45.3)
040 138.0 (15.0)%%* 107.8 (43.00%*  30.2 (46.7)
045 1450 (16.3)*** 1181 (38.3)%* 269 (43.1)
050 1527 (I8.6)%* 1259 (35.8)%%* 268 (42.3)
0.55 161.6 (22.2)¥** 133.0 (32.3)*** 286 (42.2)
0.60 1729 (23.4)%%*  140.0 (32.8)%** 32.9 (43.5)
0.65 187.6 (23.5)¥** 1474 (35.4)%%* 40.2 (45.6)
0.70 2041 (22.8)%%* 1558  (40.4)** 483  (49.1)
0.75 21901 (2L6)*** 166.0 (49.1)*** 53.1  (55.8)
0.80 2337 (20.0)%* 1792  (50.0)*** 545 (55.8)
0.85 2527 (18.0)%** 1954 (48.9)*** 57.3  (53.7)

Notes: Covariates include an indicator for a binding mayoral term
limit, the number of parties in the city council, the percentage of
young voters, the speed of public good provision, average taxable
income, the mayor’s years of schooling, and an indicator for north-
ern cities. Standard errors (in parentheses) are computed using a
multiplier wild bootstrap with 9,999 draws and are clustered at the
municipality level. * p < 0.10, ** p < 0.05, *** p < 0.01.
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Figure B1: Counterfactual quantile curves and QTEs: fiscal gap (full sample)
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Figure B3: QTEs for deficit: term limit non-binding (left) and binding (right)
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Figure B4: QTEs for deficit: share of young voters below median (left) and
above median (right)
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Figure B5: QTEs for deficit: speed of public good provision below median (left)
and above median (right)

10 Appendix C Proofs

10.1 Proofs for identification

Proof of eq.s (15) and (16): Fix y € ) and write I,:=1{Y < y}. For
¢,d € {0,1} define I.4(y):=1{Y (¢,d) < y}.
For clarity, define one-sided limits of conditional expectations:

EfWh=lmEW |R=rT =1, B [Wi=lmEW |R=rT=1].

Recall p(x):=Pr(T' = 1| X = 2,R =0) and p:=Pr(T =1 | R =0) =

E[p(X) | R = 0]. Further the odds m(x):= 15(;(2&) and the normalized weight

S ER(X)[R=0,T=0] p(l—px))
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To see the last equality,
E[n(X)|[R=0,T =0]

= E {%W:O,T:O}

- (A-T)p(X) ,

B 1—p]E_ 1-p(X) lR_O}

1 [ =T)p(X) B B

_ 1p]E_E[1p(X) |X7R—O} |R—0]
1 [ p(X)

1-p _1_p(X)E[(1—T)|X7R:0}|R:0}

1
- [Eb()|R=0)
_pP_
1—p
Then eq. (15) states for any integrable function G(X),
E[GX)|R=0,T=1]=Ew(X)G(X)| R=0,T =0]. (36)

To verify the above, note that

E[w(X)G(X) | R=0,T=0] = L E[p(X) G(X) | R=0]

=E[G(X) | R=0,T=1],

where the first equality uses Bayes’ rule and the definition of w(-).

Now consider the two one-sided limits in eq. (16). Under the sharp rule
C = 1{R > 0} and because D = 0 when T = 0, we have: for » > 0 (right
side), Y = Y (1,0), hence I, = I1o(y); for r < 0 (left side), ¥ = Y(0,0), hence
I, = Ipo(y). By the smoothness conditions in Assumption 1G,

Eglw(X)I,] = Elw(X)Io(y) | R=0,T =0],
Eq[w(X)1,] = Ew(X)Ip(y) | R=0,T =0].

Therefore,

Eg [w(X)1,] — Eq [w(X)1,] = Elw(X){Tio(y) — loo(y)} | R=0,T=0]
= E[w(X)E[Lo(y) — Too(y) | X, R=0,T=0]
| R=0,T=0]
= E[E[Iw(y) —loo(y) | X, R=0,T=0]
| R=0,T=1],

where the last step uses the reweighting identity (36) with ¢(X) = E[I1o(y) —
Too(y) | X, R=0,T=0].
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By Assumption 2G (conditional stable distributional effect),
E[Lo(y) = Too(y) | X, R = 0,T = 0] = E[L10(y) — Too(y) | X, R =0,T =1].
Hence,
B¢ [w(X)1,] — Eg [w(X)1,) = E[E[1o(y) — Too(y) | X, R=0,T=1] | R=0,T=1]
=E[lo(y) = loo(y) | R=0,T = 1]
= Fy1,0)|r=0,7=1(¥) — Fy(0,0)|r=0,7=1(¥),

which is exactly eq.(16).
Proof of Theorem 1 (double robustness of AP%(y)): Fix y € Y and
write I, = 1{Y < y}. Use the one-sided expectation operators

+- = i . = =
B[] =lmE[ | R=rT=t],
E; [] = ITI%IOlE[ |R=rT=t].

Let the true one-sided conditional CDF's in the T' = 0 sample be
uo (y,@) = MmB[L, | X =2, R =r,T =0],
wo (y,z) = 11%1E[Iy | X =2, R=r,T=0].
Let Fyf (y,z) and F; (y,z) be (possibly misspecified) working models for g (y, x)
and pg (y, ). Let w(X) denote the (normalized) IPW weight constructed from

the true propensity score p(X) = Pr(T' =1 | X,R = 0) as in eq. (14), and
w(X) the (possibly misspecified) working models for w(X).

Proof: Define the population DR, correction
APR(y) = E[Fy (y, X) - F (y,X) | R=0,T = 1]

Ar(y)
+Eg[w(X){1, — Fy (y, X)}]
Af ()
— B [w(X){Z, - Fy (v, X)}].

Ay (y)

We show that APE(y) = A(y), where
A(y) = FY(l,O)\R:o,T:l(y) - FY(O,O)\R:O,T:l(y)a
if either (i) Fit = u or (i) @ = w.

Case (i): outcome models correct. Suppose Fy (y,z) = ud(y,x) and
Fy (y,x) = pg (y, ). Then, by iterated expectations and the definition of pg

A (y) = Eg [@(X){El, | X,R,T = 0] - g (y, X)}] =0,
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and similarly A5 (y) = 0 (under the same regularity conditions used to exchange
limits and expectations). Therefore,

APR(y) = Ay(y) = Bl (y, X) — pg (9, X) | R=0,T =1]..

Because the design is sharp in C' = 1{R > 0} when T = 0, /La'(y,x) =
Fy (1,0)1x,r=07=0(y | ) and pg (y, 2) = Fy(0,0)|x,r=0,7=0(y | ). Thus p (y,z)—
Lo (y, ) = Ao(y, ), and by Assumption 2G, Ay(y, z) = Aq(y,x) for all (y,z).
Hence APE(y) = E[A;(y, X) | R=0,T = 1] = A(y).

Case (ii): weights correct. Now suppose @w(-) is correctly specified, while
FOi may be misspecified. Using the standard reweighting identity (proved in
the proof of eq. (16)), for any integrable G(X),

E[G(X)|R=0,T =1] = Ew(X)G(X) | R=0,T = 0],

and by smoothness we may apply it to the one-sided limits as r — 0. In
particular,

E§ [w(X)Fy (y,X)] = E[F (y,X)|R=0,T=1],
Eg [w(X)Fy (5, X)) = E[Fy(y,X)| R=0,T=1].
Therefore,
APT(y) =E[F (y, X) = Fy (v, X) | R=0,T = 1]
+Eg[w(X)1,] — Ef[w(X)Fy (y, X)]
— (Eg[w(0)1,] — Eg[w(X)Fy (3, X)])
= Eg [w(X)1,] — Eq [w(X)1,] .

By equation 16, the last line equals Fy(1,0)r=0,7=1(%) — Fy(0,0)|r=0,7=1(¥) =
A(y). Hence APE(y) = A(y) under correct weights.

Combining the two cases proves the claimed double robustness for AP (y),
and therefore the identification statement in Theorem 1 follows.

10.2 Derivation of the influence functions

Remark 5 We summarize the standard linearization for the local-linear (LL)
intercept at a boundary (Frandsen et al., 2012, Sec. 4 & App. C) and adapt it
to our DR components.
Let I;(y):=1{Y; <y} and Ky (u):=K(u/h)/h. Fort € {0,1} and s € {+,—}
recall the one-sided moment functionals introduced in Section 4.2:
SO (h):=E[(R/R)"K(R){T =t, sR >0}], m=0,1,2,
together with

t 2
DI (h) = S§2(h) S8 (h) — (ST (m))?,
(

(O (r; h) = S5 (h) — S{L(h) (r/h).
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Whent = 1 we drop the superscript and write S’ms(h)::Sf,}b?s(h), Ds(h)::Dgl)(h)
and Zs(r;h),':€gl)(r;h), The (population) effective local sample sizes on the
right/left of the cutoff for T =1 are

nqn = So+(h) =E[K,(R)1{T = 1,R > 0},
n_y, = So,—(h) =E[Kx(R)1{T =1,R < 0}],

and, analogously for T = 0, we define

n0}+7h::E[Kh(R) 1{T =0,R> OH7 no,,)h.‘:E[Kh(R) l{T =0,R< O}]

(i) Right-limit CDF in T = 1. Consider the T=1, R > 0 local linear (LL)
problem

(a5 (v), a1 (4)) = arg min 37 (Ii(y) — ao — a1 Re)” Ki(R) 1{T; = 1, R; > 0}.

With Z;7 = (1, R;) T Ki(R;)1{T; = 1, R; > 0}, we have
R -1
ag () =el (C 272 T) L ZF L)
A first-order expansion of the normal equations at the population values yields

Kn(R)1{Ti = 1, R; > 0} £ (R;; h)
E[Kn(R) L{T = 1, R > 0} (¢ (R; )]
X (L( ) — Fia(y )) + op(1),

(et W) —Fia(y)) = ¢Lﬁ§:

which gives 1y ; ,(W;) in (23).°
(ii) Left-limit CDF in T = 1. Analogously, for the T=1, R < 0 LL fit,
L L . 2
(a5 (y), a7 (y) = arg min 3 (Li(y) — ao — a1 k)
X Kh(Rl) I{TZ =1R; < 0},
we obtain

Kn(R)1{Ti = 1,R; < 0} ¢V (Ry; )
E[K4(R) 1{T = 1,R < 0} ((" (R; n))”]
x (Li(y) — Foo(y)) + op(1),

which is Vg ¢, (Wi) in (24).

6See Frandsen et al. (2012, Sec. 4 and App. C); the same algebra for boundary LL appears
in Calonico et al. (2014, App. B).
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(i) Interior local-linear regression for A1 (y). With Z;(y):=Fy (y; X;)—Fy (y; X:),
consider the T'=1 LL problem

(a1(y).b1(y)) = arg min 3 (Zi(y) — a0 — axRs) " Koy (R)UT; = 1},
and define the estimator
Ai(y):=a1(y).

Let
Sﬁ)(ho)::E[(ﬁ)mKho(R) YT =1}|, m=0,1,2,

D (ho):=5" (ho) S8 (ho) — (17 (ho))?,

and the interior design adjustment

(03 ho):=83" (o) = S{" (ko) -
0

Let
MAI(T,y)::IE[Z(y,X) |R=rT= 1}, so that Aj(y) = Ma,(0,y).

A first-order expansion of the LL normal equations around the population
values (Newey, 1994) yields

Vit (B1(y) — A1 (y)) = i > Ko (Ri) T = 1}
(1)
D 2i5) = Ma, (R} + 0,(1)

so the influence function contribution of A;(y) is

) (W (R ho)
DM (ho)

X {FJ(y;Xi) - Fo (y: X3) = MAl(Ri7y)}-

For a symmetric kernel K and an interior evaluation point R = 0, we have
S%l)(ho) = 0 at the population level, so that

(D (r;hg) = SV (ho), DD (ko) = S5V (ho) S5V (ho),

Dayy(Wi) = Ko (Ri) H{T; =1

and hence
() (1 he) _ 1 1
DW(ho) — S (hg) T E[K, (R)H{T =1}]
In this case the influence function simplifies to
Kho( ) 1{T — 1}
E[Kn,(R) {T = 1}

a1 (Wi) = ]{F+( v X) = Fy (4 Xi) = Ma, (i)},

which coincides with the expression in (25) in the main text.

45



Remark 6 (iv) Residual LL fits for A (y) in T = 0. Define the residualized
outcomes on T=0,

Uf(y) : =w;i(Li(y) — Fy (y,X;)) on R >0,
U~ (y) N :ﬂji (Iz(y) — FO_(y,Xi)) on R < 0.

Run the same boundary LL problems as in (i)-(ii) with T=0 and outcomes
UE(y). The identical expansion gives

1 5 K (R;) 1{T;=0, R>0}€(0)(Rl;h)
Vo 5 B[K,(R) 1{T=0, R>0} (¢ (R; h))2]
x (Ui (y) = A5 () + 0p(1),

7).

6)-(2
(v) DR assembly for Fy o(y). Since Fl’o(y) = FO’O(y)—i—Al( )+ A;( ) — A5 (y),
linearity gives the unnormalized influence function

V1,0, (Wi) = Go,0,, (Wi) + Py, (Wi) + P (Wi) = Gz, (W),

V/10,+,h (&*(y)fﬁﬁ(y)) =

and the analogous left-side expression for 82_ (y), which are (2

which is (28). Under the pooled v/nh scaling and ny/n — ps, the normalized
influence function in the main text is

V1.0, (Wi) = HT; = 1}7{1#0 0,5(Wi) +¢A1,y(Wi)}
+ 1{T - 0} {¢A2 Y z) - wA;,y(Wi)}7

as stated in equation (28).

(vi) From CDF to quantiles. Let q1,qr:=Qy (1,d)|r=0,r=1(T) with f1a(q1,a,) >
0. The quantile map is Hadamard differentiable with derivative —y 4,/ f1.4(q)
for each d € {0,1}, so the influence function for the QTE estimator under the

Vnh scaling is

1 ¢1,1,q1,1,7—(Wi) 4 wl,O,qLU,T(Wi)
VP fialquas) J10(q10,r)

as stated in equation (31) of the main text. Rearrangement does not alter first-
order asymptotics (Chernozhukov et al., 2010).

¢ (Wi):=—

10.3 Leading bias of the QTE estimator yu(7)

The QTE estimator has the following asymptotic linear representation:

Vah(5(r) - ! = D00 W)+l + oy(1)

Vnh ]
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where
N(T):Bl,l(T) - 51,0(7')7

with By 4(7):=— b1,d(Q1,d,T) /f1,d(Q1,d,¢)7 d € {0,1} and by 4(y) is the leading h?
bias constant of the CDF estimator used for Fi 4(y).
Let

where ey = (1,0)T. For any symmetric kernel K, c;(K) is side-invariant: the
same constant applies to left and right one-sided LLR fits.
Let m” for any function m be the second derivative with respect to r at 0.

e Right-side period 2 CDF Fi1(y) = lim, 9 ¢1,+(r;y), where g1 4+ (r;y) =
E[1{Y <y} | R=r,T = 1], r > 0. The leading h? bias constant is

b1.1(y) = e(K) g7 (05 9).

e Composite Fy o(y) = Foo(y)+A1(y)+A5 (y)—Aj (y). The bias constants
combine linearly:

b1.0(y) = bo,0(y) +ba, (y) + b1 (y) — bas (¥)-

— Left-side period 2 CDF Fy = lim,49 g1,—(7;y), where g1 _(r;y) =
E[1{Y <y} | R=r,T =1], r <0. The bias constant is

bo.o(y) = co(K) gy _(0;y).

— Interior period 2 Ay(y) = lim, 0 Ma,(r;y), where Ma,(r;y) =
E[Fy (y,X) — Fy (y,X) | R = r,T = 1]. Then the LLR interior
bias is

ba, (y) = ci(K) MK, (0;y),
since for triangular K the interior LLR constant is %MQ(K) = %
— A (y) = lim, 0 DN (r;y) and A3 (y) = lim,qo DN (r;y), where

mag(riy) =E[@(X){L(y) - F5(y, X))} | R=r, T = 0],
for s € {+,—} and sr > 0. The general bias constant is

bas(y) = cp(K) miz (03y) .
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Together, we have
bro(y) = eo(K) g1 - (05 y)+ei(K) MK, (03 y)+ep(K) miy + (03 y)—cp(K) miy -~ (05y)

and further

97 +(05q1,1.7)
f1,1(Q1,1,T)
cb(K) g7 _(0;q1,0,7) + ci(K) MX (0;q1,0,-)
4= | ta(E)mli, +(0§CI1¢0,T)
fl,O(Ql,O,‘r) _ Cb(K) n,L//2 ’ (0; q1,0,7—>

pr) = —a(K)

Ay ,—
e Triangular K(u) = (1 — [u])1{|u] < 1}: &(K) = —55, ¢i(K) = 15.
e Uniform K(u) = $1{|u| < 1}: o(K) = -3, c;i(K) = &.
e Epanechnikov K (u) = 3(1 —u?)1{|u| < 1}: ¢,(K) = —%, ci(K) = 1—10,

10.4 Pilot bandwidth

Because CDF estimation uses binary outcomes I(Y < y) or their smoothed
counterparts <I>((y -Y)/ hy), the quantile level associated with y is unknown a
priori, making the bandwidth choices in (34) - (35) not immediately usable. We
therefore adopt a plug-in rule that maps y — 7(y) via a pilot CDF and then
applies the FFM (2012) scaling.

Step 0 (reference mean bandwidths). For each period ¢ € {0,1} and side
s € {—,+}, compute a plug-in bandwidth k%2 = for the boundary mean (e.g.,

IK or CCT). For the centered local-linear fit in A4 (y), compute a centered mean

bandwidth h} (e.g., the harmonic mean of kLT —and bl ).

mean mean mean

Step 1 (pilot CDF at y). Using the reference mean bandwidths (no 7-
scaling), estimate the relevant pilot CDFs at y:

e Fy(y) from the T=1, R > 0 fit;

e Fyo(y) from the T=1, R < 0 fit;

e Af(y) and A; (y) from the T=0 residual fits;

e Ay(y) from the centered local-linear fit in 7' = 1.

Define 71 1 (y) := F1.1(y) and 7,0(y) := Fo.0(y); for the residual components,
use the same 7¢,0(y) on the corresponding side for stability. Clip 7(-) to [1,1—1]
for a small 7 € (0,0.1) to avoid tail instability.
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Step 2 (FFM scaling with r(y)). For ¢ and ® the standard normal pdf
and cdf, set

. ) 1/5
hZiy) = hiean W] . te{0,1}, s€{— +}, (37)
1/5
1 | T -7(y)

If diagnostics suggest similar smoothness on both sides, impose h:(z ) = h:(; )
within period t; otherwise keep them side-specific.

Step 3 (final CDFs at y). Re-estimate each component at y with the scaled
bandwidths (37)—(38):

(g5 (y).al 5 (y) =argmin > (Li(y) — a0 — a1R:) Kpiv (Ra),

GO0 =1 Ry>0 T
- L1+
Fl,l(y) = Qg3 (y)» (39)
~1.— A1 — 2
(g (v), a1 () =argmin > (Li(y) — a0 — arRy) K- (R)
O Ti=1, Ri<0 T
Fooly) = ag’; (y), (40)
—~ ~ —~ ~ 2
(dorw). i) = argmin >° (Ff (0. X0) — Fy (v X)) = do — i ;)
O =1
x Ky (Ri), Ai(y) = do#(y), (41)
N N . N ~ 2
(o (v),e07 () =argmin Y (@{Lily) — B (4, X3)} — co — 1 Ry)
T, =0, Ri>0
x Ko (Ri), A3 (y) =07 (), (42)
~0,— N . N _ 2
(Cosr ()05 () =argmin >~ (@i{Li(y) — Fy (4, Xi)} — o — 1 Ry)
T =0, Ri<0
X Kyo- (Ri), By (1) =95 ()- (43)

Finally, APR(y) = A4 (y) + Af (y) = A; () and Fro(y) = Foo(y) + AP (y).
One pilot iteration is typically sufficient; a second pass rarely changes results
materially.

Remarks. (i) Treating bandwidths as fixed for first-order inference is stan-
dard; randomness from the pilot is 0,(1) under usual conditions. (ii) The map-
ping y — 7(y) introduces smooth variation in the bandwidth across y, which is
compatible with local polynomial theory. (iii) Near extreme quantiles, enforce
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a minimum bandwidth to stabilize density estimates used in the quantile delta
method.
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