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Abstract

This paper identifies and estimates causal effects of a continuous variable, or treatment, by
exploiting distributional changes in the treatment in response to a binary or discrete instrument.
We explore two alternative assumptions regarding the heterogeneity of the instrument’s first-
stage effect on the treatment: LATE-type monotonicity and treatment rank similarity, which
have been studied in distinct strands of literature. Under treatment rank similarity, we derive
simple estimands for average treatment effects at different treatment quantiles, capturing treat-
ment effect heterogeneity across treatment levels. Additionally, we propose a doubly robust
causal estimand that identifies a weighted average treatment effect for all units responsive to
the instrument when either of these two non-nested assumptions holds. Our doubly robust
framework subsumes LATE-type estimands as a special case. We also provide asymptotically
normal semiparametric estimators and demonstrate the proposed methods in an empirical ap-

plication estimating the effects of sleep on well-being.
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1 Introduction

Many empirical studies aim to estimate causal effects of continuously distributed endogenous
variables (or treatments), such as air pollution concentration, poverty rates, income, prices, birth
weights, and time use. A common approach is to apply two-stage least squares (2SLS) using a
binary or discrete instrumental variable (IV). When the 1V is binary, the 2SLS estimator (without

considering covariates) effectively computes the Wald ratio:

wag _EYIZ=1]-E[Y|Z =0]

TE[TIZ=1-E[T|Z=0] @)

where Y is the outcome of interest, Z is the binary instrument and T is the treatment. For ¢ald
to be feasible, the treatment must exhibit a non-zero mean change across 1V levels. Furthermore,
when treatment effects are heterogeneous and individuals select treatment intensity based on idio-
syncratic gains, the causal interpretation of a4 relies on a monotonicity assumption, i.e., the
treatment changes in one direction in response to the IV changes. This monotonicity assumption
is introduced in Imbens and Angrist (1994). They show that under monotonicity, zW2!9 identifies
a local average treatment effect (LATE) for a binary treatment.

The simplicity and intuitiveness of the 2SLS approach make it widely popular. However, for
continuous treatments, 2SLS may overlook where the true changes are in the treatment distribution.
Policies often aim to shift one or two tails of the treatment distribution or change variance rather
than the mean (e.g., minimum wage laws, pollution ceilings, or minimum capital requirements).
As a result, treatment changes concentrate at specific treatment quantiles. Solely considering mean
changes may lead to weak identification or even identification failure.

To address this limitation, we explore distributional changes in the first stage, drawing on in-
sights from the non-separable 1V literature, See, e.g., Chesher (2001, 2002, 2003), Imbens and
Newey (2002, 2009), and Florens et al., (2008). These existing studies generally require a con-
tinutous IV and seek to identify some structural parameters. The commonly employed first-stage

restriction in the literature is treatment rank invariance or more generally treatment rank similarity.



The results have not been widely used by empirical researchers. One of the reasons might be that
continuous Vs are rare in practice. We therefor focus on the empirically relevant case of binary or
discrete 1Vs. For example, in randomized experiments - the ideal setting for the causal 1V model
used in this paper - researchers typically randomize discrete, most commonly binary, 1Vs.

We identify average effects at specific treatment quantiles, as well as weighted averages of
these quantile-specific effects, under treatment rank invariance or similarity. The estimand for
the former resembles the Wald ratio but is conditional on observed treatment ranks. Furthermore,
we establish a doubly robust (DR) identification result: the estimand identifies aggregate causal
effects for all individuals responsive to IV changes (the largest subpopulation for which causal
identification is possible) under either LATE-type monotonicity or treatment rank similarity. When
monotonicity holds, the DR estimand aligns with the LATE estimand. Otherwise, it identifies a
weighted average treatment effect for the subpopulation affected by the IV under treatment rank
similarity. Notably, the DR estimand remains valid even when the mean treatment change is zero,
as long as distributional changes exist.

Both the LATE monotonicity and treatment rank similarity impose restrictions on first-stage
IV effects. While these assumptions are mutually exclusive, each aligns with specific treatment
selection behaviors and is refutable but not verifiable based on their testable implications (e.g.,
Angrist and Imbens, 1995; Dong and Shu, 2018f|. That is, existing tests cannot establish their
validity even though they may show that these assumptions are invalid. Our DR estimand thus
provides a flexible tool for causal inference under more general conditions.

Our identification is nonparametric in that we consider non-separable models for both the first-
stage and the outcome equation. Non-separable models allow for treatment effect heterogeneity
and individuals self-selection of different treatment levels based on idiosyncratic gains, both of
which are important features of the data as supported by economic theory and empirical evidence.

Based on our identification results, we propose simple estimators for average effects at different

LFor the testable implication of the LATE-type monotonicity when treatment is multi-valued, see, e.g., Angrist and
Imbens (1995) and Fiorini and Stevens (2021). For tests of the testable implication of rank similarity, see Dong and
Shu (2018) and Frandsen and Lefgren (2018).



treatment quantiles (conditional or unconditional on covariates) and a DR estimator for weighted
average effects. These estimators are shown to be consistent and asymptotically normal. We illus-
trate the utility of our methods by analyzing the impact of sleep duration on well-being using data
from Bessone et al. (2021). In this empirical application, we uncover nuanced insights into treat-
ment effect heterogeneity across different treatment levels and demonstrate how the DR approach
complements traditional 1V or 2SLS estimates]

This paper builds upon and integrates two distinct strands of literature: the LATE framework
and the non-separable IV model. The LATE model is introduced in Imbens and Angrist (1994),
which is further extended in Angrist and Imbens (1995), Angrist, Imbens and Rubin (1996), An-
grist et al. (2000), Abadie (2003), Frélich (2007), de Chaisemartin (2017), Dahl, Huber, and Mel-
lace (2023), etc. The LATE model relies on the monotonicity assumption mentioned previously or
some weaker versions of it for causal identification. Many studies in the non-separable 1V model
literature explore rank invariance or rank similarity in the first stage for causal identification. In
addition to the aforementioned Chesher (2001, 2002, 2003), Imbens and Newey (2002, 2009), and
Florens et al. (2008), more recently Torgovitsky (2015), and D’Haultfoeuille and Février (2015)
provide detailed discussions of the identifying power of rank restrictions in the treatment and/or
in the outcome equation. In addition, Masten and Torgovitsky (2016) consider a random corre-
lated coefficients model and utilize treatment rank invariance to identify the average partial effect
of continuous treatment variables, using binary or discrete instruments. For the DR identification
approach, a few existing studies take this approach, see, e.g., Dong, Lee, and Gou (2023) and
Arkhangelsky and Imbens (2022). Both papers are set in different frameworks than the current
one. Dong, Lee, and Gou (2023) study the regression discontinuity design, while Arkhangelsky
and Imbens (2022) investigate the panel data modeIE|

The rest of the paper proceeds as follows. Section 2] presents identification results for the basic

2The replication package, including Stata code for our estimators and a link to the data, is available upon request.

3The current paper differs from the regression discontinuity setup of Dong, Lee, and Gou (2023) in multiple
dimensions, including allowing the 1V independence and treatment rank similarity to hold conditional on a vector
of continuous and/or discrete covariates, allowing for a multi-valued IV or a vector of discrete 1Vs and completely
different estimation and inference procedures.



setup without covariates. Section [3] extends these results to accomodate covariates. Section {4
develops semiparametric estimators and establishes their consistency and asymptotic normality.
Section [B] discusses extensions to a multi-valued 1V or a vector of discrete Vs, with or without

covariates. Section[g] presents our empirical application. Section[7]concludes.

2 Identification in the Basic Setup

LetY € Y c R be the outcome of interest, e.g., a measure of well-being. Y can be continuous or
discrete. Let T € 7 C R be a continuous treatment variable, e.g., sleep time. Let Z € {0, 1} be a
binary IV for T, e.g., an indicator for being randomly assigned to a group receiving encouragement
or financial incentives to increase night sleep.

To present the core ideas, we suppress all the covariates in this section. The general setup with

covariates is presented in the next section. Assume that Y and T are generated as

Y = g(T,¢), )

T = h(Z,U), (3)

where & captures all the other factors other than T that affect Y, and similarly U captures all the
other reduced-form factors other than Z that affect T. The outcome disturbance ¢ € £ c R% is
allowed to be of arbitrary dimension, so d, does not need to be finite. Without loss of generality,
rewrite eq. (3) as

T=2ZTi(U)+ (1 —2)To V), (4)

where T; (-), z = 0, 1 are some unknown functions, and the reduced-form disturbance U, € U; C
R,z = 0,1. Later we impose an assumption that essentially requires T, (-) to be the quantile
functions and ¢4, to be the rank variables. Note by construction U = ZU; + (1 — Z) Up.

Define Y;:=g (t, ¢) as the potential outcome when T is exogenously set to be t. Further define

T,:=T; (Uy), z = 0, 1, as the potential treatment when Z is exogenously set to be z. Denote the



support of T, as 7;. The observed treatment isthen T = ZT; + (1 — Z) Tp. We use F. (-) and
F.. (-|-) to denote the unconditional cumulative distribution function (CDF) and conditional CDF,

respectively.

Assumption 1 (Treatment quantile representation). T,(u) is strictly increasing in u, and U, ~

Unif (0,1),z =0, 1.

Assumption [I] requires that the potential treatment T, is continuous with a strictly increasing
CDF. The condition U, ~ Unif (0, 1) involves a normalization. This kind of normalization is
necessary, since the identification results hold up to a monotonic transformation of U;, as long
as U; is continuous with a strictly increasing CDF. See discussions in Matzkin (2003) and more
recently Torgovitsky (2015). By Assumption [1} T,(u) is the u quantile of T, and U, = Fr,(T;)
is the rank of the potential treatment. Further, U = ZU; + (1 — Z) Uy is the observed treatment

rank.
Assumption 2 (Independence). Z L (Uz,¢),z =0, 1.

Assumption [ essentially requires Z to be randomly assigned. More generally, we can allow
the independence condition to hold only after conditioning on relevant pre-determined covariates,
which we will discuss in the next session. Assumptions[Ijand[2]imply U L Z, because forz =0, 1,
PrlU<rt|Z=2)=PrU; <t|Z=12) =Pr(U; <) = 7, where the last equality follows the
condition Z L U, as implied by Assumption 2}

Assumption 3 (Monotonicity). Pr(T; > Tp) = 1.

Assumption [3|requires that treatment can only change in one direction when Z changes - with-
out loss of generality, we normalize it to be non-decreasing. For example, this assumption holds in
the usual linear regression model of T with a constant coefficient on Z.

Assumption [3 can not be tested directly, but it has testable implications. It implies T1(u) —
To(u) > O forall u € (0, 1), i.e., Ty stochastically dominates Ty. Since stochastic dominance is

a necessary but not sufficient condition for Assumption [3 rejecting stochastic dominance could
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mean monotonicity does not hold, but failing to reject does not necessarily mean that monotonicity

holds. That is, Assumption 3]is refutable but not verifiable.

Assumption 4 (First-stage). The set {u € (0, 1) : T1 (u) # To (u)} has positive Lebesgue measure.

Assumption [4] requires that the distribution of T changes with Z. Assumption [4] is strictly
weaker than the standard first-stage assumption of the LATE model, which requires E[T1] #
E[To]. For example, when the policy instrument Z affects the variance or shifts the tails of the
treatment distribution but otherwise leaves the average treatment level unaffected, we have the
standard LATE first-stage assumption fails, but the above Assumption 4 holds.

Pr(T1 # To) = 1, which is further equivalent to Pr (Ty = Tg) =0

Assumptions [2} [3] and [4] together imply E[T|Z = 1] — E[T|Z = 0] > 0. For convenience
of exposition, we generalize the standard definition of compliers, which is defined for a binary

treatment (Angrist, Imbens, and Rubin, 1996). Let 7 = {(tp,t1) € 7o x 71 :t1 — tp > 0} be

Yy — Yty
t1—tp

the set of all types of compliers. Define LAT EC(tp, t1) = E[ Tt =11, Tg = to] for any
(to, t1) € 7c. LAT EC(tp, t1) is the local average treatment effect for complier type (to, t1) € Z¢.
For example, in the case of a binary treatment, tWald = LATE®(0,1). More generally when
treatment is continuous as in our setup, W29 is a weighted average of L AT EC(to, t1) for all

(to, t1) € 7c. We formalize this result in the following lemma.

Lemma 1. If Assumptions([I]-[4]hold, then
gWald //T wty,u, LAT E® (to, t1) Fr,,1, (dto, dty)

where wy, y, = (i —to) / [ [ (1 — to) Fro,1; (dto, dty).

The above lemma states that under Assumptions [1H4} zW2!d in eq. (1) identifies a weighted
average of the average treatment effects for different compliers, where the weights are proportional
to their treatment intensity change (t; — tp). Frolich (2007) gives a comparable expression when

treatment is multi-valued.



When g(T, &) is continuously differentiable in its first argument, the identified causal parameter
can be further expressed as a weighted average derivative of Y w.r.t. T, following Angrist et al.
(2000, Theorem 1). The exact form of the weighted average derivative is provided in the proof of
Lemmal[l]in the Appendix[]

In the following, we provide an alternative assumption to Assumption [3, which allows us to

identify treatment effect heterogeneity at different treatment levels.
Assumption 5 (Treatment Rank Similarity). Ugle ~ Uj|e.

Assumption [5] states that if two individuals with the same ¢ value, then the probability distrib-
ution of their potential treatment ranks stays the same. Without conditioning on &, Ug and U1 both
follow a uniform distribution over the unit interval due to normalization, so Fy,(u) = Fuy, (u) by
construction. Assumption [5]implies €|Ug = u ~ ¢|U; = u by Bayes’ theorem, so ¢ has the same
distribution at the same rank of the potential treatment.

A slightly stronger assumption is treatment rank invariance, i.e., Ug = Uj;. Treatment rank
invariance holds trivially when the treatment model is additively separable in a scalar disturbance,
but this assumption does not require additive separability in general. Treatment rank invariance
sometime is stated as monotonicity in a scalar disturbance in the treatment model (see, e.g., Imbens
and Newey, 2009). Treatment rank similarity in Assumption 5] relaxes treatment rank invariance -
instead of assuming the ranks of the potential treatments to be the same, it only assumes that they
have the same conditional probability distribution for any given ¢, and thereby permits random
deviations from the common rank level between the potential treatments. For example, if the
common rank level for night sleep (the actual time one is in sleep as measured by actigraphy) is
determined by individuals’ biological clock (possibly after conditioning on observable covariates
as discussed in our general setup), which does not change with Z, then rank similarity permits that

the increase in night sleep is subject to some random factors.

Lemma 2. Under Assumptions[l}[2and[B} T L &|U.

40ur weighted average derivative differs from that of Angrist et al. (2000), who define theirs in terms of overlap-
ping subpopulations. However, the two expressions are ultimately equivalent.

8



Lemma [2] suggests that U is a control variable as defined by Imbens and Newey (2009), i.e.,
conditional on the observed treatment rank U, T is exogenous to Y . Intuitively, under Assumptions
and and holding U fixed, the only variation in T is the exogenous variation induced by ZE]

Based on Lemma|[2, one may condition on U in the outcome equation to estimate the causal

effectof TonY. Lettd ={u € (0,1): T1(u) # To(u)}. Forany u € U, define

_AY (u)

r(u):—AT %

®)
where forM =Y, T,
AM@U)=E[M|Z=1,U =u]—-E[M|Z=0,U =u].

The numerator captures the reduced-form effect of Z on Y given U = u, while the denominator
captures the first-stage treatment change given U = u. The corresponding estimator (by replacing
the population means and ranks by their sample analogues) is analogous to the indirect least square
estimator in the linear IV model setting.

Note that conditional on U = u, with a binary Z, the treatment T can potentially take two
values T (u) and T1(u). When T changes exogenously from To(u) and T1(u), the corresponding
average effect on the outcome is E[Yr,y) — Y7ow)|U = u]. The following theorem clarifies what

7(u) identifies.

Theorem 1. If Assumptions [} 2} 4 and 5 hold, then for any u € U,

. Y1) — YTow)
) = E[Tﬂu)—%(u)“‘“] ©)

_ / (g (To(u), &) — g (To (U), &)} Fau (delu). @)

1
T1(u) — To(u)

SThis result is closely related to Theorem 1 of Imbens and Newey (2009), except that we assume rank similarity
instead of rank invariance and that we focus on a binary 1V instead of an IV that may have a large support. The large
support is required to identify structural parameters, like the average structural function, when the outcome disturbance
is of arbitrary dimension.




Theorem [I] shows that 7 (u) captures an average (per unit) treatment effect at the u quantile
of the treatment, so it can be used to measure treatment effect heterogeneity at different treatment
intensities. The denominator in eq. (6) reflects the fact that T, (u) ¢ {0, 1} in general. In the integral
ineq. (7), T exogenously changes from To(u) to Ty (u) while holding ¢ fixed at e, so 7 (u) is causal
from a ceteris paribus point of view.

To see the results in Theorem [I} note

E[Y|Z=1U=u] = E[g(T1(),&)]Z=1,U =u]

= E[g (M), &)U =u]

= E[YrulU =u]

where the first equality follows from the models of Y and T, (2) and (4), respectively, the second
equality follows from the condition Z L ¢|U as shown in the proof of Lemma[2} and the last equal-
ity is by the definition of the potential outcome. One can similarly show E[Y|Z =0,U =u] =
E [Yrow)IU = u]. That is, we can identify E[Yr,)|U =u] forz = 0,1 and u e U. Ideally
one may wish to recover E[Y{] for any t € 7, which is known as the average dose-response or
structural function. However, it is impossible to identify E[Y;] for any t € 7 without further
assumptions, since we have a binary instrument and we do not restrict the dimensionality of the
outcome disturbance, i.e., we do not impose rank invariance in the outcome model.

Letq; (U) = Fﬂlz (u]z) be the conditional u quantile of T given Z = z, and further Aq (u) =
01 (u) —do (u). By eq. (4) and Assumptions[Ijand[2, U and T follow a one-to-one mapping given
Z =z, and conditioning on U = u is the same as conditioningon T = g, (u). Let the conditional
mean function of Y given Zand T bem;(t) = E[Y|Z =z, T =t],z = 0, 1. One can alternatively

write 7 (u) in eq. (5) as
_ m1(q1(U)) — mMo(go(U))
qi (W) —CGo(u)

z(u) (8)

We use eq. (8) to construct our estimator later.

10



Oftentimes, researchers or policy makers are interested in some summary measure of the over-
all treatment effect. With z (u), one can further identify and estimate a weighted average of z (u),
ie.,

RS (w):= d
777 (w) /ur(u)w(u) u

for any known or estimable weighting function w(u) such that w(u) > 0 and fu wudu = 1.
The weighting function w(u) must be non-negative; otherwise, z RS () may represent a weighted
difference rather than a weighted average of the treatment effects for different units. For example,
if i/ = (0, 1), and one chooses w(u) = 1, then RS (w) = E [z (U)].

Under treatment rank similarity (Assumption , RS (w) represents a weighted average of the
treatment effects for all units responsive to the instrument. By Lemma [1] W&l is a weighted
average of the treatment effects for all units responsive to the instrument under monotonicity (As-
sumption[3). Notably, both assumptions impose restrictions on the heterogeneity of the first-stage
IV effect: monotonicity enforces a sign restriction, whereas treatment rank similarity imposes a
rank restriction. Neither assumption implies the other. Moreover, while these assumptions may
be subject to empirical refutation, they cannot be directly verified. To address this, we consider a
weighting function that ensures a doubly robust (DR) property for the resulting estimand, meaning

the estimand remains valid under either of the two alternative identifying assumptions.

Proposition 1. Let Assumptions (I} [2]and 4] hold. Furthermore, if either Assumption[3jor Assump-
tionholds, then ¢PR:=[ ¢ (u)wPR(u)du for wPR(u) = [Aq (u) |/ J;,1Aq (u)|du identifies a

weighted average of the average treatment effects among all the units for which Ty # Tp.

Proposition [I] synthesizes the results of Lemma [I] and Theorem [1} It shows that under ei-
ther first-stage restriction on the IV effect heterogeneity, = PR identifies a weighted average of the
treatment effects for all units that respond to the IV change. These units constitute the largest
identifiable subpopulation for which causal effects can be determined without imposing additional
restrictions. The two alternative first-stage assumptions define the nature of these responses: ei-

ther units change their treatment in a monotonic manner, or their treatment ranks retain the same

11



probability distribution.
When monotonicity (Assumption holds, wPR(u) = Aq (u)/ fu Aq (u) du. Consequently,

ﬁﬂMHZ=LU=uL4ﬂwz:Qu:unw
fol Aq (u)du
E[Y|Z =1]-E[Y|Z =0]

E[T|Z =1]-E[T|Z =0]
TWaId

DR

Thus, 7 PR reduces to the standard LATE estimand zW2!9, as given by eq. (1), when monotonicity
holds. By Lemma, in this case, 7 PR identifies a weighted average of the average treatment effects
for different compliers. On the other hand, when monotonicity (Assumption3]) does not hold, but
rank similarity (Assumption [5) does, z PR becomes a weighted average of z (u) for u € ¢/, and by
Theorem[] z (u) captures the average treatment effect at the u quantile of treatment. In either case,
7 PR identifies a weighted average of the average treatment effects for all units that adjust their
treatment levels in response to changes in the IV. The weights are proportional to the magnitude of
their treatment changes.

The weighting function in Proposition [I] allows Aq (u) to change signs, indicating that the
LATE monotonicity condition does not hold. Consequently, z PR may average over two distinct
groups: those who increase their treatment levels and those who decrease them in response to
changes in the I\/ﬁ Since individual treatment response types are not point-identified, it is not
possible to separately identify causal effects for each type. However, if desired, one can define DR
estimands separately for treatment quantiles where Aq (u) > 0 and those where Aq (u) < 0. We
explore this further in Section|[S.2)in the Appendix.

So far, we have focused our discussion on (weighted) average effects. With a continuous
outcome, one may easily extend the above identification results to identify Fy,,,, (ylu),z=0,1

and hence the average distributional effects at a given treatment quantile. In particular, for any

6This issue is not unique to our setting; it arises whenever a researcher estimates average effects while allowing
treatment changes to switch signs.

12



U e U Fyygu (Ylu) = E[1(Y <y)|U=u,Z=z],z = 0,1. One may further develop an
analogous DR estimand for the effectof T on 1 (Y < y) foranyy € ).

3 Identification with Covariates

The previous section introduces our core idea without accounting for covariates. However, there
are at least three compelling reasons to incorporate covariates into the analysis. First, conditioning
on covariates is necessary when the 1V itself is confounded, such that the IV assumptions are valid
only conditional on covariates. Second, rank similarity is more plausible when conditioned on all
relevant covariates, allowing the remaining model error to be treated as a scalar. For further discus-
sion on this point, see Chernozhukov and Hansen (2005, 2006). Third, the first-stage monotonicity
assumption can be relaxed by permitting the direction of monotonicity to vary with covariates.

When covariates are included in the non-separable models for Y and T, i.e., (Z) and (3), and
all previous assumptions hold conditional on covariates, the earlier results naturally extend to this
conditional framework. However, these conditional results may have limited practical utility, as
presenting all conditional findings can become cumbersome, especially when dealing with many
continuous covariates. In this section, we aim to identify unconditional weighted average effects
while accommodating the presence of covariates.

Let X € X c R denote the vector of covariates. We consider the following models for Y

and T:

Y = G(T,X,e)), 9)
T = H(Z,X,V)

= ZT1 (X, V1) + (1 -2)To (X, Vo), (10)

where by construction V. = V1Z + Vo (1 — 2).
As before, T,:=T; (X, V;) is the potential treatment when Z is exogenously set to be z € {0, 1}

and Yi:=G (t, X, €) is the potential outcome when T is exogenously settobet € 7 ¢ R. We

13



extend Assumptions[I]- 5| to condition on covariates X as follows.

Assumption C1 (Conditional Treatment Quantile). For any x € X, T;(X,v), z = 0, 1, is strictly

increasing in v, and V; ~ Unif (0, 1).

By Assumption [CT} T, (x, v) is the conditional quantile function of T, given X, and V, =

Fr,1x (Tz|X) is the conditional rank of T, given X.
Assumption C2 (Conditional Independence). Z 1 (V;,¢€)|X,z =0, 1.

Assumption C3 (Conditional Monotonicity). Either Pr(Ty > Tg|X =x) =1

orPr(Ty < To|X =x)=1foranyx € &.

Assumption C4 (Conditional First-stage). For at least some x € X, the set

{v € (0,1): To(x,v) # T1 (X, )} has positive Lebesgue measure.
Assumption C5 (Conditional Treatment Rank Similarity). V1|(e, X) ~ Vo|(e, X).
Assumption C6 (Common Support). Pr(Z = 1|X =x) € (0,1) forany x € X.

Assumption[C2requires Z to be unconfounded, instead of being randomly assigned as required
by Assumption[2l Assumption[C2requires conditional independence, instead of the stronger joint
or full independence (V;, €, X) L Z, so exogeneity of X is not required - e.g., X can be correlated
with Z. Assumption [C3| allows the direction of monotonicity to change with covariates, which
relaxes its unconditional counterpart Assumption 3] Note that under Assumptions [CIHC4]and [C6]
if Assumption [C3] holds, then the direction of the monotonicity can be identified by the sign of
E[T|Z =1, X =x] —E[T|Z =0, X = x]. Assumption[C6|is a common support assumption to
ensure that all the parameters we consider are well-defined. In addition, Assumption [C5| requires
that treatment rank similarity holds only among the subgroup of units with the same observed
covariate values, which is weaker than Assumption [5]] The following Lemma extends Lemma 2]

to allow for covariates.

"Note that V, is defined conditionally on X, while U, is defined unconditionally. Given that X are determi-
nants of Y, one can let X be an observable sub-vector of ¢ inY = g(T,¢). Thatis, ¢ = (X, €). Assumption
E] Uile ~ Uple implies U1|X ~ Up|X, so Fy,x (u|x) = Fuygx (u|x) forany u € (0,1) and x € X. It fol-
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Lemma 3. Under Assumptions[CT}[C2land[C5| T L €| (V, X).

Lemma/[3]is a conditional (on X) version of Lemma[2] It establishes that V is a control variable

given X. ForM =Y, T, let
AM (X,0) =E[M|Z =1, X =X,V =0] -E[M|Z=0,X =X,V =0v].

The resulting 1V estimand, conditional on X = x and V = v, is given by

AY (X, 0)

7T(X, D)::m,

(11)

whenever AT (X, v) # 0.

Let g; (X,0) = Fﬂlz,x (v|z, x) be the conditional » quantile of T given Z = z and X = Xx.
By eq. (10) and Assumptions[CIjand[C2, T and V follow a one-to-one mapping given Z = z and
X = X, i.e,, conditioning on V = v is the same as conditioning on T = q; (x, v) in (II). Then

7 (X, v) can be re-written as

(X, 0) = M1 (X, g1(X, v)) — Mo(X, Go(X, v))
T 01 (X, v) — o (X, v)

2

where m;(x,t) = E[Y|Z =2, X =X, T =t].

Let Aq(x,») = g1 (v, X) — qo (v, X). By construction, AT (x,») = Aq(x, v). Assumptions
[CI]and [CG ensure that Aq(x, v) is well defined forall x € X and v € (0,1). Let S = {(x,v) €
X'x(0,1): Aq(x, v) # 0}. We have the following Theorem 2| which extends Theorem ]

lows that Fygx,c 0|X =X, e =€) = E[1 (Vo <v)|X =X,e =€] = E[L1(Fuyyx Uolx) <o)X =x,e=¢] =
E[1(Fuyx (U1lx) <v) X =x,e =e] = Fyyx,c @IX =x,e =e) for any v, X, and e in their support, where
the second equality follows from V, = Fr;x (T;|X) by Assumption @ which can be further written as V; =
Fuzix (UzlX), z = 0,1, since T, and U, follow a one-to-one mapping by Assumption [I} Therefore, Vo|X, e ~
V1| X, €.

15



Theorem 2. If Assumptions[CT] [C2} [C4] [C5 and [CE] hold, then for any (X, v) € S,

Y1ix,0) — YTo(x,0)
Tl(X, D) - TO(X: U)

n(X,v):E[ |X=X,V:v:| (12)

Feix,v (de|x, v)
Tl(Xa U) - TO(Xa D) ‘

= / {G (T1(X,0), x,e) — G (To(x,v), X, &)} (13)

Theorem [2 shows that z (x, v) identifies a conditional weighted average treatment effect at the
conditional » quantile of the treatment given X = x. Itis clear from eq. (13) that z (x, v) represents
the causal effect of an exogenous change in treatment from Tp (X, v) to T1(X, v), while holding X
and e fixed at x and e.

If desired, one may average x (X, v) over the distribution of X to obtain a weighted average
effect at the conditional » quantile of the treatment. For notational convenience, in the following,
we assume 7 (X, v) = 0 when Aq(x, ») = 0, so that z (x, v) is defined for all (x,v) € X'x (0, 1).

For example, for any v € (0, 1) such that Pr (Aq(X, ») # 0) > 0, one can define

T (v)::/Xn(X,v)wU(X)dX, (14)

where w, (x) = [Aq(x, )| fx (X)/ [y [Aq(x, v)| fx(x)dx. = (v) identifies a weighted average
effect at the conditional » quantile of the treatment. In contrast, z (u) identifies an average effect at
the unconditional u quantile of the treatment. z (v) can be useful in investigating treatment effect
heterogeneity at the conditional » quantile of the treatment.

Consider now constructing a DR estimand for the overall unconditional weighted average effect
based on 7z (x, v). Since Z is valid only after conditioning on pre-determined covariates, W24 js
no longer a valid causal estimand. Let AM (x) = E[M|Z =1, X =x] —E[M|Z =0, X =X],
M =Y, T. Further letIT (x) = 1 (AT (x) > 0)and I~ (x) = 1 (AT (x) < 0). Define

waia_x._Ja {T" 00 AY 00 =T~ () AY (9} fx () dx
e O AT (0) = I () AT (x)} fx () dx

(15)
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A special case of Eq. (I5) nder the stronger assumption of unconditional monotonicity (As-
sumption[3) is proposed in Frélich (2007) for binary or discrete treatments. Importantly, in eq. (I5),
the numerator does not simplify to E[Y |Z = 1]—E[Y|Z = 0], nor does the denominator simplify
to E[T|Z =1] — E[T|Z =0], as X is not assumed to be independent of Z. Consequently, the
distributions of X conditional on Z = 0 and Z = 1 generally differ.

Let 7c.q = {(to, t1) € 7o x 71 : t1 # to} be the set of all types of compliers and defiers. Note
that LAT EC(tp, t1) = E[%m =11, Tp = to] as written can be used for a complier average
treatment effect or a defier average treatment effect, depending on the ordering of tg and t;. For
notational clarity, however, in this section, we relabel it and let L AT Ec’d(to, t) = E[Mm =

t1—to

t1, To = to] for (to, t1) € ¢ q.

Lemma 4. If Assumptions[C1]-[C4]and Assumption [C§ hold, then

_Wald_X _ / /T Wit L AT ES (to, t) Fr, 1, (dto, dty)
c,d

where wi, , = |t1 — tol/ fchd It1 — to| Fr,.1, (dto, dty). If further Assumptionholds,
Weld X _ / /T wio.u LAT EC (to, 1) Fro, (dto. dty)

where wy, 1, = (i —to) / [ [z (1 — to) Fro,1; (dto, dty).

Lemma [4] shows that under unconditional monotonicity (Assumption [3, which rules out de-
fiers), zWald_X jdentifies the same unconditional effect as "ad would if Z were valid without
conditioning on covariates. More generally, when monotonicity varies with covariates (Assump-
tion , tWald_X jdentifies a weighted average of the average effects for both compliers and
defiers. Frélich (2007) establishes a similar result for binary or discrete treatments under uncondi-
tional monotonicity in the first stage. Based on Lemma 4] we construct a DR estimand incorporat-

ing tWald_X (instead of the invlide £Wald) as a special case.
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Proposition 2. Let Assumptions|C1] [C2] [C4 and[C§ hold. Furthermore, if either [C3 or [C5| holds,

DR.= , ,v)dod
T //Sn(x v)w (X, v)dodx

for w(x,v) = |Aq(x, )| Tx(X)/ [[sAq(x, )| fx(x)dvdx identifies a weighted average of the

average treatment effects among all the units for which T1 # To.

Note that under conditional monotonicity, for any (x,v) € S, It (x) = 1 implies Aq (X, v) >

OandI~ (x) = limplies Aq (x,v) < 0,s00nehas |Aq(x,v)| = I (x) Aq(x, v)=1" (X) Aq (X, v),

while
_ AY(X,0)
T
TP (X)) AY (X, 0) =17 (X) AY (X, )
— F () AQ(x,0) =17 (X) Aq (x, )
so that

or _ JJs{IT 0O AY(x,0) =17 () AY (x, )} fx(x)dvdx
T T 00 Ad(, 0) — - (x) Ag (X, 0)) Tx () dvdx
Jaxo {I* (x) AY (x, ) =17 (x) AY (x,0)} fx(x)dodx
ffXx(O,l) {I* (x) Ag(x,v) = I~ (X) Aq (X, v)} fx(x)dodx
Jo {IT 00 AY () =T~ (%) AY ()} fx (x) dx

Jo (IH () AT (x) =17 (x) AT (x)} fx (x)dx
TWaId_X’

where the second equality follows from Assumptions [C3]and [C4} the third equality follows from
Assumption[C2Z], which implies V, L Z|X.

When conditional rank similarity (Assumption holds, z PR is a weighted average of 7 (X, v)
for (x, v) € S, which is a causal estimand by Theorem |2} Otherwise, when monotonicity (Assump-
tion[C3]) holds, 7 PR = ¢Wald_X 'which, as shown in Lemmal4} identifies a weighted average of

LATES4(to, ty) for (to, t1) € 7¢c q. Either way, = DR jdentifies a weighted average of the average

18



treatment effects for all the units responding to the IV change, representing the largest subpopu-
lation for which treatment effects can be identified without further assumptions. The weights are

proportional to both the magnitude of the treatment change and the density of X.

4 Estimation and Inference

In this section, we present a semi-parametric approach to estimation and inference for the general
case with covariates. The case without covariates, corresponding to having an empty covariate
set, is a special instance of this framework and is detailed in Section [S.§] in the Appendix for
brevity. Our approach assumes that the variables of interest - the instrument and the treatment -
are modeled nonparametrically in the specifications for T and Y, respectively, while covariates are
incorporated linearly as control variables. This semi-parametric approach is motivated by practical
considerations: although fully nonparametric estimation and inference are theoretically viable,
they are often computationally prohibitive. Toward the end of this section, we briefly discuss
nonparametric inference and examine the practical implications of the additional functional form

assumptions required in our method.

4.1 Estimation

We assume a linear quantile regression model for the conditional » quantile of T given Z = z
and X = x, i.e.,, g; (X, 0) = ap(v) + X’a1(v) + zaz(v) + zx’az(v); we further assume a partially
linear model for the conditional mean function of Y given Z, X and T, i.e., m;(x,t) = x’by +
go(t) + zx’by + zg1(t), where gz, z = 0, 1, are some unknown functions. Given a sample of i.i.d.
observations {(Yi, Ti, Xi, Zi)}{_, for (Y, T, X, Z), we propose the following estimation procedure.
Step 1. Estimate the first-stage conditional treatment quantiles g; (X, v):
e 0; (X,0) = ap(v) + x'A1(v) + z82(v) + 2x'@3(v)
foro e VD, where VO = {01, vy, ..., 0} is the set of equally spaced quantiles over (0, 1).

Then AG(X,v) = 2(v) + X'az(v).
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Step 2. Estimate the conditional mean function m;(x, t) by a partially linear series estimator:
o Mz (X, t) = X'bo + Go(t) + 2x'b1 + 2G1(t)
Let AM(Xj, v) = M1(Xj, G1(Xi, v)) — Mo(Xj, Yo(Xi, v)).
Step3. Foro e VD and i =1, ..., n, the plug-in estimator of 7 (Xi, v) is 7 (Xi, v) =
AM(Xi, v)/AG(Xi, v).
e Estimate 7 (v): 7w (v) = D ; 7 (X, )W, (Xi), where w, (Xj) = %
e Estimate z PR: zPR =3 0y 3 7 (Xi, 0)® (Xi, v), where © (Xi, v) = [AT(Xi0)]

>y 2 AT
The following provides details on the partial linear series estimator in Step 2. Let {y 31, ..., ¥ 33}

be a collection of basis functions of t for approximating the nonparametric component g (t). Let
Wl (X, 1,2) = (X, war(0), s w0, 2X, 2y 31 (), s 2y 5 5 (1), @ 2(dx + J) x 1 vector. Let
¥ = (y) (X1, T1, Z1), o, w3 (Xn, Tn, Zn)), an x 2(dy + J) matrix. Then the series coeffi-
cient estimate is ¢ = (¥/¥)"1¥/(Y4, ..., Yn), and a series least squares estimator of m,(x, t) is
My (x,t) = wl(x,1t,2)¢.

Note that the estimand for z PR in Proposition (2 is essentially a ratio of average, i.e.,

ok _ Jo Ly AMG. 0)sgn(Aq(x, v)) Fx ()dxdlv
Jo J AQ(x, 0)sgn(Ag(x, 0)) fx ()dxdo

where the sign sgn(Aq(x, v)) = 1(Aq(x,v) > 0) — 1(Aq(x, ) < 0). Correspondingly, our es-
timator 7PR = 3 o) Xy AM(Xi, 0)SgN(AG(Xi, 0))/ 3, ey 2 AG(Xi, 0)sgn(AG(Xi, v)).
# PR does not involve trimming, which would drop small |AG(Xj,v)|. Our asymptotic theory
characterizes the first-order influence of the Step 1 quantile regression in determining the sign of
AQ(Xj,v) from the weights. This is different from the regression discontinuity design in Dong,
Lee, and Guo (2023), where the estimation is fully nonparametric locally around the cutoff and

uses a trimming parameter to control the influence to be of smaller order.
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4.2 Inference

This section presents inference results for z (v) and z PR. Inference results for the other parameters
7 (X, v) and alternative DR estimands defined over S; = {(Xx,») € S: Aq(x,v) > 0} or S_ =
{(x,v) € S: Aq(x,v) < 0} are presented in Section and Section respectively, in the
Appendix.

We derive the asymptotic theory based on the literature of quantile regression and sieve esti-
mation. The main complication here is that we need to account for the variation from the Step
1 quantile regression and Step 2 sieve estimation, as well as the sign function. Let a(v) =
(ap(v),a1(v), a2(v), az(v))" be the quantile coefficients in Step 1. For the quantile regression
estimator &(v), we apply the results of Angrist, Chernozhukov, and Ferndndez-Val (2006). They
show that &(v) converges uniformly over v in a closed subset of (0, 1) to a zero mean Gaussian
process indexed by ». For the partially linear estimation in Step 2, we apply the results of Chen
and Christensen (2018). They establish uniform inference for nonlinear functionals of nonpara-
metric 1V regression. We apply their results for a special case of exogenous regressors and linear
functionals. Our assumptions for asymptotics collect the assumptions in these two papers. To save
space, we list these assumptions in Section [S.3]in the Appendix.

We show in Theorem [3|below that under Assumptions [Al][A2] and[A3] the influence function
of 7 (v) is given by Rj(v)/B(v) = (R1j(v) + Ry (v) + R3j(v))/B(v), where Rjj(v) captures the
impact of Step 1, Ryj(v) captures the impact of Step 2, Rsj(v) is the influence function for the
sample analogue estimator of 7z (v) (without accounting for the step 1 and step 2 estimation errors)
in Step 3, and B(v) is from the normalization in the weighting function. The exact formulas of
Rki (), k =1, 2, 3, are given in in the Appendix. Let 62(v) = E[Ri(v)?] /B(v)?, which is
the sieve variance of \/nz (v). Further let &2(0) be a uniformly consistent estimator of aﬁ(u) in the
sense that sup, ¢y, lon(v)/6 (v) — 1| = 0p(1) foraclosed set V = {v Pr(JAq(X,v)| > 0) > 0}.
For example, 62(1)) can be estimated by the sample analogue plug-in estimator, i.e., &2(1)) =
n~t > Ri(v)%/B(»)?, where R;(v) and B(v) are uniformly consistent estimators of R; (v) and

B(v), respectively. We give the estimation detail of &z(v) in Section in the Appendix.
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Theorem 3. Let Assumptions [Al] and [A3| hold. Then uniformly for v e V, /n(z () —
. d
7 (0))/6 () =n~Y2 31 Ri(0)/(B(0)on(v)) +0p(1) — N(0,1).

A 100(1—a)% confidence interval for z (v) can be constructed as [7% (v)—2;_,6()//N, 7 (v)+
zj_a&(v)/ﬁ], where z7_ = O (1 —a/2)isthe 1 — a/2 quantile of the standard normal dis-
tribution, based on the asymptotically normal approximation.

Similarly, Theorem [4] shows that under Assumptions [AT] [A2Z, and [A3] the influence function
of zPRis given by Rj/B = (R1j + R2j + Rsi)/B. The exact formulas of Rij, k = 1, 2, 3, are
given in (S.10) in the Appendix. Let o2 = E[R?]/B?, which is the sieve variance of /nz °®.

Further let 62 be a consistent estimator of aﬁ suchthat |on/6 — 1| = 0p(1).

Theorem 4. Let Assumptions and hold. Let /nI=! = o(1). Then ﬁ(;%DR -
. _ d
PR /6 =n=Y230 Ri/(Ban) +0p(1) — N(O, 1).

Based on Theorem , a100(1—a)% confidence interval for z PR can be constructed as [7% DR _
2z 6/ 2R 42 6/un]

Our semi-parametric estimation relies on certain functional form assumptions. The causal in-
terpretation of the estimated parameters depends on the validity of these assumptions. In theory,
fully nonparametric estimation and inference are feasible. For instance, in Step 1, the nonpara-
metric QR series method from Belloni et al. (2009) could be employed, and in Step 2, the fully
nonparametric mean regression approach from Chen and Christensen (2018) could be applied. Our
asymptotic theory for 7 (v) and 7z can be extended to these corresponding nonparametric estima-
tors, albeit at the cost of more complex notation and stronger regularity conditions.

When weak monotonicity (along with other identifying assumptions) holds, 7 PR = ¢Wald_X_
This implies that if the assumed semi-parametric functional forms are correct, or if both estimators
are obtained nonparametrically, they will converge to the same causal parameter. Consequently,
their estimates should be similar in large samples. Substantial differences between the two es-
timates may indicate a violation of monotonicity, assuming the other identifying assumptions
hold. Notably, when monotonicity does not hold, the usual Wald estimator becomes inconsistent,

whereas our estimator remains consistent for a well-defined causal parameter.
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5 Extensions to a Multi-valued IV or Multiple Discrete 1Vs

In this section, we briefly explore extensions of identification, estimation, and inference to sce-
narios involving a multi-valued instrumental variable (1) or a vector of discrete IVSEI We begin
by examining the basic setup without covariates, followed by a discussion of the more general
framework that includes covariates.

Assume T = g(T,e) and T = h(Z,U) as in Section[2 Denote the support of Z as Z =
{z0, 21, ..., Zx}. Soe.q., if Z = (Z1, Z3), where Z; € {0,1} and Z, € {0, 1}, then one can let
20 = (0,0), z1 = (0,1), 22 = (1,0), and z3 = (1,1). Let Ux = Fr, (Tz) be the rank of
the potential treatment T, if Z is exogenously set to be zx. The observed rank can be written as
U= fo:l 1(Z = zx) Uk. Let T, (u) be the u quantile of the potential treatment T,,. Further
letryk = Pr(Z =2z), p(Z2) = E[T|Z], pxk = E[T|Z = 2], and p = E[T]. Without loss of
generality, assume that the K + 1 values of Z is ordered such that px > pk—1 fork =1, ..., K,
which may involve rearranging and is verifiable from the data.

We continue to use the same sets of assumptions when we consider either the basic setup
without covariates or the general setup with covariates, except that the relevant assumptions need
to be modified to accommodate the greater support of Z, which is Z = {zo, 21, ..., zx}. For
example, Assumption[IJnow requires that T, (u) is strictly monotonic in u for any zx € Z, and that
Uk ~ Unif (0,1) fork = 0, ..., K, and Assumption [2] independence now requires Z L (U, ¢)
for k = 0, ..., K. The same holds true for Assumptions [CI]and [C2 Further Assumptions 3} [4
and [5, and similarly Assumptions [C3] [C4] and [C5] need to hold for each pair of IV values zx and
Zk—1 fork =1, ..., K. That is, Assumptionmonotonicity now states that Pr (TZk > TZk—l) =1,
k =1, ..., K, while Assumption [4] now requires that Tz, (u) # T,_,(u) fork =1, ..., K and a set
of u € (0, 1) with a straight positive measure. Assumption [5 now requires that Ux|e ~ Ug_1]e,

k =1, ..., K. The same holds true for Assumptions|C3] [C4and[C5 In addition, Assumption [C6|

8Mogstad et al. (2021) show that the LATE monotonicity may not be plausible with multiple Vs for a binary treat-
ment. This conclusion is generalizable to a continuous treatment. While they seek to provide a causal interpretation
for the usual two stage least square (2SLS) estimand under a weaker partial monotonicity condition (i.e., monotonicity
holds with one 1V while holding other 1Vs fixed), we provide an estimand that is robust to the failure of the LATE
monotonicity assumption.
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common support now requires Pr(Z = zx|X =x) € (0,1) fork =0, ..., K andany x € X

Define the following estimand for each pair of the IV values {zx—1, zk}, k = 1, ...K,

E[Y|Z =2z, U =u]l-E[Y|Z = zx-1,U =u]
E[TIZ =z, U =u]l-E[T|Z =z-1,U = u]

Tk (U):=

if the denominator is not zero; otherwise, define 7y (u):=0. Like before, T and U follow a one-to-
one mapping given Z = zy, so conditioning on U = u is the same as conditioning on T = T, (u).
Further given Z L (U, ¢), we have T, (u) = qx(u), where gx(u) = FT‘llZ (u]zk) is the conditional

u quantile of T given Z = zx. Then zx(u) can be re-written as

E[YIZ=2z,T =qW)] —E[Y|Z =21, T = ax-1(u)]
Qk (U) — ak—1(u) '

tk(U) =

Following Theorem I, z(u) identifies an average treatment effect at the u quantile of treatment
for units responding to the 1V change from zx_1 to zy.
Analogous to Proposition [T} define a DR estimand for each pair of IV values. In particular, let

Agk(u) = gk(u) — gk—1(u), k =1, ..., K. The corresponding DR estimand is given by

1
rkDR::/ T (Wwy (u) du,
0

where wy (U) = %. rkDR identifies a weighted average of the average treatment effect for
Jo k
all units that respond to the 1V change from zy_; to zy, under either monotonicity or rank similarity.

Construct an aggregated DR estimand as

K
rPRK=S ke R, (16)
k=1

(k=P X 1 (p=D)
where Ay:= '
K S he1 (Pk—Pk=1) 24 T, (PI—P)
Angrist (1994).

. The weights 1y follow from Theorem 2 of Imbens and

Note that Ax > 0 and Z,le Ak = 1, because the 1V values are ordered such that px > px—1.
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Therefore, zPR-K is a convex combination of PR, k = 1,..., K, and hence has the DR prop-

erty as Well.ﬂ In particular, when monotonicity holds, rkDR reduces to the LATE Wald ratio

_E[Y|Z=2%]-EB[Y|Z=2«_ K
T\kNald-—EEnz:zﬁ_E{nz:zt_ﬂ' and hence ¢PR-K = "% JyeWald Fyrther by Theorem 2 of

Imbens and Angrist (1994), K ; xz\Vald = %‘;gg Notice that z)V3! in this case identifies
a weighted average of LATEs for Z € {zx—1, zx} under monotonicity. Therefore, if monotonicity
holds, 7 PR-K identifies a doubly weighted average of LATEs for different compliers, averaging
over different compliers for a given pair of 1V values and over different pairs of 1V values; oth-
erwise, when rank similarity holds, zPR-K identifies a doubly weighted average of the average
treatment effects at different treatment quantiles - the first averaging is over different treatment
quantiles for a given pair of 1V values and the second is over different pairs of IV values. Either
way, 7 PR-K jdentifies a doubly weighted average of the average treatment effects for all the units
responding to IV changes.

Now consider the general setup where the 1V independence and treatment rank similarity are

valid only conditional on covariates. One can incorporate covariates as before for each pair of IV

values. In particular for k = 1, ..., K, define the following estimand

EYIZ=2z,X=x,V=0]—-E[Y|Z =2_1, X =X,V =]

X,0):=
KO ) e 7 = 2 X = X,V —V-E[TIZ=21.X=x.V =]

when the denominator is not zero; define (x, v):=0, otherwise. Following Theorem 2} 7 (X, v)
identifies an average treatment effect at the conditional (on X = x) v quantile of treatment.
Further analogous to Proposition [2 define the DR estimand for each pair of 1V values, zx_1

and zy, as

EER::// Tk(X, v)wk (X, v)dodx, a7
0,1)x X

f
where wy (X, v) = TTom LAlquét’&),L)l(’f()(X)dDdx, and Agk (X, v) = dk (X, v) —Gk—1 (X, v), and gk (X, v)

= Fﬂlz,x (v|zk, x) is the conditional » quantile of T given Z = zx and X = X.

DR
Zk,Zk—1"

incorporate the 2SLS or LATE-type estimand given by % as a special case, which leads to the particular
choice of A. ’

9In theory, any convex combination of ¢ k =1, ..., K, would have the DR property. Here our goal is to
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Then define the aggregated DR estimand as

K
ZORK=S jyr PR,
k=1

where Jy is defined as in (16). When conditional monotonicity holds, z PR-K identifies a doubly

weighted average of LATEs for compliers and definers; otherwise when rank similarity holds,

z PR-K identifies a doubly weighted average of the average treatment effects at different conditional

treatment quantiles. Note that the identified parameter in this case is still the unconditional doubly
weighted average, even though the instrument validity holds only conditional on covariates.

One can estimate z PR-K by 7 PR-K = 52K 7,7 PR givenani.i.d. sample {(Y;, Ti, Xi, Zyi_,,
where ﬁkDR is an estimator of z PR and Jx is an estimator of . ﬁkDR can be obtained similar to
7 PR proposed for a binary IV. Jy can be estimated by a simple sample analogue plug-in estimator.
Let DK = 1(Z = z). One can estimate px = E[T|Z =zJ] by px = >, TiDK/ >, Dk

fork = 0,1, ..., K, and estimate p by ﬁ =n-t >, Ti. One can further estimate ry by Tx =

(Pr—Pi—1) 21k T, (PI—P)

n=1S" . DKfork =1, ..., K. Then the plug-in estimator for Ay is iy = —,
i1 D s plug K SR (Be—Pi1) >k Fy (PI—D)

k=1,..,K
We provide the influence function for z DR.Kdenoted as Ri, in eqg. 1; in the Appendix.

The influence function given in Theorem4]is now indexed by k, i.e., Rj /B defined in (S.10) is now

R}‘/ BX. Together with the influence function of /i, we can derive the influence function of 7 PR.K

DR,K

Define the sieve variance of \/nz as af(n =E [RKiz]. Let &f( be a consistent estimator of

% ., such that |okn/6 Kk — 1| = 0p(1). We have the following asymptotics result for # °R-.

Theorem 5. Let the conditions in Theorem[4|hold. Then /n (2 PR — 7 PRK) /5

= n_1/2 ZIn:l RKi/O- Kn + Op(l) _L N(O’ l)
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6 Empirical Application

In this section, we apply the proposed estimators to estimate the effects of night sleep on physical
and psychological well-being, using data from a recent field experiment (Bessone et al., 2021).
The experiment involved 452 adults in Chennai, India, and spanned a 28-day period. During
the first eight days, baseline data were collected. Participants were then randomized into three
groups: a control group, an Encouragement group, provided with (a) devices to improve their
home sleep environments and (b) information and verbal encouragement to increase night sleep,
and an Encouragement + Incentives group, provided with (a) and (b), as well as additional financial
incentives to increase night sleep. These groups were further cross-randomized with a nap assign-
ment, offering participants a daily half-hour afternoon nap at their workplace. This resulted in six
experimental groups: control, encouragement, encouragement + incentives, naps, encouragement
and naps, and encouragement + incentives and naps. Bessone et al. (2021) primarily focused
on the reduced-form impacts of these assignments on sleep duration, work outcomes, well-being,
cognitive measures, and economic preferences.

For our analysis, we use data from the first three groups (control, encouragement, and encour-
agement + incentives) without nap assignments. We focus on the well-being index as the outcome
variable and night sleep (in hours) as the treatment variable for instrumental variable (1) analysis.
The well-being index is a composite measure of physical and psychological WeII-beingH The
well-being index is standardized using the baseline control group’s mean and standard deviation,
following Bessone et al. (2021). Hence, its unit of measurement is standard deviations. Night
sleep is our focus for two reasons: (1) night sleep is the primary form of sleep for most individuals,
and (2) the control group reports zero hours of nap, and our treatment variable must be absolutely
continuous. As in Bessone et al. (2021), our analysis controls for baseline measures of well-being
and night sleep. In some analyses, we also control for participants’ gender and age in quartiles.

Our sample comprises 226 observations: 77 from the control group, 75 from the Encourage-

10The well-being index is constructed as a weighted average of standardized measures of psychological and physical
well-being. For details, see Bessone et al. (2021).
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Table 1: Sample summary statistics
(1) (2) 3) (2)-@1) 3 -1
Baseline well-being  0.00 (0.46) 0.03 (0.40) 0.09 (0.41) 0.03(0.07) 0.19(0.07)
Baseline night sleep  5.51 (0.90) 5.60 (0.84) 5.65(0.79) 0.09 (0.14) 0.14 (0.14)
Age in 1st quartile 0.23(0.43) 0.25(0.44) 0.31(0.47) 0.02(0.07) 0.08 (0.07)
Age in 2nd quartile  0.27 (0.45) 0.27 (0.45) 0.20(0.40) -0.01(0.07) -0.07 (0.07)
Age in 3rd quartile  0.23 (0.43) 0.27 (0.45) 0.34(0.48) 0.03(0.07) 0.10(0.07)

Female 0.68 (0.47) 0.64 (0.48) 0.64(0.48) -0.04(0.08) -0.04(0.08)
Night sleep 5.62 (0.80) 5.99(0.85) 6.22(0.95) 0.37(0.14) 0.60 (0.14)
Well-being -0.00 (0.41) 0.14(0.37) 0.10(0.37) 0.15(0.06) 0.10 (0.06)
Participants 77 75 74

Note: Columns 1 - 3 report sample means and standard deviations (in parentheses) of the
three groups: (1) Control, (2) Encouragement, (3) Encouragement + Incentives ; Columns 4
and 5 report the mean differences and their standard errors.

ment group, and 74 from the Encouragement + Incentives group. Summary statistics are presented
in Table 1, which show that the three experimental groups are well-balanced across all covariates.

Consistent with Bessone et al. (2021), assignment to either the Encouragement or Encourage-
ment + Incentives group significantly increases average sleep duration at night, with the Encour-
agement + Incentives group showing a larger increase. Interestingly, simple mean comparisons
reveal that assignment to the Encouragement group significantly improves well-being (by 0.15
standard deviations). In contrast, assignment to the Encouragement + Incentives group does not
have a significant impact on well-being, despite leading to a larger average increase in night sleep
(0.60 vs. 0.37 hours).

To examine the causal effects of night sleep on well-being, we define two binary IVs: Z; is
an indicator for assignment to the Encouragement group, and Z, be an indicator for assignment
to the Encouragement + Incentives group. We investigate the distributional changes in night sleep
using each IV and assess the effects of night sleep on well-being across different quantiles of the
sleep distribution. We implement the estimator 7z (v) as decribed in Section which is based on
eq. (14). Bootstrapped standard errors are calculated using 1,000 replications for computational
efficiency and convenience.

Results using Z1 as an 1V are presented in Table 2, while results using Z; are in Table 3. When
Z1 is used, the analysis compares the Encouragement group to the control group. When Z; is

used, it compares the Encouragement + Incentives group to the control group. Importantly, these
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IV analyses condition on the other IV being zero, which is important as discussed in Mogstad et

al. (2021).

Table 2 Effects of night sleep on well-being at different conditional quan-
tiles of sleep (IV: Encouragement vs. Control)

Quantile  Sleep (hrs), Avg. first-stage sleep Sleep effect
control change
0.1 4.53 0.307 (0.088)*** 0.276 (0.175)
0.15 4.83 0.295 (0.081)*** 0.311 (0.184)*
0.2 5.01 0.226 (0.079)*** 0.135(0.182)
0.25 5.19 0.261 (0.082)*** 0.423 (0.184)**
0.3 5.34 0.285 (0.079)*** 0.402 (0.188)**
0.35 541 0.309 (0.081)*** 0.314 (0.163)*
0.4 5.53 0.280 (0.079)*** 0.318 (0.158)**
0.45 5.57 0.260 (0.080)*** 0.321 (0.169)*
0.5 5.62 0.318 (0.079)*** 0.286 (0.179)
0.55 5.76 0.400 (0.083)*** 0.319 (0.179)*
0.6 5.86 0.418 (0.080)*** 0.270 (0.193)
0.65 5.96 0.330 (0.083)*** 0.355 (0.227)
0.7 6.04 0.363 (0.087)*** 0.286 (0.227)
0.75 6.23 0.347 (0.083)*** 0.225 (0.224
0.8 6.33 0.358 (0.095)*** 0.168 (0.229
0.85 6.47 0.340 (0.124)*** 0.106 (0.210)
0.9 6.63 0.561 (0.140)*** 0.073 (0.193)

Note: This table reports (in column 2) the quantiles of night sleep in hours
for the control group, (in column 2) the first-stage quantile changes at dif-
ferent conditional quartiles of night sleep and (in Column 3) the weighted
average of average treatment effects at different conditional quantiles of
night sleep (estimated based on eq. (14)). Covariates conditioned on are
baseline well-being, baseline night sleep, participants’ gender and age in
four quartiles. The binary 1V is Z1, the Encouragement group vs. Con-
trol. Bootstrapped standard errors (based on 1,000 replications) are in the
parenthesis. *** Significant at 1%; ** Significant at 5%; * Significant at
10%.

Estimates in Table 2 show significant increases in night sleep at all quantiles, ranging from 0.23
to 0.56 hours. However, significant positive effects of night sleep on well-being are observed only
at lower quantiles, with the effects diminishing at higher quantiles.

Table 3 similarly shows significant increases in night sleep across all quantiles, with larger
increases compared to Table 2. However, these additional increases in night sleep do not translate
into improved well-being. The estimated effects on well-being are smaller at nearly all quantiles,
statistically insignificant, and decrease with increasing quantiles, eventually becoming negative.

These findings align with the notion of diminishing returns to night sleep.
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Table 3 Effects of per hour night sleep on well-being at different levels of
sleep (IV: Encouragement + Incentives vs. Control)

Quantile  Sleep (hrs), Average first-stage Sleep effect
control sleep change

0.1 453 0.405 (0.097)*=*= 0.099 (0.150)
0.15 4.83 0.445 (0.100)*** 0.107 (0.164)
0.2 5.01 0.337 (0.099)*** 0.162 (0.162)
0.25 5.19 0.347 (0.100)*** 0.157 (0.161)
0.3 5.34 0.364 (0.096)*** 0.135(0.152)
0.35 5.41 0.505 (0.097)**= 0.105 (0.146)
0.4 5.53 0.523 (0.101)*=** 0.101 (0.148)
0.45 5.57 0.476 (0.102)*** 0.101 (0.150)
0.5 5.62 0.512 (0.094)*** 0.100 (0.150)
0.55 5.76 0.654 (0.097)*** 0.095 (0.150)
0.6 5.86 0.660 (0.097)*=*= 0.068 (0.146)
0.65 5.96 0.581 (0.098)*** 0.055 (0.152)
0.7 6.04 0.586 (0.093)*** 0.062 (0.144)
0.75 6.23 0.588 (0.096)*** 0.049 (0.139)
0.8 6.33 0.636 (0.105)*** 0.037 (0.140)
0.85 6.47 0.601 (0.100)*** 0.033 (0.145)
0.9 6.63 0.586 (0.104)**= -0.011 (0.142)

Note: This table reports (in column 2) the quantiles of night sleep in hours
for the control group, (in column 2) the first-stage quantile changes at dif-
ferent conditional quartiles of night sleep and (in Column 3) the weighted
average of average treatment effects at different conditional quantiles of
night sleep (estimated based on eq. (14)). Covariates conditioned on are
baseline well-being, baseline night sleep, participants’ gender and age in
four quartiles. The binary 1V is Z, the Encouragement + Incentives group
vs. Control. Bootstrapped standard errors (based on 1,000 replications) are
in the parenthesis. *** Significant at 1%; ** Significant at 5%; * Significant
at 10%.
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The results in Tables 2 and 3 rely on the assumption of rank similarity, conditional on baseline
sleep, baseline well-being, gender, and age. This assumption holds if additional individual-specific
determinants of sleep, such as biological preferences or circadian rhythms, act as fixed effects.
However, this assumption is untestable with the available data, as existing tests (e.g., Dong and
Shen, 2016; Frandsen and Lefgren, 2016) require external "rank shifters” not included as covari-
ates.

We next apply our doubly robust (DR) approach to estimate the weighted average effects among
all responding units. Specifically, we estimate the DR estimator 7 pr using either Z; or Z; as a
single 1V or both IVs in a multi-valued 1V analysis. In the first analysis, we compare the Encour-
agement group to the control group (Z = Z1). In the second, we compare the Encouragement +
Incentives group to the control group (Z = Z3). In the third, we include all three groups, defining
the IV as Z = (21, Z») with Z € {zp, 21, 22}, where z¢:=(0, 0), z1:=(1, 0) and z2:=(0, 1).

Table 4: Effects of per hour night sleep on well-being, using a single 1V

2SLS Wald DR
U} (1 U} (1 U) (1
IV: Encouragement vs. Control
0.427 0.408 0.426 0.398 0.391 0.231

(0.195)**  (0.187)*  (0.222)*  (0.170)**  (0.209)* (0.131)*
IV: Encouragement + Incentives vs. Control
0.130 0.111 0.130 0.106 0.123 0.075
(0.109) (0.107) (0.109) (0.104) (0.128) (0.116)

Note: 2SLS - linear IV/2SLS estimate; Wald - estimates based on eq. (14)
where the conditional mean functions are assumed to be linear in covariates
and fully interacted with the binary IV (see details in the main text); DR -
doubly robust 1V estimates based on the estimation procedure described in
Section 4. Columns (1) control for baseline well-being and baseline night
sleep; Columns (I1) additionally control for participants’ gender and age
in four quartiles. In the top panel, the binary IV used is Z;, the indicator
for being assigned to the Encouragement group vs. Control; in the bottom
panel, the binary 1V used is Z;, the indicator for being assigned to the En-
couragement + Incentives group vs. Control. Bootstrapped standard errors
(based on 1,000 replications) are in the parentheses. ** Significant at 5%;
* Significant at 10%.

Table 4 presents DR estimates, linear 2SLS estimates, and semiparametric Wald estimates
(based on zWald_X in eq. (15)) using a single IV (Z; or Z,). For the DR estimator, we use a

first-order polynomial for the power series of T, given the limited sample size. For the Wald
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estimator, conditional means are assumed to be linear in covariates, fully interacted with the binary
IV. The Wald estimator relies on weaker conditional monotonicity assumptions, whereas the 2SLS
estimator requires unconditional monotonicityE] In addition, the linear 2SLS estimator requires
homogeneity of both the instrument and the treatment effects.

Results in Table 4 indicate that the DR estimates align relatively closely with the Wald and
2SLS estimates. When Z1 is used, significant positive effects of increased night sleep on well-
being are observed, ranging from 0.2 to 0.4 standard deviations. In contrast, the estimates using
Z, indicate smaller positive effects (around 0.1 standard deviations), which are not statistically
significant. The consistency between DR and 2SLS point estimates enhances the credibility of the

results.

Table 5: Effects of per hour night sleep on well-being, using two lvs
0] () [0) (D)
2SLS 0.151 0.144
(0.107) (0.104)

Wald 0181 0154 DR  0.167 0.099
(0217)  (0.157) (0.180) (0.113)
Yald X 0440 0388  xPR 0.400 0.232
(0.232)  (0.146)*** (0.198)** (0.136)*
cyald X 0331 -0309  zPR -0.204 -0.166
(0.345)  (0.211) (0.189) (0.125)

Note: All estimates are based on the full sample with 226 observations.

Columns (1) control for baseline well-being and baseline night sleep;

Columns (I1) additionall¥dcontrol for participants’ gender and age in four
al

quartiles. nlDR and r\lN X compare the Encouragement group with the

Control group; n'23R and r\zNa'd—x compare the Encouragement + Incentives

group with the Encouragement group. DR and Wald estimates are weighted
averages of 7 PR and 7 DR or ¢)/819-X and ¢)/al9-X respectively, where the
weights A1 = 0.664 (std. err. =0.225) and 1, = 0.336 (std. err.= 0.225).

*** Significant at 1%; ** Significant at 5%; * Significant 10%.

Table 5 reports estimates using Z1 and Z» jointly in a multi-valued IV framework discussed

in Section |5, The DR estimates are based on zPR2:=3"2_ | 2,z PR, where i is defined in

1The unconditional monotonicity assumption requires: (a) Everyone increases their night sleep when assigned to
the Encouragement group instead of the control group. (b) Everyone increases their night sleep when assigned to
the Encouragement + Incentives group instead of the control group. For the multi-valued IV analysis, an additional
assumption is that, conditional on covariates, individuals increase their night sleep further when assigned to the En-
couragement + Incentives group instead of the Encouragement group. While these assumptions are plausible, they are
not directly testable due to small sample sizes and the lack of suitable stochastic dominance tests, particularly when
conditioning on covariates. Thus, the doubly robust approach is particularly useful in this context.
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eq. (16) and PR ineq. (17). Similar to the single IV analysis, we also estimate the linear
2SLS estimator and the multi-valued IV extension of the Wald estimator. The latter is based on
FWald XK= K Jkr 819X for K = 2, with 7' 3%-% defined analogously to zW2ld_X for each
pair of IV values, zx—; and zy fork =1, 2.

The DR and Wald estimates in this case represent weighted averages of the effects for each

pair of 1V values: nlDR and r\l’va'd—x capture the variation between z; and zo (Encouragement vs.
control); n'ZDR and T\zNaId_X capture the variation between z, and z; (Encouragement + Incentives

vs. Encouragement). The overall estimates using both Vs are small, positive, and statistically

insignificant. Detailed subgroup analyses reveal positive effects for nlDR and r\lNa'd—x, while es-
timates of 7z'23R and r\zNa'd—x are consistently negative, though not statistically significant. These

findings align with the single 1V results, suggesting that the additional sleep induced by financial
incentives do not improve well-being.

The above results provide important insights. Individuals with lower baseline sleep levels who
moderately increased sleep demonstrated improved mental and physical well-being. In contrast,
individuals with higher baseline sleep levels or those incentivized to further increase their sleep
did not experience similar benefits.

Our analysis differs from Bessone et al. (2021, Table A.XVI1), which uses different 1Vs jointly
in a single regression. By analyzing each IV separately and providing a detailed breakdown of the
joint IV estimates, we uncover more nuanced findings about the differential impacts of increased
nigh sleep. These results underscore the complexity of well-being outcomes and the need for

tailored sleep-related policies.

7 Conclusion

Many empirical applications involve a continuous treatment and a binary or discrete IV. The stan-
dard approach, 2SLS, relies on a mean change in the treatment for identifying causal effects. This

paper extends the framework by exploring distributional changes in the treatment induced by bi-
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nary or discrete 1Vs to identify treatment effects.

We demonstrate that distributional changes in the treatment variable can identify average treat-
ment effects at specific treatment quantiles and weighted averages of these quantile-specific effects.
This identification relies on rank restrictions in the first stage, particularly treatment rank invari-
ance or treatment rank similarity. Furthermore, we develop a novel doubly robust (DR) estimand
that identifies weighted average effects for all individuals affected by IV changes under either the
rank restriction or the standard LATE-type monotonicity assumption.

Building on these nonparametric identification results, we propose semiparametric estimators
for treatment effects at different quantiles, capturing heterogeneity across treatment levels. We
also introduce a DR estimator for the weighted average treatment effect for all the units responsive
to 1V changes, ensuring robust identification even when the mean treatment change is zero or
when monotonicity does not hold. We establish consistency and asymptotic normality for all the
proposed estimators. While our primary focus is on binary 1Vs, we extend all of the identification,
estimation and asymptotic results to cases involving multi-valued 1Vs or vectors of discrete 1Vs,
with or without covariates.

Our estimators complement standard 2SLS in several key ways. They are particularly useful
when 2SLS is either insufficient (e.g., when exploring treatment effect heterogeneity across differ-
ent treatment levels) or invalid (e.g., when the mean treatment change is zero or when monotonicity
does not hold). In such scenarios, the rank similarity assumption becomes crucial. Our frame-
work’s generalization to include covariates is especially promising, as conditioning on relevant
covariates improves the plausibility of the rank restriction by allowing the first-stage disturbance
to be treated as a scalar.

To illustrate the practical utility of our methods, we apply them to evaluate the impact of night-
time sleep on well-being. Our empirical analysis reveals interesting treatment effect heterogeneity
in treatment intensity. Furthermore, our DR estimator yields results consistent with traditional
2SLS estimates, thereby enhancing the credibility of the latter.

Future research could extend this framework further by incorporating high-dimensional co-
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variates and leveraging machine learning techniques for estimation, building on our identification
results. Such advancements could enhance the flexibility and applicability of our methods in mod-

ern empirical settings.
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Online Supplementary Appendix for
Doubly Robust Identification of Causal Effects of a Continuous
Treatment with Discrete Instruments

Yingying Dong and Ying-Ying Lee

In this supplementary appendix: Section[S.1] provides proofs for the identification results pre-
sented in Sections [2]and [3] Section [S.2] presents the DR estimands defined over subsets of treat-
ment quantiles. Section [S.3] presents the detailed assumptions for inference. Section[S.4] presents
the inference theory for z (X, v). Section[S.5|contains the proofs of the inference results presented
in Section [4.2] Section [S.6] discusses nonparametric estimation and inference without covariates.

Section[S.7] details the computation of standard errors.

S.1 Proofs: Identification

Proof of Lemma(ll By definition,

_Wald E[g(T,e)|Z =1]-E[g(To,&)|Z = 0]

E[T1|Z =1] - E[Tp|Z = 0]

E[9(T1, &) — g (To, &)]
E[Ty — Tol

E[{g (T1,&) — g (To, &)} - 1(Ty — To > 0)]
E[{T1 — To} - 1(T1 — To > 0)]

[z J {9 (i, e) — g (to, &)} Fero, 1, (delto, ta) Fro, 1, (dio, dty)

[z {tn — to} Fro,m, (dto, dta)
= //T Wiy, [ 9(1.€) ~ 9 (0. ©) Feimo,1, (defto, tl)] Fro,m, (dto, dty)

1 —1o

Yy, =Y
= // U)to,tlE|: ,El tto [To =10, T1 = tl] Fr,. 1, (dto, dty)
I 1— 1o

- / / w1 LAT E (to, t1) Fr, 7, (dto, dt)
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where the first equality follows from the models for Y and T without covariates as specified in eq.s

(2) and (4), respectively, the second equality follows from Assumption[2} the third equality follows

from Assumption 3} the fourth equality follows from the law of iterated expectations, and the fifth
ayn - - _ tl_to

to the last equalities follow from rearranging and our notation w, t, = T G —t0) Fro v, @t0.017) and

Tc = {(to, t1) € 7o x 71 : t1 — to > 0}. Under monotonicity, wy, r, > 0and fch Wiy 1, F1,.1, (1o, dtg)

Y, =Y
t2To=10, T1 = tl] for

= 1, so £"ald identifies a weighted average of L AT E (to, tl)::E[
(to, 1) € Tc.

Further, when g (T, ¢) is continuously differentiable in T,

[ T2 og(t,

B, 2]

B fr 1dt]

E:fT%l(To gthl)dt]
E[fl(ToStSTl)dt]

JrB[ 252 Mo < t < Tl] Pr(To <t < Ty)dt

TPr(To<t<Tpdt

_ / 5[09Ee)

. ot

TWaId

To<t< Tl] wdt,

~ __ _ Pr(To<t<Tiy)
where v = T Pr(To<t<Tp)dt’

the first equality follows from Assumption [3|and differentiability of
g(T,e) in T, the second to the last equalities follow from the law of iterated expectations and

interchanging the order of integration when standard regularity conditions hold.

Proof of Lemmas[2and [3  Assumption [2]states Z L (U, ¢), which implies Z L U,|e. That
is, Uole ~ Ug| (¢, Z =0) and U1|le ~ Uq| (e, Z = 1). Further by Assumption 5} Ugle ~ Uqle.
Together they imply Ug| (¢, Z = 0) ~ Uy1| (e, Z = 1),i.e,U| (e, Z =1) ~U| (e, Z = 0), so that
U L Z]e. Further by Assumption[2, Z L ¢. Therefore, Z L (U, ¢),and hence Z L ¢|U. It further
impliesT L ¢|U,since T =h(Z,U).

Replacing the above proof of Lemma|2] by conditioning on X in each step proves Lemma /3|



Proof of Theorem[2;  First, one can show Z L €| (V, X) under Assumptions[C2and [C5] analo-
gous to the derivation of Lemma 2] Specifically, Assumption [CZ] states Z L (V;, €) | X, which
implies Z L V;|(X,¢), i.e, V;|(X,e,Z =2) ~ V;|(X,¢), and hence V|(X,¢e,Z =12) ~
V;| (X, €). In addition, Assumption [C5|states V1| (X, €) ~ Vo| (X, €). Then, V| (X, e, Z =0) ~
VI(X,e,Z =1),ie,Z L V|(X,e). Further by Assumption|[C2} Z L €|X. Therefore, Z L
(V,e)|X,and hence Z L €] (V, X).

Consider now the two terms in the numerator of z (X, v):

E[YIZ=2, X=X,V =0] = E[G(T:(X,0),X,€)|Z=2,X=X,V =]
= E[G (T:(X,0),X,€) X =X,V =v]
= E[YTZ(X’D)|X:X,VZD]

_ /G (T, (%, 0), %, ) Fepxy (delx, o),

where the first equality follows from our models (9) and (10), the second equality follows from
the condition Z L €| (V, X) shown above, and the third equality follows from the definition of
potential outcomes.

Consider next the two terms in the denominator of z (x, v). By eq. (10),
E[T|IZ=2, X=X,V =0]=T,(X,0).
Together they prove the theorem.

Proof of Lemmald First notice by definition,

AY (x) = E[Y|Z=1,X=x]-E[Y|Z=0,X=X]
= E[G(T1, X,6)|Z=1,X =x] —E[G (To, X, €)|Z =0, X =x]
= E[G (T, X, €) |X = x] — E[G (To, X, €) | X = X]
= E[G (T, X,€) — G (To, X, €) X =x]. (S.1)
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where the first equality follows from our models of Y and T, equations (9) and (10), respectively,

while the second equality follows from Assumption|[C2 Similarly,

AT(X) = E[T|Z=1,X=x]-E[T|Z=0,X =x]
— E[TMZ=1,X=x]—E[TolZ =0, X = x]

= E[T1—TolX = x]. (S.2)

Consider first rgva'd—x under strong monotonicity.

Wald_X
7o

fXE[G (T1, X, €) = G (To, X, €) | X = x] Fx (dx)
fX]Ef[Tl — To|X = x] Fx (dx)
E[G (T1, X, €) — G (To, X, €)]
E [Ty — To]
E[{G (T1, X,€) =G (T1, X, €)} - 1 (T1 — To > 0)]
E[{T1 — To} - 1(T1 — To > 0)]
[z JJ (G (1, x, ) = G (to, X, )} Fx em0,1; (dX, delto, t2) Fry, 1, (dlo, dtr)
fff]’c {tl - tO} FTo,Tl (dt09 dtl)

G(ty, x,e) — G (tg, X, €
= //T Wiy, 4y {// t ) o )Fx,g|To,T1 (dx, delto, tl)] Fro,1; (dto, dty)

th — 1o

Yi, =Y
= // wto,tlE[ ttl tto | To =1, T1 = tl] Fro.1, (dtg, dty)
T 1—1o

- / / wig 1, L AT E(to, t1) Fr, 7, (dto, dty) |

c

where wyt, = (i —to) / [ 7 (t1 — to) Fro, 1, (dto, dta).

Consider now 7 Wald_X ynder the weak conditional monotonicity. Note that conditional monotonic-
ity given in Assumption|[C3|means that the covariate set X' can be partitioned into non-overlapping
subsets Xt and X~ such that for X € X, Ty > Tpas. and for X e X~ Ty < Tp a.s. Fur-
ther, under Assumption[C3| It (x) = 1 & x € XTand I~ (X) = 1 & x € X~. Let

Tq = {(to, t1) € 7o x 71 : 11 < to} be the set of all types of defiers. So 7¢ ¢ = 7. U 7q. Consider



the numerator of zWald_X first.

/ It (x) AY (x) = I~ (x) AY (x) fx(x)dx

X

= / AY (x) fx(x)dx —/ AY (x) fx(x)dx
X+ X-

_ / (G (TL, X, 6) = G (To, X, )} - 1 (T = To > 0) fx (x)dlx
X
+/ (G (To, X, €) — G (T, X, )} - 1 (T, — To < 0) fx (x)dx

X

{G(T1, X, 6) =G (Tp, X, €)}-1(T1 —Tg > 0)
+{G (To, X, €) = G (T1, X, €)} - L(T1 — Tp < 0)

- //T // {G (t1,x, €) — G (to, X, &)} Fx &1, 1, (dX, delto, t1) Fry 1, (dto, dt1)

+//T //{G (to, X, €) — G (1, X, &)} Feyro, 1. x (dX, defto, t1) Fry 1, (dto, dty),
d

where the first equality follows from that under Assumption IT(x) =1 x € X* and
I~ (x) = 1 & x € X, the second equaltiy follows from eq. (S.1) and that under Assumption
XeXt Ty >Toas. andfor X e ¥~ Ty < Tpas.

Similarly, the denominator of zW2!9_X can be derived as follows

/ It (X) AT (x) =T~ (X) AT (x) fx(x)dx

X

= / {I* X)E[T1 — TolX = x] 4+ 17 (X)E[To — T1|X = x]} fx(x)dx
X

_ AE[|T1—T0||X=x] F () dx

= E[|T1—Toll

= // [ty — to| Fry,1, (dto, dtg)
Ted



Therefore,

TWaId_X

JIz JJ{G (M1, X, ) = G(to, X, )} Fx,io,1; (dX, deto, t1) Fro.1; (dto, dt)
+ [f7, JJ{G(to, X, &) — G(t1, X, )} Fx.¢7o,1; (dX, delto, t1) Fro 1, (dlo, dtr)
fch,d [t1 — to| Fro, 7, (dto, dtp)

G(ty, X, e) — G(tg, X, €
= //]’ wto,tl{// (1 ) (0 )FX,8|T0,T1(dX> delthtl)}FTo,Tl(dth dtl)

t1 — 1o
G(t07 X,€) — G(tla X, €
4[| | [ 2EEDZ2EE e ax deta, | Fro @t dt)
T 0o—1t
Yy, — Y
= // wto,tlE[ b T =y, To= to] Fro,m, (dto, dty)
T t1 — 1o
Yi, — Y
+ // wto,tlE[ O BT =1, To= to] Fro.1, (dto, dty)
T to—1
Yy, = Y
= // U)to,tlE[ ttl 1 DT =t, To = to] Fro,1; (dto, dty)
Te,d 1—10

-/ /T wio s LAT ESC (to, t1) Fr, 7, (dto, dty)
c,d

Ytl —Yto
t1—tp

where recall LAT ESA(to, t;) = LATES(to, t;) = B [

Wity = 1 —tol/ [f7 It — to| Fro, 7, (dto, dty).

Ty =t1, To = to] by definition, and

S.2 Alternative DR estimands

This section briefly discusses alternative DR estimands defined over subsets of treatment quantiles
in which treatment changes are consistently positive or negative.
Consider first the model setup without covariates specified in Section[2] Leti,={u e U : Aq (u) >
- DR._ _ DR -
0}. Define t27:=f, (w4 (u)du, where w, (u) = Aq (u)/ f,,, Aq (u)du. 2™ can be rewrit-
ten as the ratio of the mean outcome difference over u e U/, to the mean treatment difference over

ueuly,ie,
DR __ fu+ J{g (TL(u),e) — g (To(u), e)} Fyu (deju) du
T Ju, AT (wydu '




¢ PR carries a similar interpretation as that of z °R but is only for the subset of treatment quantiles
u e Uy [P In particular, when either monotonicity or treatment rank similarity holds over 24, ¢ 2R
identifies a weighted average of the average treatment effects for all the responding (to IV changes)
units associated with this subset of quantiles. Similarly, one can define rE’R::fu_ 7(Ww—(u)du,
where Y_={u e U : Aq(u) < 0} and w_(u) = AT (u)/ [, Aq(u)du.

Consider now the more general model setup with covariates given in Section 3] Let S, =

{(x,v) € S: Aq(X,v) > 0}and S_ = {(x,v) € S: Aq(x,v) < 0}. Assume that they are

non-empty. Then one can define

7r_E,3R:://S+ 7 (X, v)wy (X, v)dodXx, (S.3)

where w..(x,0) = Aq(x,0) f(x)/ [[fs, Ad(x,v) f(x)dodx. So zDR identifies a weighted av-
erage of the average treatment effects for all the responding units with (x, v) € S, when either
conditional monotonicity or conditional treatment rank similarity holds for S,.. 7 PR can be anal-
ogously defined by replacing w (X, v) with w_(X, v) and S; with S_ in eq. (S.3) respectively.
7 PR identifies a weighted average of the average treatment effects for units for all the responding
units with (x, ) € S_, regardless of whether they stay at the same treatment rank or not.

For estimation, one may estimate = PR or = PR analogously by replacing |AG(Xi, v)| in Section

AT with AGQ(Xj, v) or —AG(Xj, v), respectively.

S.3 Assumptions for Inference

Our inference requires the following assumptions. Assumption|[Al] collects the conditions in The-

orem 3 in Angrist, Chernozhukov, and Fernandez-Val (2006).

Assumption Al. The conditional density fr|x, z(t|x, z) is bounded and uniformly continuous in

t, uniformly forx € X,z =0, 1. E[||X|I*}] < oo. Let 9 (v):=E[ fr|x,z(S'a(v)|X, Z)SS'], where

12Under treatment rank invariance, monotonicity holds automatically if treatment quantile changes do not switch
signs. This is not true in general under treatment rank similarity. Under rank invariance, if Uy = u, then U; = u and
vise versa; however, there is no such one-to-one mapping in the counterfactual treatment ranks under treatment rank
similarity, and hence monotonic treatment quantile changes do not guarantee individual level monotonicity.
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S:=(1, X, Z, ZX")', be positive definite for all » € ¥V which is a closed subset of (0, 1).

Lete=Y—E[Y|Z, X, T]. LetG =E [y (X, T, Z)y (X, T, Z)'] = E[¥"¥/n] be positive
definite for each J. Let Q = E[e?y? (X, T, Z)y (X, T, Z)] and U = G~1QG L.

Let L°°(T) denote the set of all bounded measurable functions g 7 — ‘R endowed with the
sup-norm ||gllec = Sup; |g(t)|. Let || - ||,a denote the vector £9-norm when applied to vectors and
the operator norm induced by the vector ¢9-norm when applied to matrices. If {a} and {b,} are
sequences of positive numbers, then we say a, < by if limsup,,_, ., an/by < oo.

Consider a collection of linear functionals {L, ¢ € £} withan index set £. For example, for the
conditional mean function m;(x, t), onecanlet L,(m;) = m;(X,t)withf = (x,t) e L=X x T,

for z = 0, 1. Assumptions [A2] and [A3] below collect the assumptions in Chen and Christensen

(2018).

Assumption A2. 1. (i) (X, T) have compact rectangular support X7 c R%*1 and the
density of (X, T) is uniformly bounded away from 0 and co on X 7.
(i) Forz = 0,1, m; € H c L*(X, T). The sieve space for (X, T) is the closed linear
span ¥y = clsp{y 1, ..., w33} € L2(X, T), and U;¥; is dense in (M, || - lLoe(x,T))-
2. (i) E[lei|*™] < oo for some 5 > 0.
(i) E[leiP1Zi =z, Xi = x, Ti =t] < coand E[e?|Zj =z, Xj = x, Ti =t] € g%, &2 for
some finite and positive constants (g2, 52), uniformly for (x,t) € X7, forz =0, 1.
3. (i) ¥; is Holder continuous: there exist finite constants C > 0, C > 0 such that
1G22y (x, t,2) — w ) (K, £ D)l S 3G, D) — (KOG fort, T e T, x, % € &,
z=0,1.
(i) Let c=sup, ., IG™Y 2y (x,t,2)ll 2 satisfy ¢2//n = O(1) and ¢ @+9)/0
J/(logn)/n = o(1).
4. (i) Let 62(Ly) = Le(wd)YULe(y’) A +ooasn — oo foreach £ € L. Let 5, be a
sequence of nonnegative numbers such that 7, = o(1). Let M, (x,t) = y(x,t,2)¢

where € = (¥'¥) "W/ (mz, (X1, To), ..., Mz, (Xn, Tn))/ and sup,c ~/N|L¢ (M (X, t))—

Le(mz(x, t))/on(Le) = Op(an).



(i) Letun(Le)(Xi, Tis Zi) = w2 (Xi, Ti, Zi)’G~tL¢(w?) /o n(L¢) be the normalized sieve
Riesz representer. Let dn (1, £2) = (B[(Un(Lg)(Xis Tiy Zi)—Un(Le,)(Xi, Ti, Zi))2])
be the semimetric on £. Let N(X7, d,, ¢) be the ¢-covering number of X7 with re-

spect to d,. There is a sequence of finite constant ¢, = 1 that could grow to infinity

~Y

suchthat 1+ [;° /log N(XT, dy, c)ds = O(cp).
(iii) Let om,n be a sequence of positive constants such that ||M; — m;|lcc = Op(Om,n) =

0p(1). Define oy n:=(¢ @979, /(log J)/n)a/(H’S) + dm.n + ¢4/(log J)/n. There is a

sequence of constant r, > 0 decreasing to zero slowly such that (a) rhnc, < 1 and

c3%/(r3ym) = o(1), (b) ¢/(I1og I)/Nn + 1, + Sy nCn = 0O(rp).

Assumption A3. Let J,/(JlogJ)/n = 0(1). Let Bfo,oo denote the Holder space of smoothness
p>0and| - lge denote its norm. Let Boo(p,L) = {m € BC’,JO,OO Imilge < L} denote a
Holder ball of smoothness p > 1 and radius L € (0, co). Letm € By (p, L) and ¥; be spanned

by a B-spline basis of order y > p or a CDV wavelet basis of regularity y > p.

Assumption [A3]ensures the uniform consistency of 6, (x, t) = o, (x, t)/at, which is used

to account for the Step 1 estimation error.

S.4  Inference for z (X, v)

Let the sieve variance estimator for 7 (x, v) be 62(X,0) = Aw(X,0)OAwX,v)/AG(X, v)?,
where Ay (x,0) = wI (X, G1(x,0),1) — wI (X, Go(X, v),0). The 100(1 — «)% confidence in-
terval for 7 (x, v) can be constructed as [7 (X, v) —z}_, 6 (X, v)//N, T (X, ) +2]_,6 (X, 0)//N],

where the critical value z3_ , can be ®~1(1 — a/2) by the asymptotically normal approximation.

Theorem 6. Let Assumptions[A1A3 hold. Then /n(z (X, v) — (X, v))/G (X, v)
LI N (0, 1) uniformly for (x,v) e Y = {(Xx,v) € X x V |Aq(X,v)| > 0}.

For the uniform confidence interval over (x, v) € T, the critical value z_ , is simulated from

the bootstrap sieve t-statistic Z; (x, ) for (x,v) € T: Let w4, ..., wy be i.i.d. random variables



independent of the data with mean zero, unit variance, and finite third moment, e.g., A/(0, 1). Let

Ay(x,0)G™t & )
X, T, Zi)6 i.
A@(&D)&(x,@ﬁé‘” ( i)Eiwi

Zp(X,0) =

Calculate Z; (x, v) for a large number of independent draws of w1, ..., wy. Then the critical value
z7_, is the (1 — a) quantile of supy ,)ev 1Z4 (X, v)| over the draws. Theorem 4.1 in Chen and

Christensen (2018) implies the result on the consistency of the sieve score bootstrap.

SUPser ‘P(sup(x,v)eT |\/ﬁ(7% (Xa 1))—7Z'(X, D))/& (Xa D)l < S) _P*(Sup(x,u)eT |Z;(Xa D)l < S)) =

0p(1), where IP* denotes a probability measure conditional on the data {Y;j, T, Xj, Zj }i”=1.

S.5 Proofs: Estimation and Inference

The following proofs apply the results of Angrist, Chernozhukov, and Fernahdez-Val (2006) (ACF,
henceforth) and Chen and Christensen (2018) (CC, henceforth). To simplify exposition, we collect
notations used in the proofs below. We suppress the subscripts i, z and dependence on », when

there is no confusion.

Notation:

¢i(0) =9 ) LT < S{a)) —o)Si
St = (1, X{, 1, X[, Soi = (L, X[, 0,0(g x1,)'> ASi = S1i — Soi
AMy (X, (X, ) = 2 (X, Dlizg,(x0)
Uzi = 0z(Xi, ), Gzi = G2(Xj, )
Adi = Aq(Xi, ) = d1i — Goi = (S1i — Soi)'a(v) = AS{a(v)
AGi = AG(Xi, ) = G1i — Goi = (S1i — Soi)'d(v) = AS{a(v)

Ayi = Ay (Xi,0) = v (Xi, q1(Xi, 0), 1) — v’ (X, Qo(Xi, v), 0)
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Ayi = Ay (Xi,v) = 7 (Xi, G1(Xi,v), 1) — v (Xi, Go(Xi, v), 0)

Ami = Am(Xj, v) = m1(Xj, q1(Xi, v)) — Mo(Xi, qo(Xi, v))

Afhi = AM(Xi, v) = M1(Xi, 1(Xi, 0) — Mo(Xi, Go(Xi, 0)) = Apic

Ami = AM(Xj, 0) = M1(Xi, qu(Xi, 0)) — Mo(Xi, Qo(Xi, v)) = Ayic
i = x(Xi,0) = 1(Aq(Xi, v)]| = O)

1 = 1 (Xi,0) = L(EAq(Xi, v) > 0])

Lemma 5]is for estimating the sign function.

Lemma 5. Let Assumption|A]hold. Let o/nl~! = o(1). Then

1.

i . } AmM(Xi, v) (;ﬁ(xi,u) —)(+(Xi,v))

it S

n 1

- = i:l/o ZE[Am(X,0)1(AS'a = 0)]'|,_,, #i@)dv +0p(D).
2.

1 &1 At +

_nzl_ Z Aq(Xi,v) (37 (Xi,v) — x (X, v))

I
N
S
m
<

n 1 a ,
=~ Z/O aE[Aq(X, 0)1AS'ax > 0)] |, _y,y b1 @)dv + 0p (D).

i=1

Step 1is Op(n‘l/z), so the estimation error of y is of first order asymptotically by Lemma

Lemmalg]is for the approximation error from the numerical integration.

Lemma 6. Let a function f(x, ») be of bounded variation in v € V, uniformly in x € X. Then

1
sup [I71 D7 f(x,0)1(AG(x, v) > 0)—/ f(x,0)1(Aq(x,v) > 0)do| = O(7Y).
XeX vey® 0
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The inference theory for z (v) follows analogously to that of z PR, but without integrating over

v. Therefore we first present the proof of Theorem 4] for z PR.

Proof of Theorem : Define A, and A_as AL = fol [y AM(X, v) xE(x, v)
fx(x)dxdo. So A = AL — A_ = folfx Am(x,v)/Aq(x, ) (Aq(x,v)1(Aq(x,v) > 0) —
AQ(x, 0)1(Ag(x, ) < 0)) Fx()dxdo =[5 [ 7 (X, 0)IAG(X, D)ILIAG(X, )]
> 0) fx (x)dxdo.

Define B, and B_ as B+ = fol I Aq(X, ) xT(x, ) fx(x)dxdv. By a similar argument as
A, we can show that B = B, — B_. Therefore, zPR = A/B and zPR = A./B.. Linearize
#PR —2PR = (A— A)/B— (B —B)z/B + O, (lA — A|lB - B|/B2+|B — B|2/BZ).

The proof focuses on A, the estimator of A . The same arguments apply to B_., the estimator

of B,. The same arguments apply to #PR and hence 7 PR.

~ DR

Write 7 2% = A, /B, where

n

« 11 N .
Ap=o207 20 A, o)z (X, ),

i=1 " pev®
B, — = 1 > AG(Xi, )2 T (Xi,0)
+—n I q iV)X i-0).
i=1 " pev®

In the following, we suppress the subscripts of + and superscripts of DR for expositional sim-
plicity. Linearize # —z = (A—A)/B—(B—B)z/B+0, (|A — Al|B—B|/B2+|B — B|2/BZ).
Let A =n"130 171> o Af(Xi,0)x (X, v) for a known sign function. Decompose

A—A=A—A+ A— A Theestimation error in Ar.

. 1,1

A—A= ﬁzl_ > (Af(Xi, 0) — AM(Xi,v)) x (Xi, 0) (S.4)
i=1 vev(®)
14,1
H - I_D;I) Am(>(|> D)X(le 1)) - A (85)
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By Lemma 6| and assuming /nl % = o(1), (S.5) is ™1 31, Rasi + 0p(n~Y2), where Rasi =
JEAmM(Xi, 0) 2+ (X0, )do — Ag
We focus on (S.4) next. Decompose Afij — Am; = (Afﬁi _ Arﬁi) 4 (Arﬁi _ Ami). The first

part is for Step 1 estimation error, and the second part is for Step 2 estimation error.

Step1l Theorem 3in ACF showsthat(v)—a(v) = n=t 31, ¢; () +0p(n~1/2) uniformly over

v € V and converges in distribution to a zero mean Gaussian process indexed by ». Decompose

AMj — Am;
= m1(Xi, 41i) — m1(Xi, q1i) — (Mo(Xi, Goi) — Mo(Xi, doi)) + sol
= orm1(Xi, 91i)(G1i — 91i) — &Mo(Xi, Goi)(Goi — Joi) + SO1 + s02

= am1(Xi, d1i) S1i (@(v) — a(v)) — &mo(Xi, qoi) Sei (A(v) — a(v)) + sol + so2,
where (We suppress the subscript i for simplicity.)

501 =1 (1) — M1(G1) — (o(Go) — Mo(Go)) — (M(ar) — m1(ar))
+ (rfio(do) — Mo(qo))
= Op ([l — Mz llsollGz — Uzlloo) »

s02 = Oy (aﬁml(ql — qu)” + 82mo(Go — QO)Z) = 0p (G2 — 9112,

as 62m; is uniformly bounded by Assumption ACF and Corollary 3.1(ii) in CC implies
that s01 4+ 502 = Op(llf; — Qzlleollétz — &Mzl + [16; — 02115,) = Op(n~H2(I~P~Y +

JJ/(Alogd)/n) +n71) = op(n_l/z) uniformly over » € V, by assuming J,/(J log J)/n = 0(1)
and p > 1.
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with a square-integrable envelop 2sup, ¢ [0tmz (X, )| MaXje1,2,...,

Then

—Z% 3 (ai — aoz,

i=1 ev

S5
|

_1
n

ZI_ Z (@m1(Xi, q1i) St xiv/N@@) — a))
ev

— amo(Xi, Goi) Sgi xiv/N(@(v) — a()) + 0p(1)

1 ’ A
=1 Z E [(am1(Xi, 91i)S1i — atmo(Xi, Goi)Soi) xi] v/N@®) —a()) + 0p(1)

vevV®
1 &1 /
- ﬁzl_ > E[@ma(Xi, qai)Sui — amo(Xi, 9i)Soi) xi] ¢ ®) + 0p(D)
=1 ,ev

n 1
T2 > [ Bl@ma i 028 — ama(i.an)Se) ] 5(0)d0 + 0500

where the third equality is by ACF, and the last equality is by Lemma@and YNt =o(1).

For the second equality, let 7 = {1(A Sja>0),ae B} that is a VC subgraph class and hence a

E(@m1(Xi, q1i)S1i — amo(Xi, doi)Soi) xi + 0p(n~%/2) uniformly inov e V.

503, where s03 = 0,(n~Y/2) uniformly inv € V.

bounded Donsker class. Then F(d:m1(Xj, Sj;a)S1i —dtmo(Xi, Sp;a)Soi) is also bounded Donsker
dy) I Xj| by Theorem 2.10.6 in
Van der Vaart and Wellner (1996). So n~1 >, (&m1(Xi, 91i)S1i — &mo(Xi, doi)Soi)xi =

Step2 We show the stochastic equicontinuity, ™! >, (Amj—Am;) z; = E (A — Ami)y; |+

Let A = Azp{é and Amj = Az,u{é. Then decompose so3 = s031 + s032 to the “standard

deviation" term so31 and the “bias" term s032,

1 . . 9 -
S03 = HZXi (Ami — Ami) —/X)(i (Ami — Ami) Fx (dXj)
i=1

+%;Xi (Amj — Amj) _/XXi (A — Ami) Fx (dXi).

(s031)

(s032)

Let /nso31 = Q’(€¢ — €), where Q; = ﬁ(% S xidwi — [y xiAwiFx(dX;)). By
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var(Qy) = By;Aw; Ay} and the Jensen’s inequality, E|Qsl| < O(/El Ayl = O(). As
given in the proof of Lemma 3.1 in CC, ||€ — E[l;~ = Op(y/log J/(NAmin(G))), where the mini-
mum eigenvalue Amin(G) > 0/ Then Efs031] = O (n~Y/%;/log J/(N/min(G))) by the Cauchy-
Schwartz inequality. The Markov’s inequality implies s031 = Op(n~1¢\/log J/Amin(G)) =
0p(n~%2) implied by Assumption|A2]5.

var(y/nso32) = O(E [Xi (A — Ami)z]) = O(|m — I1ym| %), where ITym =

arg Minhew, IM — h{[_ 2(x 1.7y, by Theorem 3.1 (i) in CC. The Markov’s inequality yields s032 =
Op(N~Y2Im — TI;m||s) = Op(n~Y237P) = 0,(1) by the results in the proof of Corollary 3.1
in CC.

By Lemmal6|and assuming /nl=1 = o(1), 1713,y E[(AM; — Ami)y;]| =
Jy B[Amixi]do — A+o0p(n~12),

Note that A is based on a linear functional of m, L(m) = fol J3 mz(X, 0z (x, 0))1(Aq(X, v) >
0)Fx (dx)dv. So we use the results on linear functionals of a sieve estimator in CC. Let 6%, =
E[R3, ], where Razi = DVG~ 1y (Xi, Ti, Z)ei and D = [T E[Ay (X, 0)x*(X,0)]do,

with a consistent estimator 63,. Lemma 4.1 in CC provides

=0p(1).

Jn (/OlE[ArhiXi]do—A)—UAziﬁgRAzi

0 A2

The estimation error from the sign function A — A=n-t3" 1!
> pev AM(Xi, 0) (7 (Xi, 0) — x(Xi,0)) +0p(1//M byn=t 30 1713 o
(AM(Xi, )= Am(Xi, ) (2 (Xi, ) = £ (Xi, ) = Op (I AR = AMllogG~ Gz lloc ) = 0p(1712),
Together with Lemmai), |ﬁ(A— A)—n~Y23 1 Rai| = 0p(1), where Rai = Rati + Razi +

3By Lemma A.1in CC, s7x = =y = 1 for the exogenous case.
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Rasi with

1
Razi =/0 (E [(@xm1(X, q1)S1 — &mo(X, do)So) x T (X, v)]

a /
+ %E [Am(X, 0)1(ASa > 0)] ‘a:a(o)) ¢i(v)do,

By the similar arguments as for A in (S.4) and (S.5),

n

~ 1 1
B-B=_> 7 > (A4(Xi.0)=Aq(Xi,0)) x(Xi.v) (S.6)
i=1  pev®
—Z D Aq(Xi,v)x(Xi,0) = B. (8.7)
i=1 veV“)

By Lemma@, isn~1>" fol AQ(Xi, v)x (Xi,v)do — B +0p(n~1/?). is

—z > AS{(a() —a®)) xi

i=1 veV(')
:—Z Z ZX.ASWDH%(”_”Z)
=1 oeV(')
=—Z > BLiaS] ¢50) +0p,(07)
=1 UEV(I)

1 [t 172
:ﬁ;/o B[AS(71]¢;0)dv +0p(n17),

where the first equality by ACF, and the third equality by Lemmal6] For the second equality, let
F = {l(A Sia>0),ae B} that is a VC subgraph class and hence a bounded Donsker class. Then
FAS is Donsker with a square-integrable envelop maXje(1,2,....d,) | Xj| by Theorem 2.10.6 in Van
der Vaart and Wellner (1996). Son=t 31", ;i ASi —E[x;ASi] = 0p(1) uniformly over v € ¥
Together with Lemmaii), we obtain [/N(B —B) —n~Y2 3" | Rgi| = 0p(1), where Rgi =

16



Rpi1i + Resi with

1
Rg1i =/0 (E[AS’X+(X,D)] + %E[Aq(X,v)l(AS’a > 0)] |a:a(v)) ¢i(v)do

1
Res :/0 AQ(Xi, 0)x* (Xi, v)dv — B.

. .. ~DR ~DR _ 7 DR — A A, A -A -1/2
By a linearizationforz 7", 7 7" —n 7" = B: — B =B, —(BJr B4+)+0p(n~12).
Therefore, we define R = Rai — 7PRRgi = Rf: + RS + RJ,, where Rt = Ra1i — 72RRayj,

R = Razi, and R}, = Rasi — 7 PR Rga;. That is,
1
Ryi = /O (E [(@m1(X, q1(X,v))S1 — &mo(X, do(X, 0))So — 7 PRAS) (X, v)]
a /
+ aE [(Am(X, 0) — 2R AQ(X,0)) 1(AS'a > 0)] |a=a(v)) ¢i(v)do,
1
RS = DG4 (06, T Ze with D = [ B [ap? (X, o) (X, )] do
1
R3i =/O (Am(Xi, ) — 2 PRAG(Xi, 0)) 2 (Xi, 0)do.

Thenwe obtain # 2R~z PR =n=1 3" | (Rai—7PRRgi)/Bi40p(n~Y2) =nt 3" RF/Bi+

0p(n~12),

Asymptotic normality We suppress the subscripts of + and superscripts of DR for expositional
simplicity. Because Ryj depends on (Yj, T, Xj), R1j depends on (Tj, Xj), and Rsj depends on Xj,
the law of iterated expectations yields 02 = (E[R%] + E[R5] + E[R3])/B% = (62 + 03, +
o3)/B2.

We will show the Bahadur representation that

(T —x 1
‘f& ) IZ

G -1 1 &
f‘a—n le 5o

BO'n

N ‘«/ﬁ(in— 7) (? B 1)‘ — 0p(1)

17



by (i) n~Y2 3", Ri/(Ban) > N(0, 1), and (ii) |on/é — 1] = 0p(1), as shown below.

(i) Asymptotic normality will follow from the Lyapunov central limit theorem with the third ab-
solute moment, n=Y/2E|R;|3/(Ban)® — 0, since {R;}!"_, are independent across i, with mean zero
and variance 1. By the assumed conditions, it is straightforward to show that n=1/2E|R3;|®/(Bo1)® —
0. We show below that n=Y2E|R;|3/(Bo2,)® — 0. Then it implies that all the cross-product
terms n~Y/2E|Ryi Ry R3i|/(Bon)® — 0 and n—1/21E3,|RJZi Reil/(Bon)® — 0 for j,k = 1,2,3,
] #Kk

Denote as y; = w7 (Xi, Ti, Zi). By Assumption[A22(ii),

0% = B[R} ] /B2 =B [(D'6Lype?| /87

> [(D’G_lyji)z} 02/B2 = D'G~1Dg2/B2. (S.8)

By the Schwarz inequality, (S.8), and Assumption [A2]3(ii),

D/G—l 2 D/G—ID/ {G—l . 2
( . vi) < ( )g‘/ﬁ wi) < C_Z (S.9)
O2n O2n g
Then by (S.8), (5.9), and Assumption[A2]2(iii),
1 [ IRal :iE'm’G-lw.eiP
\/ﬁ 830:3” \/ﬁ | BgUZn
1 _[(@61y)? DGy,
_ L1p| &Sy ‘”"E[|ei|3|xi,Ti,zi]}
J/n i B2o5, 0 2n

¢ By, _ o R <\ _
gmfggE[led |X._x,T._t,Z._z}_O(ﬁ)_o(l).

(ii) It is straightforward that 62 = n=1 "1 R2 /B2 % 42 = E[R%] /B2 and 63 — o2
The same arguments in Lemma G.4 in CC give |o2n/62—1] = Op(dy,n) =0p(1). So|on/6—1| =
0p(1).

By (i) that n=Y/2>"" | Ri/(Ban) = Op(1) and (ii), the second term ‘f(” ”)(Un — 1)‘ =
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Op(1)op(1) = op(1). We then obtain the Bahadur representation. The asymptotic normality

follows from the result (i).

Therefore, we obtain that when B > 0, /(7 2% — zPR) /6, =n=1230_ RF

/(Byony) +0p(2) 5 N0, 1), where &2 is a consistent estimator of 62, = E [sz] /B2

For 7 PR define

1
Ry = /o (E [(@m1(X, (X, 0))S1 — &mo(X, go(X, v))So — 7 2R AS) 5~ (X, v)]

+ %E [(Am(X, v) — ”ER Aq(X, v)) 1(AS'a < 0)] |(x=a(1))) ¢;(v)do.

Define R;™ as RiJr by replacing 4+ with — in all the components in Ri+. By the same arguments
for z PR, we obtain that when B_ > 0, y/n(22R — zPR)/6_ = n=123"_ R7/(B_on_) +
op(1) BN N(0, 1), where 2 is a consistent estimator of ¢2_ = E [Ri_z} /B2, such that

jon=/6— — 1] = 0p(L).

For z PR, the same linearization yields # °® —z PR = (A—A)/B— (B —B)zPR/B+Op(|A—
AllB — B|/B% +|B — B|?/B?). Let Ry = R — R = Rui + Rzi + Rai, where Rij = Rjf — R}

for | = 1,2, 3 by replacing = PR and = PR with z PR. Specifically, let sgn(x, v) = 1(Aq(x, v) >
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0) —1(Aq(x,v) < 0),

Ry = /0 1 (E[(atml(x, d1(X, v))S1 — amo(X, Go(X, 0))So — 7 °F AS)sgn(X, v)]
+ a%E(Am(X, v) — zPRAQ(X, 0)) (L(AS'a > 0)
~ 1(AS'a < 0))],_,,,) $i()do,
with ¢; (0) = 9 ()" (1(Ti < S{a@)) —v)Si,
St = (4, X{, 1, X{)', Soi = (1, X{,0,0(4, 1)), ASi = S1i — Sai,
Rai = D'G 1y (Xi, Ti, Ziei,
with D = /OlE [(r? (X, q1(X, 0), 1) — v’ (X, go(X, v), 0)sgn(X, v)] do.

1
Rsi = /O (Am(Xi, v) — PR AQ(Xi, 0)) sgn(Xi, v)do,

1
B:/ / IAQ(X, )1 AG(X, 0)] > 0) f (x)dxdo. (5.10)
0 X

Proof of Theorem[3;  The proof follows exactly the same arguments in the proof of Theorem [4]
and Lemmaby removing all “fol ---do"and “I71>" _, o". We can derive the influence function
of 7 (v) to be Rj(v)/B(v) defined as the influence function of 7z DR given in by removing
all fol ..-do. Specifically, as = PR, define 7z (v) over units experiencing positive changes for
veVio=1{veV P(AQ(X,v) > 0) > 0}. Define By (v) = [, Aq(x,v)xT(x,0) f(x)dx,
so By = fol B4 (v)do. The influence function of 74 (v) is R (v)/B4(v) = (Rf;(v) + RS (v) +
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R3(v))/B4(v), where

R (v) = (%E [(AMm(X,v) — 71 (0)AQ(X,v)) L(AS'a > 0)] |

a=a(v)
+ E[(@m1(X, q1(X,v))S1 — é&mo(X, go(X, v))So
— 71 (0)AS) (X, v)]) ¢i (v),
RS () = DT (0)G Ly (Xi, Ti, Zi)ei, with D (v) = E[Ay (X, 0)x T (X, )],

Rz (0) = (AM(Xi, 0) — 7+ (©) AQ(Xi, v)) x * (Xi, v). (S.11)

Similarly consider z _(v) over units experiencing negative changes foro € Vo = {v € V
P(—Aq(X,v) > 0) > 0}. Let B(v) = B4 (v)—B_(v), where B_(v) = [ Aq(x,v)x (X, v) f (x)dx.
Let Ri(v) = R;L(v) — R (v), and the influence function of 7 (v) is Rj(v)/B(v).

Define 62(v) = E[Ri(v)?] /B(v)2. The unknown elements are estimated following the same

procedure as 7 °F by removing “I=* 3", _,o." For example, D™ (0) = n~1 30, Ay 71 (X6, 0).

Proof of Theorem|[6; W first show that the estimation error of §,(x, v) in Step 1 is of smaller or-
der than the estimation error in Step 2, i.e., the first-order asymptotic distribution of 7 (x, v) is as if
gz (X, v) was known. Under Assumption Theorem 3 in ACF implies that sup  ,)c xxy 19z(X, v)—
q:(x,0)| = Op(n‘l/z). The Step 2 series least squares estimator converges at a nonparametric
rate shower than /n. Therefore the first-order asymptotic distribution of z (x, v) is dominated by

Step 2 Am(X, v).

Step1 When T, is observed, i.e., there is no Step 1 estimation error, define 7 (x,v) =

Am(x,v)/Aq(x,v). Decompose 7 (X, v) — 7 (X,v) = i—'g — Am (i_? - A—m) + (ﬁ—'g‘ - ﬁ—r(?).

q Aq
The second part is for Step 1 in the denominator: ﬁ—g‘ — ﬁ—’;‘ = ﬁ—g}(Aq — AG) + sol. The first
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part is for Step 1 in the argument in the numerator,

A Am
AG  Aq

1 5
1 R .
= A_q(ml(x’ G1) — ma(x, q1) — (Mo(X, o) — Mo(X, qo))) + S02 + s03

1 R .
= A—q(atml(X, q1)(G1 — g1) — &emo(X, do)(Go — o)) + S02 + s03 + 504,
where

sol =

Am N Am N 1 /Am Am
(30— 20) — §5(80 = A0) = (8q - a4 (15 - 30).

A§Aq Aq \ A4 Aq
(1 1 (1 1 . 1 1
Aq  Aq Aq  Aq AG  Aq

1 (. . . R R R .
503 = A—q{ml(x, 1) — ma(x, 41) — (ho(x, Go) — Mo(x, Go)) — (M1(x, d1)

=

— my(x, dp)) + (Mo(x, do) — Mo(x, do)) }
= Op ((@mM1(x,q1) — éma(x, 1)) (G1 — a1))

s04 = Op (atzml(dl —q1)® + 6Zmo (6o — QO)Z) = Op(llGz — GzlI3,)-

Thus s01 + 502 + 503 + 504 = Op(IT = T|1% + IIT = Tllaolldi — atm|lee) = Op(n~t +
n=Y2(3=(P= 1 3,/(J410og J)/n)) = 0p(n~1/2) uniformly over (x, v) € T, by Corollary 3.1(ii)
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in CC and assuming J./(J logJ)/n =o0(1) and p > 1. Therefore,

Jﬁ(ﬁ(x, v) — 7 (X, 1)))

=./n li—g‘zmq — AG) + Aiq(atml(x, 01)(G1 — q1) — &mo(X, do)(Go — qO))]

+ 0p(1)
1 /
— [_”(2;;))(31 —So) + A—q(atml(x, 01)S1 — amo(X, qO)SO)] Vn@@) —a@))
+0p(1)
_ [l o1 S sl LS 1) (512
— {— AG +A_q( kM1(X, q1)S1 — éMo(X, do) o)} ﬁZﬁbJ(“)"‘op() (S.12)
j=1

by Theorem 3 in ACF and |7 — 7 [loo = Op(n~1/2).

Step 2 Define Z, ~ N(0, V), 62(x, v) = Ay (X,0)BAw(X,v)/Aq(x, v)?, and

Ay (x,0)
7r = Zn.
0040 = R, 0o, 0) "

Lemma 4.1 in CC provides uniform Bahadur representation and uniform Gaussian process strong

approximation

sup VN (7 (X, 0) = m (X, 0))

= — ZF (x,v)| = 0p(2).
(x,0)eY a(X,v) " P

Proof of Lemma : Note AS; = (0,0(y ,1),1, X{)', B = (ao(v), aj(v), a2(v), az(v))’, and
B = (8o(v),8,(v),8(v), 85(v)). We show that (v, f) = GaAmiy; = /N D1 (Amiy; —
E[Amix;]) is stochastic equicontinuous over V x B, with respect to the L,(P) pseudometric
p((v1, B1), (v2, B2))? = B[ (AM(Xi, v1)(L(AS] By > 0) — Am(Xj, v2)1(AS{B; > 0))2]-
Following the proof of Theorem 3 in Section A.1.2 in the appendix of ACF, let 7 = {1(A8{ﬁ >
0),p € B} that is a VC subgraph class and hence a bounded Donsker class. FAm(X,v) is

Donsker with a square-integrable envelop |Am(X, v)| by Theorem 2.10.6 in Van der Vaart and
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Wellner (1996).

By stochastic equicontinuity of (v, 8) = GaAmix;, N2> Ami(7; — i) =
VRB[AM; (2; = xi)] + 0p+ (1) = ZE[AM(Xi, 0)1(AS{a > O)'|, ) X VA(B©) = @) +
0p+ (1) uniformly over v € V, which follows from 1B() — B)| = 0p+ (1), and resulting conver-
gence with respect to the pseudometric sup, .y, p ((v, B)), (v, B(0)))?% = 0p(1). The latter is from
p((v, B), (v, B))?> = E[Am(X;, v)*(L(AS]B > 0)—1(AS/B > 0))?] = O(ZE[AM(X;, v)*1(AS]a
> 0)]|;:ﬂ(B — p)) for B, B e B, which we show below.

We can rewrite 1(AS/f > 0) — 1(AS/B > 0) = 1(AS/f > 0,AS/B < 0) — 1(AS/p <
0, AS/B > 0), and hence (L(AS/8 > 0) — 1(AS/B > 0))° = 1(AS/8 > 0, AS/B < 0) +
1(AS{p < 0, AS/B > 0). By symmetry, we focus on the second term. We can write 1(AS/f <
0,AS/B > 0) = (1(AS/B > 0)—1(AS/8 > 0))1(AS{(B—p) > 0). Then E[Am(Xi, v)>(1(ASB
> 0) — L(AS/f > 0))L(AS{(B — ) > 0)] < E[Am(X;, )’ (1(AS/B > 0) — L(AS/f > 0))] =
ZE[AM(Xi,v)?1(AS[a > 0)]|;=[-),(B — /), where f is between $ and B by the mean value
theorem.

N2 Y v Ami (R = xi) =17 2 evo ZB[AM(Xi, 0)1(AS{a > O)]/‘a:/}(v)
xV/N(B®) = B©)) + 0p+(1) =n~¥2 30 Jy ZE[AM(Xi, 0)1(ASla > 0)]’|a:a(v)¢j(v)du
+0p+ (1) by Lemma 6]

The same arguments yield the result in 2. by replacing Am with Aq.

Proof of Lemmalg Let V(x) ={v € V Aq(x,v) > 0}. The approximation error of Riemann
sum s sUpye 17 3, ey e FOX00) = fye F X, 0)d0]

= O(sUPyex 1™ 2 cvr (SUP,e(uj_y0p F (X0 0) =iNfucqy 10 F(X,0)))

= O(sUpyex 17t suppep Z?io | f(x,0j)— f(x,0j-1)|) = O(™1), where the set of all partitions

P:{P:{vo,...,vnp}CV}.

Proof of Theorem: Decompose 7 PRK — 7 DRK — S K ik —dkmk = Sp Gk— )k +
M(#x = i) + Op((Ak — ) Rk — 7))
Let ny = Z?:l Dik. By the proof of Theorem fo:l k(T — k) = Zlf:lik(nk +
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_ - _ _ DK+ DK"1)RK _
1)~ X1 (Df + DITHRI/BK + 0p(n72) = n 7t 30 S A BERLIR 1 0y (n ),

where R = RK. + R + Rg;,

RK. = /01 (E(atml(x, q1(X, 0))S1 — amo(X, go(X, v))So — 7 PRAS)
sgn(X, v)(DX + D* 1) + %E[(Am(x, v) — 7 PRAQ(X, 0))(1(AS'a > 0)
—1(AS'a < 0))(D* + D“)]}aza(o))/(ﬁik(v)dv/(pk + Pe-1),
with ¢f'(v) = k()" (L(Ti < Sfa(v)) —v)Si,
Pi(©) = B| frix.z(S'a(®)IX, 2)88'(D* + D) | /(e + pr-v),

S1i = (L, Xi, L, X{)', Soi = (1, Xj, 0,004, 1)), ASi = S1i — Soi,

RE = DGty (Xi. Th, Zie,
with Gic = B ey (X, T, Z)p (X, T, 2/ (0¥ + D) | /(pi + P,
1
Dy :/o E[(WJ(X, q1(X,0), 1) — w (X, go(X, v), 0))sgn(X, v)
x (D + D" H)]do/(pk + Pr-),

1
Rsi = /0 (Am(Xi,v) — 2 P°RAQ(Xi, v)) sgn(Xi, v)do,

1
BX = /0 B[1Ad(X, 0)I1(AQ(X, )| = 0)(D* + D) | do/(pc + pia). (S.13)

Next we analyze 3/, (Ax — A)wk. Let Ax = QyPx, where Qx = gk — gk_1 and P, =
K, i@ — E[T]). Let 2 = Ac/B, where B = K, Ac. So zPRK = K 7 A,/B. Then
Sie1Ci = Aok = Yoy {(Ak = A/B — (B = B)A/B}my + 0p(n™2) = 33, (A —
A (i — 7ORK) /B + 0, (n71/2),

Decompose A — Ac = (Qx — QWP + (P« — POQx + 0p(n~2). It is straightforward
to show that G — ak = n~* XLy {(TiDf — B [TiDf])/pi — (Dif = P/ pic} + 0p(n~1%) =
=35 (Ti = a0 DY/ pic + 0p(nT2).
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P« — Pk = 215, {(Iﬁl —p)@ —E[TD + p(G —a =T + E[T])} +op(n~?) =
LD VID Vi {(Dli —p)@ —E[TD + pi((Ti —a)Dyi/pr — Ti +]E[T])} +0p(n~12) =
N> > (D = ) (Ti —E[T]) = P+ 0p(n~Y/2).

Therefore K, G — 2k = S5 (A — Ak — 7PRK) /B + 0p(n12) =

N3 SR Raki + 0p(n~Y?), where

Dk D) &
R = [ ((Ti - Qk)p—:( — (Ti = Ok-1) pl )Z prar —E[T] + @k — dk-1)
1=k

i : ) 7y — g DRK
(Ti —E[TD D (Dii — pi ] : (S.14)
1=k >kea (O — Gk-1) 2 pi(ar — BTD).
By RK given in (S.13) and RY; given in (S.14), we obtain the influence function
DK + DF1)RK
= (O + B R, + RK. (S.15)

Rki =
“ ; ““(p + pr_1) B

Asymptotic normality follows the same arguments in the proof of Theorem [4] with the fol-

lowing modifications. The law of iterated expectations yields o%, = 0%, + 0%, + 0xa,
2 2
2 _ K, (Of+DITHRE | ok 5, (DE+DITHRY
WhereUKl_E[(Zkzl oot T Rii ) | ok =E PINEY K prpepBt ) |-and
2
21 PR
0—K?’_E|:(Z:k 1K (Pt p_1) BX '
S.6  Estimation and inference without covariates

This section presents nonparametric estimation and inference for the case without covariates, build-
ing on the results of the general case with covariates discussed in Section [4]in the main text.
Consider the quantile regression model for the conditional u quantile of T given Z = z, defined
as gz (u) = ag(u) + zaz (u). Additionally, let the nonparametric model for the conditional mean of
Y given Z and T be m;(t) = go(t) + zg1(t), where g;, z = 0, 1, are some unknown functions.
Step 1. Estimate the first-stage conditional treatment quantiles g, (u): G, (u) = ap(u) + za; (u) for

u e UD where UD = {uy, uy, ..., u;} is the set of equally spaced quantiles over (0, 1).

26



Then AG(u) = 41(u).

Step 2. Estimate the conditional mean function m,(t) by a series estimator: m,(t) = Qo(t) +
zg1(t). Let A (u) = M1 (Ga(u)) — Mo(Go(u)).

Step 3. Foru € UD, the plug-in estimator of 7 (u) is 7(u) = Afi(u)/AG(u).
Estimate ¢ PR: zPR =3 o) T(U)@(u), where @ (u) = [AGU)|/ D,y |ATU)].

For the series estimator, let v (t,2) = (31 @), .o, w330, 2w 31 @1), ..., 2y 35 (1)), @23 x 1
vector, and ¥ = (w7 (T1, Z1), ..., w’(Tn, Zn)), a n x 2J matrix. Then the series coefficient
estimate is ¢ = (¥'¥)~1¥/(Y1, ..., Yn)’, and a series least squares estimator of m(t) is M, (t) =
wl(t,z)¢.

Let the sieve variance estimator for 7 (u) be 62(u) = Ay (UYBA w(u)/AG(u)2, where Ay (u) =
w (G1(u), 1) — v (Go(u), 0) and O given in Section is a consistent estimator for U defined in
[S.3 by removing X;.

Theorem 7. Let Assumptions hold without X. Then /n(z (u) — = (u))/a (u) LR N(,1)
uniformly foru e Y = {u e 4 |Aq(u)| > 0}.
~DR

Similarly as Theorem |4, Theorem 8| shows that the influence function of 7~ is given by
Ri/B = (R1i + R2i)/B. The exact formulas of Ri, k = 1, 2, are given in (S5.17) in the proof.

Theorem 8. Let Assumptions , andhold without X. Let ./nl~* = o(1). Then \/n(? DR _
TDR)/OA- =n~1/2 Zinzl Ri/(Bon) +0p(1) —d—> N(,1).

Notation for Theorems[7]and 8:

$i() =9 (LT < S{a@) —v)S;
Si=(1,2),% =(1,1),5 = (1,0), AS=S; — Sg = (0, 1)’

0
Mz (gz(U)) = amz(t)h:qz(U)

dz = 0z(U), §; = Gz (u)
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Aq = Aq(u) =01 —qo = (S1 — So)'a(u) = AS'a(u)
AG = AG(u) = G1 — Go = (S1 — So)'a(u) = AS'4(u)
Ay = Ay @) =y @U), 1) — v’ (@), 0)

Ay = Ay @) =y @), D — v’ G),0)

Am = Am(u) = m1(gi(u)) — mo(go(u))

A

=
Il

AR(U) = M1 (G1(U)) — Mo(Go(u)) = Ay'¢

Am = Am(u) = M1 (g1 (u)) — Mo(go(U)) = Ay’'c

=
Il

x = x ) =1(Aq(u)| > 0|

1= = x =) = L(£Aq(u) > 0])

Lemma [7| shows that the estimation error of the sign function is 0,(1/4/n). In contrast,
Lemma [5] shows that with X, the estimation error of the sign function depends on the tail dis-

tribution of Am(X, T).

Lemma 7. Let Assumption hold. Let nl=t = o(1). Then 171> Lo Am(u)(;?*(u) —
2 (W) = 0p(1/vM) and 171 3 cyo AGW) (77 (W) — 2 (W) = 0p(1/v/N).

Proof of Theorem[7 The proof follows the proofs of Theorem [ by removing X. So the es-
timation error of §;(u) in Step 1 is of smaller order than the estimation error in Step 2, i.e., the
first-order asymptotic distribution of 7 (u) is as if g;(u) was known. Particularly for Step 2, de-
fine Z, ~ N(0,0) and Zi(u) = #%Zn. Lemma 4.1 in CC provides uniform Bahadur
representation and uniform Gaussian process strong approximation

(i —-zw) |
BT e W =0

Proof of Theorem : The proof follows the proof of Theorem 4] for PR by removing X. In

particular, define Ay and A_as Ay = fol Am@u)ytu)du. So A=A — A_ =
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Jo AM(U)/AQ)(Ad(U)L(AG() > 0)—Ad(U)L(Ag(u) < 0))du = f; (W) AGW)ILIAGW)] >
0)du.

Define B, and B_ as By = fol AQ(u)y T (u)du. By a similar argument as A, we can show
that B = B, — B_. Therefore, :°R = A/B and r2R = A./B.. Linearize PR — (PR =
(A—A)/B—(B-B)r/B+0p (lA — Al|B—B|/B2+|B — B|2/BZ).

The proof focuses on A, the estimator of A . The same arguments apply to B_., the estimator
of B... The same arguments apply to 7> and hence z°R. Write 727 = A, /B, where A, =
T2 ueun AM@ZTU) and By = 1 X ,cy0 AGU)ZT ().

In the following, we suppress the subscripts of + and superscripts of DR for expositional sim-
plicity. Linearize 7 —z = (A—A)/B—(B—B)r/B+0, (|A — Al|B-B|/B2+|B — B|2/BZ).

Let A=1"13,.un AM(u)y (u) for a known sign function. Decompose A — A = A — A +

A — A. The estimation error in Arfi.

1 1
= (Arﬁ(u)—Am(u))X(uH—I— > Amu)y(u) — A, (S.16)

ueu® ueu®

A—A

where the second term is 0p(n~/2) by Lemmal6|and assuming /nl~* = o(1). We focus on the
first term next. Decompose Afi — Am = (Afi — Amit) + (Am — Amj). The first part is for Step

1 estimation error, and the second part is for Step 2 estimation error.

Stepl Theorem 3in ACF showsthata(u)—a(u) = n=1t 31, ¢; (u)+0p(n~1/2) uniformly over

u e UD and converges in distribution to a zero mean Gaussian process indexed by u. Decompose

Af — Am
=m1(G1) —m1(q1) — (Mo(Go) — Mo(do)) + sol
= 6¢m1(q1)(G1 — g1) — &emMo(do)(Go — go) + S0l + s02

= &m1(g1)S1(a(u) — a(u)) — &mo(do)So(a(u) — a(u)) + sol +so2,
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where (We suppress the subscript i for simplicity.)

501 = M1(42) — M1(G1) = (o(Go) — Mo(Go)) — (1(Ar) — M1(an))
+ (Mo(go) — Mo(do))
= Op (llatM; — aMzllsollGz — Uzlloo) »

502 = Op (ofma (61 — a1)” + &2mo(do — do)°) = Op(ldz — az1%),

as 62m; is uniformly bounded by Assumption ACF and Corollary 3.1(ii) in CC implies
that sol + 502 = Op(lld; — GzllsclléMz — &Mzllos + 16z — Gzl13,) = Op(n~Y2(I~(P=D 4

J/(3log J)/n) +nt) = 0p(n~Y/2) uniformly over u € U, by assuming J,/(J Tog J)/n = o(1)
and p > 1. Then /nI=1 > yo (A — Arit)

1
=7 D (@ma(a1)SixvN(@u) — a(u)) — &mo(do)Spx v/N(A(U) — a(u)) + 0p(1)

ueu®
1 <1
-7 2.7 2 (@mai@)S1— amo(do)So) x$(u) +0p(1)
i=1 " ueu

LI
v Z/O (@m1(q1)S1 — &Mo(do)So)’ x#;()du + 0p(1),
j=1

where the second equality is by ACF, and the last equality is by Lemma@and Jnl=t =o(1).

By Lemma@and assuming /nl=1 = o(2), I71 >, yn (AM — Am)y = fol Amydu — A +
op(n~1/2).

Note that A is based on a linear functional of m, L(m) = fol m;(qz(u))1(Aqg(u) > 0)du. So
we use the results on linear functionals of a sieve estimator in CC. Let ¢3,, = E[R%,], where
Rasi = DG Ly (Ti, Zi)ej and Dt = fol Ay (u)yt(u)du, with a consistent estimator 6%,.

Lemma 4.1 in CC provides

([ =)=
A Amydu — A) — Razi
Ga2\Jo T UAZn«/ﬁ; I

= 0p(1).
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The estimation error from the sign function A — A =n=t 30 171> o) Am(u)(z(u) —
$ (W) +0p(1/ V) by 17 EIL 17 Sy (AM@) — Am(W) (7(1) — 2 @) = Op(lIAm -
AM|lsollGz — qz||oo) = 0p(n~/2). Together with Lemmai), V(A= A) =123 Rai| =

0p(1), where Rai = Ra1j + Razj with
1
Rati 2/0 (6tm1(01)S1 — &Mo(do)So)’ x +(u)g; (u)du,

By the similar arguments as for A in (S.16),

~ 1 . 1
B—B=1 2 (AGW)-AqW)rW+7 D> Aq)z(u)—B,
ueu® ueu®
where the second term is fol AqUu)y(u)du — B + op(n_l/z) by Lemma @ and the first term is
1713 cun AS/(A(U) —a) x =n~t 30 173 cyn x AS'¢(U) + 0p(n2)
=n"t3>"0 fol AS'x¢(u)du + 0p(n~1/2), by ACF and Lemma@.
Together with Lemmaii), we obtain [/N(B — B) —n~¥2>1_ Rgi| = 0p(1), where

1
Rgi =/0 (As’;ﬁ(u) + % [Aqu)1(AS'a > 0)] |a:a(u)) ¢; (wydu.

. N ~DR DR DR __ A A AL —A PR 4 _1/2
By a linearization for 277, 27 — t2% = == — g+ = 2= — (B4 — By) +0p(n /2y,

Therefore, we define R;" = Rai — tPRRgi = R}, + RS + R3;, where Rf; = Ra1i — PR Rgy;

and RS, = Ragi. That s,

1
RY; = /O (@m1(@1(U))S1 — a&mo(do(u))So — T2RAS) T (U)¢; (u)du,

1
R = DY G~y (T, Zi)ei, with DF =/ Ay (U) T (u)du.
0

Then we obtain 7 2R — PR = n=1 " (Ra—2PRRgj)/Bi40p(n"Y2) =nt 30 RY /B +

0p(n~Y/2),
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Asymptotic normality We suppress the subscripts of + and superscripts of DR for expositional
simplicity. Because Ry; depends on (Yj, Tj) and R; depends on T;, the law of iterated expectations
yields 02 = (E[RZ ] + E[R3])/B% = (03 + 03,)/B2.

We will show the Bahadur representation that

ﬁ BO'n
B JNE-1) 1 & R
- On \/ﬁlzl BO'n

JnE-1) 1 &R
LR,
i=1

+ ‘ﬁ(jn_ 2 (% —1)' = 0,(1)

o

by (i) n=¥2>""_ Ri/(Bon) 4 N, 1), and (ii) |on/6 — 1| = 0p(1), as shown below.

(i) Asymptotic normality will follow from the Lyapunov central limit theorem with the third ab-

solute moment, n=Y/2E|R;|*/(Bcon)® — 0, since {R;}!_, are independent across i, with mean zero

and variance 1. By the assumed conditions, it is straightforward to show that n=1/2E|Ry; |3 /(Bo1)® —

0. We show below that n~Y2E|R;|3/(Bo2q)® — 0. Then it implies that all the cross-product

terms n~2B|Ryi Rai|/(Bon)® — 0and n™/?B|R%Ryil/(Bon)® — Ofor j,k =1,2, j #k.
Denote as w =y’ (Ti, Zi). By Assumption [A2]2(ii),

0%, =E[R%] /B2 = B[ (DG )%} /B2 2 E[(D'67'y)?| ?/B? = D'GDs?/B2.

By the Schwarz inequality and Assumption[A2]3(ii),

2

Y

DGy _ (DGTD)(y'GTy) _
O & )

19,
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Then by Assumption [A2]2(iii),

L. RalP| 1 E_|D’G‘1z//e-|3
il BS"zn vl i BSUzn

1 [ @Gty DGt
. ‘”'E[|ei|3|Ti,ziﬂ

=—FE
3,2
ﬁ B3o5, o 2n

supE[|e,| IXi=Ti=t, Z = z] 0 (%) —o(1).

_\/—BSS

(ii) It is straightforward that 62 = n"1 3" RZ /B2 % 42 = E[R%] /B2 and 63 — 2.
The same arguments in Lemma G.4 in CC give |o2n/61—1] = Op(dv,n) = 0p(1). So|on/6—1| =
op(1).
By (i) that n=/23"" | Ri/(Bon) = Op(1) and (ii), the second term )f(f ’)(Un — 1)‘ =
Op(1)op(1) = 0p(1). We then obtain the Bahadur representation. The asymptotic normality

follows from the result (i).

Therefore, we obtain that when B > 0, /n(:2F — zPR) /6, =n=42 30 | RF

/(Biont) +0p(L) LN N(0,1), where 62 is a consistent estimator of g2, = I [Rﬁz] /BZ.

For PR, define

1
Ry = /0 (E [(&m1(q1(u))S1 — étmo(do(u))So — 727 AS) ¥~ (u)]

+ %E [(Am(u) — cPRAQ(U)) 1(AS'a < 0)] \a:a(u)) $i (u)du.

Define R;™ as R-Jr by replacing + with — in all the components in Ri+. By the same arguments for
PR we obtain thatwhen B_ > 0, /n (2% ~zPR)/6_ =n=12 3" R™/(B_an-)+0p(1) LR
N (0, 1), where ¢ 52 is a consistent estimator of ol =F [Ri‘z] /B2, such that |on_/6 - — 1| =

op(1).

For z PR, the same linearization yields 7 °® — PR = (A— A)/B — (B —B)zPR/B+ 0, (|A—
Al|B — B|/B% + |B — B|?/B?). Let Ry = R" — R = Ryj + Ryi + Rsi, where Rjj = R;T — R
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for | = 1,2 by replacing PR and PR with PR, Specifically, let sgn(u) = 1(Aq(u) > 0) —
1(Aq(u) < 0),

1
Ry = /O E[(&:m1(q1(u))S1 — amo(qo(u))So — PR AS)sgn(u)]'¢; (u)du, with
$i(u) =9 (W)HL(Ti < Sfa)) —0)Si, S1=(1,1), S = (1,0, AS =S — So = (0, 1),

1
Rai = D'G ™ty (Ti, Zi)ei, with D = /O E (v’ (@1(u), 1) — v’ (do(u), 0))sgn(u)] du. (S.17)

Proof of Lemma : By Markov inequality, for any 6 > 0, P(]./n fol Am(Uu)(1(AS'a > 0) —
1(AS'a > 0))| = 9) < En fol [AmW)[2(1(AS'a > 0) — 1(AS2/9% < En fol |Am(u)|?

x(1(AS'é > 0, AS’a < 0) —1(AS’a < 0, AS?2/6* < En f01|Am(u)|2(1(AS’& > 0, ASa <

0) 4+ 1(AS'a < 0, AS'a > 0))/d% <

En [ |AM(U)[PL(AS (G—a)| > |AS'al)/6% <n [ [AmMU)PBL(AS VA(G—a)| > /A|AS al)/6?
— Op(n20(—y/N|AS'al)) = 0p(1), where @ is the CDF of A/(0, 1), assuming [ |Am(u)|2du <
Q.

The same arguments yield the result for Aq by replacing Am with Aq.

S.7 Variance Estimation

For convenience, we first collect the relevant notations and then discuss implementation details.

S.7.1 Notation:

Letg; (v) = 9 (v) 1 (L(Ti < S{a(v))—v)S;. Letthe positive sign function y +(x, v) = 1(Aq(x, v) >
0). Let Sy = (L X[,L X)), Soi = (1, X{,0,0(4 ,4))"s ASi = S1i — Soi, &mz(X, ;) =

Zmz (X, )le=g, (X.0)-
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1
Ry = /O (E [(am1(X, g1(X, 0))S1 — amo(X, go(X, 0))So — 7 TRAS) ¥ T(X, v)]
a /
+ B [(Am(X,v) — PR AQ(X,0)) 1(AS'a > 0)] |a:a(v)) $i(v)do,
Ry = DYG7 1yl (Xi, Ti, Ziei, with G = B[y (X, T, 2)y (X, T, 2)| = B[¥'¥/n],

1
Dt =Df —Df, Df =/0 E [y’ (X,0.(X,0),2)x (X, 0)] do,
1
R3; =/0 (Am(Xi,v) — 7 PRAQ(Xi, 0)) x T (Xi, v)do,

1
B+:/O /){Aq(x,o);ﬁ(x,v)f(x)dxdv.

Let x~(x,0) = 1(Aq(x,v) < 0)and B_ = [5 [ Aq(x,v)x~(x,0) f (x)dxdo. Let B =
B, —B_.

For z PR, define R.™ as R:" by replacing + with — in all the components in R;t.

For z PR, define Ri = Rii + Rai + Rsi, where Ryi = R, — Ry; for k = 1, 2, 3 except that one

needs to replace 7 PR and z PR with z PR in R/} and Ry, k = 1, 3.

S.7.2  Implementation

2

We estimate o2 by the sample analogue plug-in estimator, i.e., 6° = &f + &% + &%, where &E =

n—t > RZ/B?, B and Ry; are consistent estimators for B and Ryi for k = 1, 2, 3, respectively,
given in (S.10):

For Ryj, 6imM; is directly computed from Step 2. From the linear quantile regression literature, it
is standard 9 () = N~ 371, frix, 2 (S{A@)IXi, Zi)SiS/. The derivative ZE[Am(X, v)1(AS[a >
0)] }a:a(v) may be estimated by a numerical differentiation, i.e., n=2 > . AM(X;, v) (1(A Si(@@)+
1/2) > 0) — 1(AS/(&(v) —1/2) > 0)) /1 for some small : > 0.

For Rai, let & = Yi — w3 (Xi, Ti, Zi)€, Q@ =n=t 31 &y ) (Xi, Ti, Zw ' (Xi,

Ti,Z), 6 =w'¥/nand G = 6-1QGL Let D+ =n= 10 171 o v

A

7*(Xi,v). Let D = D+ — D=, Then 63, = D'GD, 62, = D+ GD+, and 62, = DD~
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RE =173, vo (Arﬁ(Xi, v) — frERAQ(Xi,v)) 2F(Xi, v), and By is analogous.
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