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1. Introduction

This paper provides sharp bounds and inference for the causal effect of a binary treat-
ment in settings with nonrandom sample selection and endogenous treatment take-up —
two prominent features of many empirical applications. Our paper can be viewed from
two complementary perspectives: From the perspective of the sample selection literature,
we extend intensive margin bounds from reduced-form effects of treatment assignment to
complier treatment effects in the presence of treatment take-up endogeneity. From the
perspective of the instrumental variable/local average treatment effect (IV/LATE) liter-
ature, we extend the standard LATE framework to allow for sample selection, or partial
observability of the outcome. Thus, this paper targets the intensive margin analogue of
LATE for always-selected compliers. The framework nests the widely used Lee (2009)
bounds as a special case. Identification is obtained under standard IV/LATE assump-
tions together with weak sample selection monotonicity for treatment compliers. We also
develop semiparametrically efficient orthogonal moments and debiased machine learning
(DML) estimators that allow valid root-n inference on the treatment effect and its sharp
bounds under high-dimensional covariates and flexible functional forms.

Partial identification of causal effects under sample selection or partial observability
has been extensively studied. Much of the existing work, including Lee (2009), derives
bounds for the effect of a randomly assigned instrument without accounting for endoge-
nous treatment take-up, and is therefore limited to intention-to-treat (ITT) effects when
assignment and treatment receipt differ, see, e.g., Horowitz and Manski (2000), Zhang
and Rubin (2003), Imai (2008), Huber and Mellace (2015), Heiler (2024), Heiler et al.
(2024), Sun et al. (2024), or Lee and Liu (2025).

'Horowitz and Manski (2000) propose nonparametric bounds for randomized experiments with missing
covariate and outcome data. Zhang and Rubin (2003) develop bounds for the survivor average causal
effect, targeting individuals who are always selected regardless of treatment status using principal
stratification (Frangakis and Rubin, 2002). They provide both assumption-free bounds and bounds
under sample selection monotonicity and stochastic dominance assumptions. Their monotonicity
based bounds are now regularly referred to as “Lee bounds” or “Zhang-Rubin-Lee bounds” (An-
dersen et al., 2023). Imai (2008) proves the sharpness of the Zhang and Rubin (2003) bounds and
extends them to quantile treatment effects. Huber and Mellace (2015) derive bounds for additional
subpopulations, such as individuals selected only under treatment or only under control, and for the
observed subpopulation. Heiler (2024) provides heterogeneous treatment effect bounds. Heiler et al.
(2024) provide identification for principal strata and extensive and intensive margin bounds. Sun
et al. (2024) consider bounds for type-specific potential outcome means, assuming exogenous treat-
ment assignment and using an excluded variable that shifts selection but not potential outcomes. Lee
and Liu (2025) consider intensive margin bounds for continuous treatments.



In practice, however, realized treatment take-up is often endogenous in both experi-
mental and quasi-experimental settings as assignment, eligibility, or encouragement may
shift participation without perfectly determining treatment. For instance, in our empir-
ical applications a nontrivial fraction of individuals do not comply with the assignment.
In the National Job Corps (JC) Study, 26.2% of the individuals provided with access
to training did not enroll in JC, while 4.4% of individuals assigned to the control group
eventually enrolled in JC after randomization (Schochet et al., 2008). In the Oregon
Health Insurance Experiment (OHIE), only 30% of those eligible to apply for Medicaid
successfully enrolled, and a small share of controls also enrolled (Finkelstein et al., 2012).
Noncompliance of these magnitudes can substantially affect treatment effect bounds.

Without sample selection, ITT and complier treatment effect differ only by a scaling
factor, the share of compliers (Angrist et al., 1996). We show that this simple relationship
breaks down under sample selection: Sharp treatment effect bounds cannot be obtained
by merely scaling sharp bounds of I'TT effects via primitive probabilities. Our analysis
therefore fills an important gap by delivering identification and inference for sharp treat-
ment effect bounds in the more realistic case where both endogenous sample selection
and noncompliance (implying treatment endogeneity) are present.

Other papers have leveraged IV /LATE-type assumptions for partial identification of
various parameters in sample selection models: Lechner and Melly (2010) derive bounds
for mean and quantile treatment effects for observable subpopulations, such as the “treated
and selected”. Christelis and Messina (2019) provide bounds on potential outcome dis-
tributions under selected samples and a monotone IV assumption (Manski, 1997).

Within this literature, the closest contribution to ours is Chen and Flores (2015; CF).
To our knowledge, CF is the only paper studying bounds in a setting with both sam-
ple selection and noncompliance that also provides statistical inference. Unlike the CF

bounds, our bounds are sharp. Related identification contributions include Imai (2007)?

2The derivation of bounds in Imai (2007) is based on a principal-strata approach that is complementary
to ours. However, the corresponding bound expressions imported from Imai (2008) appear to contain
errors in the expressions for )y and @1 in RESULT 1 on page 4. Hence, the resulting bounds
cannot be reconciled with ours. Moreover, Imai (2007) does not develop estimation or inference, and
sharpness is not formally established for the noncompliance-and-selection parameter. Sharpness is
only indirectly suggested by the arguments in Imai (2008), which is formulated for ITT bounds under
different assumptions. By contrast, we provide corrected expressions for the bounds, prove their
sharpness, compare them with CF bounds, and develop a full estimation and inference framework
that extends to settings with both discrete and continuous covariates and weak sample selection
monotonicity.



and Bartalotti et al. (2023).® Relative to all three papers, we contribute along multi-
ple dimensions: First, we allow for the inclusion of covariates, thereby accommodating
unconfounded rather than independently assigned instruments, which is often more real-
istic in quasi-experimental settings. Even when the instrument is independently assigned,
incorporating covariates can improve efficiency, much as in standard average treatment
effect (ATE) estimation. Second, we relax their individual-level strong sample selec-
tion monotonicity to weak, i.e., covariate-dependent, monotonicity. This is empirically
relevant: Semenova (2025) shows that strong sample selection monotonicity can be re-
jected in JC. We also find substantial violations in the OHIE. Third, we provide a simple
covariate-profiling procedure for the targeted complier population at the intensive mar-
gin. This helps to assess both the external validity of the estimates and the substantive
relevance of the subpopulation to which they apply, paralleling complier profiling ap-
proaches from the LATE literature (Abadie, 2003; Angrist, 2004; Singh and Sun, 2023).
Fourth, we propose a semiparametric DML procedure that delivers valid root-n inference
using generic nonparametric or machine learning methods for the nuisance components,
allowing for potentially high-dimensional covariates and/or unknown functional forms.
In strong contrast to Chen and Flores (2015), our estimators are asymptotically linear,
and thus confidence intervals have the standard “estimate + standard error x critical
value” form and do not rely on alternative concepts such as half-median-unbiasedness
(Chernozhukov et al., 2013).

Recent research has generalized estimation and inference of Lee-type bounds to high-
dimensional or otherwise flexible settings using semiparametric DML methodology. Se-
menova (2025) extends Lee (2009) intensive margin bounds to multiple outcomes and
provides orthogonal moments for debiased estimation. Heiler (2024) develops a DML
procedure to obtain corresponding heterogeneous treatment effect bounds and inference
under local misspecification. Heiler et al. (2024) provide refined DML methods for outer

identification regions for intensive and extensive margin effects that admit regular infer-

3Bartalotti et al. (2023) study treatment-effect bounds under sample selection within a latent-index
marginal treatment effect (MTE) framework. Their Proposition 5 derives sharp bounds for always-
observed LATEs with multi-valued discrete instruments. In the binary-instrument, no-covariate case,
their latent-index interval pg < V' < p; coincides with our complier stratum as defined in Section 2.
Under the same strong sample selection monotonicity, their Proposition 5 bounds are algebraically
equivalent to our basic sharp bounds without covariates in Section 2. They informally discuss plug-in
estimation for MTE bounds without covariates, but do not develop accompanying inference guaran-
tees for the discrete-instrument always-observed LATE bounds in Proposition 5.



ence in a larger class of DGPs. These contributions all focus on inference for (conditional)
ITT effects. We instead construct semiparametrically efficient orthogonal moment func-
tions for the sharp bounds on the treatment effect for compliers at the intensive margin.
They nest several leading moments from the literature, including for I'TT effect bounds
(Semenova 2025, under perfect compliance), LATE (Frolich 2007, in the absence of sample
selection), and ATE (Hahn 1998, under perfect compliance and no sample selection).

A crucial difference to the literature on DML inference on Lee-type ITT bounds is
that our sharp bounds require trimming based on a population whose quantiles are iden-
tified only indirectly via inversion of a compliance weighted cumulative distribution in
the sense of Abadie (2003). The latter by itself is a linear, but not necessarily convex,
combination of two conditional CDFs. As a result, debiasing relies on an implicit function
characterization. We leverage this representation to impose learning rate requirements
only on primary, reduced-form type conditional CDFs and conditional means instead of
the counterfactual conditional quantiles used for trimming the relevant observed strata
distributions. This also has the advantage of making it straightforward in practice to
guarantee non-crossing properties for the conditional quantiles involved, e.g., via inver-
sion of isotonic (distributional) regression (Henzi et al., 2021). Our implementation also
follows this inversion strategy. Monte Carlo simulations suggest good coverage and power
properties of the inference method in finite samples.

We apply and compare our method to evaluate the effects of Job Corps on earnings
and Medicaid on healthcare utilization. Under the strong sample selection monotonic-
ity assumption, our sharp bounds tighten the existing Chen and Flores (2015) bounds
by 68.4% (JC) and 31.1% to 69.4% (OHIE, depending on outcome). For example, the
sharp bounds without covariates for the intensive margin complier effect of JC on hourly
wages are now [0.019,0.067] compared to [—0.022,0.130] for CF. Similar reductions ap-
ply to the 95%-confidence intervals for the effects. Their widths are reduced by 46.7%
(JC) and 25.8% to 36.9% (OHIE, depending on outcome). Under weak sample selection
monotonicity, our sharp DML bounds still tend to be contained by the restrictive CF
bounds for most outcomes and, despite relying on weaker assumptions, continue to yield
shorter confidence intervals of around 7.9% (JC) and 7.3% to 42.3% (OHIE, depending
on outcome).

The rest of the paper is organized as follows: Section 2 derives the basic bounds without



covariates and compares them with Lee and CF bounds. Section 3 extends these bounds
to incorporate covariates. Section 4 develops estimation and inference. Section 5 presents
the profiling method for the targeted complier population at the intensive margin. Section
6 provides the JC application. Section 7 concludes. The OHIE application, Monte Carlo
simulations as well as proofs and supplementary derivations are in the Supplementary

Appendix.

2. Basic Bounds Without Covariates

2.1. Model and ldentification of Basic Bounds

Let D € {0,1} denote a binary treatment and Z € {0,1} a binary instrument. Let
S € {0,1} be a sample selection indicator for a continuous outcome Y € ) C R that is
observed only if S = 1. The observed data are independent draws of (SY, S, D, Z). For
d,z € {0,1}, let Yy, and S, . denote, respectively, the potential outcome and selection
indicator that would be observed if treatment and the instrument were set exogenously to
(d, z). Let D, denote the potential treatment if Z were set to z. We impose the following

IV assumptions:
Assumption 2.1 (IV)

2.1.1 (Exclusion) For d = 0,1, Yy; = Yao =: Y4 and Sg1 = Sap =: Sa.
2.1.2 (Independence) (Y1, Yy, S1, S0, D1, Do) L Z.

2.1.3 (Strong Treatment Response Monotonicity) P(Dy > D) = 1.
2.1.4 (First Stage) P(Dy # Dy) > 0.

2.1.5 (Non-trivial Assignment) P(Z =1) € (0,1).

These assumptions are the standard IV/LATE assumptions (Imbens and Angrist, 1994;
Angrist et al., 1996) with the added requirement that instrument Z is excluded from
directly causing selection (2.1.1) and is allocated independently of potential selection
(2.1.2). This matches classic encouragement or eligibility designs with selected samples
where it is credible that the instrument causes selection and outcome only indirectly
through the treatment.

Within this framework, types and causal effects can be decomposed into extensive and

intensive margins. Point identification of the extensive margin effect is possible only for



compliers Dy > Dy. In particular, the extensive-margin effect for compliers is

QE = E[Sl — S()|D1 > Do], (21)

which under Assumption 2.1 is point identified by the usual Wald ratio

_ E[S|Z=1]- E[S|Z = 0]
~ E[D|Z=1]-E[D|Z=0]

O (2.2)

Our main target parameter is the average causal effect for compliers at the intensive
margin, i.e., the compliers Dy > Dy who are selected regardless of treatment response
S1 =5y = 1. We refer to this parameter as the always-selected or survivor local average

treatment effect (SLATE):

Ospare == E[Y1 — Yy|S1 = Sy =1, D1 > Dy|. (2.3)

Remark 1. Without noncompliance, Osparg reduces to the intensive margin/always-
selected ATE in Lee (2009). Without sample selection, Ospare reduces to the LATE
(Imbens and Angrist, 1994). Without both, it collapses to the ATE. Osparg is the natural
intensive margin analogue of the LATE: It focuses on always-selected compliers, whose
treatment status is changed by the instrument while their selection status is not. It is
therefore a policy effect on the level of the outcome for a principal stratum, uncontam-
inated by selection into the observed sample or noncompliance. The policy relevance of
OsraTe has to be discussed on a case-by-case basis. We note that, in what follows, our
assumptions will be able to identify the share of always-selected compliers as well as their
observable characteristics. This can be used to compare their features with those of the
overall population or other relevant groups, thereby assessing how substantive the param-
eter is in a given empirical setting. We provide all details in Section 5 and empirical

examples in Section 6 and Appendiz F.

Under selected samples 0s;arg is only partially identified because the joint selection
status (S1,Sp) is not observed. In particular, even for compliers who are selected only
under treatment (S; = 1,5, = 0) or only under control (S; = 0,5y = 1), either Y

or Y; is never observed, so their treatment effects are not identified without additional



(untestable) assumptions. To make progress, we first state some standard IV identities

under Assumption 2.1:

Lemma 2.1 Suppose Assumption 2.1 holds. Then, for any integrable function g : Y —
R,

P(D, > Dy) = E[D|Z = 1| — E[D|Z = 0], (2.4)

P(S1=1,D, > Dy) = E[DS|Z = 1] — E[DS|Z = 0], (2.5)

E[DSg(Y)|Z =1] — E[DSg(Y)|Z = 0]
E[DS|Z =1] — E[DS|Z = 0]

Moreover, replacing D with (D — 1) in (2.5) and (2.6) identifies P(Sy = 1, Dy > Dy)
and E[g(Yy)|So = 1, D1 > Dy, respectively.

Elg(Y1)[S1 =1,D1 > Do| = (2.6)

In particular, taking g(Y) = 1(Y < y) yields conditional CDFs Fy,|s,—1,p,>p,(y) and
Fy;180=1,0:>D,(y), while taking g(Y') = Y yields the corresponding conditional means.
Next, we introduce the complier strata that underlie the SLATE parameter. Among

compliers (D; > Dy), define

ac:={Sy=S1=1, Dy > Dy} always-selected compliers (2.7)
de = {51 < Sy, D1 > Do} treatment-de-selected compliers (2.8)
cc:={S > Sy, D1 > Dy} treatment-selected compliers (2.9)

Rewriting (2.3) in terms of these strata yields

Ospare = E[Yilac] — E[Ys|ac]. (2.10)

The set {Sy = 1, D; > Dy} combines ac and de, while {S, = 1, D; > Dy} combines ac
and cc. Lemma 2.1 allows us to identify P(Sy = 1, Dy > Dy) and P(S; = 1, D; > Dy),
which yield two linear restrictions on the shares of three unknown types (ac, de, cc).
To fully identify these shares, we further impose a strong sample selection monotonicity

condition for the compliers:

Assumption 2.2 (Strong Sample Selection Monotonicity for Compliers) FEither
P(S, > So|Dy > Dy) =1 or P(Sy < So|Dy > Dy) = 1.

Assumption 2.2 imposes a common direction of treatment-induced sample selection within

the complier stratum Dy > Dy. In particular, the treatment is assumed to either weakly



increase or weakly decrease selection for all compliers. It cannot move some compliers into
the sample and others out of it, effectively ruling out either dc or cc types.* Note that no
analogous restriction is needed for strata with Dy = Dy (always-takers and never-takers)
as their treatment status does not vary with the instrument. In particular, never-takers
satisfy Dy = D; = 0, so their observed selection status is governed only by Sp; always-
takers satisty Dy = Dy = 1, so their observed selection status is governed only by S;. The
counterfactual selection status under the unrealized treatment therefore does not enter
the identification argument.

We now provide identification for the case where P(S; > So|Dy > Dy) = 1. The
case where P(S; < So|D; > Dy) = 1 can be handled analogously. Under Assumption
2.2, the stratum Sy = 1, D; > Dy consists only of always-selected compliers (ac), while

S1=1,D1 > Dy combines ac and cc. Lemma 2.1 then implies that

50 = E[YE)|CLC] = ED/E)|SO = 1,D1 > DO] (211)

is point identified by taking ¢g(Y') = Y and replacing D with (D —1) in (2.6). In contrast,
E[Yilac] is not point identified. However, Lemma 2.1 and Assumption 2.2 allow us to

identify the mixture distribution of Y; for ac and cc,

FYl\acUcc(y) = FY1\51:17D1>D0 (y)a (212)

as well as the frequencies of ac and cc within this mixture. Let

Tac ‘= P(SO =5 = ].,Dl > D()), Tee = P(Sl > SQ,Dl > D()) (213)

Then, under Assumption 2.2,

Tac = P(SO = LDl > Do), Mae + Mee = P(Sl = 17D1 > DO)? (214)

and both probabilities are identified. Moreover, define

e
= 2.15
b Tac + Tee ( )

4This restriction is implied, for example, by an additively separable selection equation, see, e.g., Vytlacil
(2002) for treatment selection or Heiler et al. (2024) for sample selection. However, these models
impose monotonicity for the full population and are thus stronger than Assumption 2.2.



p is equal to the fraction of always-selected compliers in mixture S; = 1, D; > Dy. Since
we only observe this mixture, sharp bounds are obtained by assigning ac to the “best”
or “worst” location within the mixture distribution of Y;. Let Fi(y) := Fy,|s,=1,0,>D, (V)
and Q1 (u) ;= inf{y € Y : Fi(y) > u} denote the identified CDF and quantile function of
this mixture.

To simplify exposition for the remainder of this section, we maintain the following
regularity condition: the relevant identified distributions entering the trimming formulas
have continuous, strictly increasing CDFs. This rules out mass points at the relevant
trimming cutoffs and allows the bounds to be written as ordinary trimmed means. This
5

condition is not needed for identification per se.

The lower and upper bounds for E[Y]|ac] are
Bri = EN1[Y1 < Qi(p), acU cc] = E[V1]Y1 < Q1(p), 51 =1, D1 > Dy, (2.16)
Bui = EY1|Y1 > Q1(1 —p),acUcc] = EY1|Y1 > Q1(1 —p),S1 =1,D1 > Dy, (2.17)

i.e., the trimmed means obtained by placing all ac individuals in the bottom p fraction
(for the lower bound) or the top p fraction (for the upper bound) of the mixture. We

obtain the following proposition:

Proposition 2.1 (Sharpness) Suppose Assumptions 2.1 2.2 hold and m,. > 0. Then,

Bri < EYilac) < Bua.

Moreover, Br1 and PBya are sharp: They are, respectively, the largest lower bound and
the smallest upper bound for E[Yi|ac] that are consistent with the observed data and

Assumptions 2.1-2.2. Any other valid bounds under these assumptions contain [Br1, Bual.

Combining the point-identified £, with these bounds yields sharp bounds for Ospa7g:

Br == Bri — o, Bu = Bu,1 — Bo- (2.18)

Using Assumption 2.2 and Lemma 2.1 with g(Y) = Y1(Y < Q1(p)) and g(Y) = Y1(Y >

°A weaker local regularity condition would suffice: for each result below, it is enough that the cor-
responding identified CDF be continuous and strictly increasing in a neighborhood of the relevant
trimming threshold(s). Without this regularity, the same conclusions also hold once the bounds are
written in exact fractional-trimming (quantile-integral) form.



Q1(1 —p)), all components of 57, and By, namely .., p, Fi, Q1, and the trimmed means

are functionals of the observed distribution of (SY,S, D, Z). In particular,

s L] EIDSYIY S Qi)+ (1= D)SYIZ = 1 219
Y T | —EDSYIY < Qup) + (1= D)SY|Z=0] [ |
%%1{ Em%my>@um+quyzu}7 220
Tae | —E[DSY1(Y > Qi(1 - p)) + (1 — D)SY|Z = 0]
where

E[(D-1)S8|Z=1-E[(D-1)S|Z=0]

b= E[DS|Z =1] - E[DS|Z =] ’ (2.21)
Q1(u) =inf{y € Y : Fi(y) > u} for any u € (0,1), (2.22)
Fiy) - BIY S ukDSIZ = 1] - B[1{Y < y}DS|Z =0] 2.2

E[DS|Z =1]—-E[DS|Z = 0]
We next compare our bounds with two benchmarks: the ITT bounds of Lee (2009) and the

CF bounds, which target s a7 under essentially identical identification assumptions.

2.2. Comparison with Existing Bounds
2.2.1. Comparison with Lee (2009) Bounds

Without sample selection, the I'TT effect

Tvi=E[Y|Z =1]— E[Y|Z = 0] (2.24)

and the average treatment effect for compliers,

Oparp =,  mp:=E[D|Z =1 - E[D|Z=0), (2.25)
™D
differ only by the scaling factor 7, which corresponds to the share of compliers. That is,
in the standard IV point identification setting, I'T'T can be converted into the complier
average treatment effect by dividing by 7p. This does not generalize to treatment effect
bounds under sample selection.

In particular, in the presence of sample selection, Lee (2009) derives sharp bounds for

the I'TT effect among the always-selected assuming strong sample selection monotonicity.

10



These “Lee bounds” can be viewed as a special case of our basic bounds under perfect
compliance, i.e., when treatment equals instrument, D = Z. We only consider the lower
bound. The analysis for the upper bound is analogous and omitted for brevity. Setting

D = Z in Equation (2.19), we obtain the bound

Lee = BY|Y < QF*(p**),S=1,Z=1] - E[Y|S=1,Z = (]
= BLT — By, (2.26)
where Q1*“(u) := inf{y € YV : Fy|s—1,2-1(y) > u} is the u-quantile of (Y|S =1,7 =1),
and p¢ := E[S|Z = 0]/E[S|Z = 1] is the trimming fraction.
To relate (2.26) to our SLATE bounds, it is useful to decompose the selected population

into latent types. In addition to the complier types introduced in Section 2.1, let

an = {Sy =1,Dy = D, =0} always-selected never-takers, (2.27)
aa := {51 =1,Dy = D; =1} always-selected always-takers, (2.28)
and denote their shares by m,, and 7, respectively. Under Assumptions 2.1-2.2, the

selected group in each arm of the experiment is a mixture of these types. We show in

Appendix A.2.1 that

FY|S:1,Z:1(3/> = WFY0|cm(y) + (1 - W>FY1|acUccUaa<y)7 (229)
FY|S:1,Z:0(y) = 5FY0|acUan(y) + (1 - 5)FY1|aa(y)a (230)

for suitable mixture weights w,d € (0,1) depending only on type shares. Let g :=
Qre¢(ple) denote the Lee trimming threshold. The trimmed mean in the first term of

(2.26) can be written as

fff::E[Y]qu,Szl,Zzl]

=w(q) EYy | Yo < ¢, an] + (1 - w(q)) EY1 1Y) <gq,acUccUadl, (2.31)
where w (q) = % is the effective an stratum weight from trimming applied after

11



mixing. The second term of (2.26) can be written as

Lee — BIY|S=1,Z =0

= E [YolacUan] 6 + E [Yi]aa] (1 —9). (2.32)

Thus, 3E¢ is a difference of two mixtures that involve not only treatment compliers (ac,

cc), but also always-takers and never-takers (aa, an). In contrast, our lower bound for

SLATE,

fr = EY11Y1 < Q1(p), acU cc| — E[Yy|ad], (2.33)

depends only on the treatment complier types (ac and cc), with p equal to the fraction
of always-selected compliers within that complier mixture.

Except in knife-edge cases where the shares of always-selected always-takers and never-
takers vanish (7, = Tan = 0), the Y; term in $£° does not reduce to E[Y;]Y; <
Q1(p),ac U cc], and the Yy term does not reduce to E[Yp|ac]. Consequently, Lee (2009)
bounds cannot be transformed into sharp bounds for Ogp4rp by simple rescaling via

primitive probabilities. We summarize this result formally in the following proposition.

Proposition 2.2 (Lee bounds do not rescale to SLATE bounds) Suppose Assump-
tions 2.1-2.2 hold and mae > 0. If Topn + maa > 0, then, for generic joint distributions of

(Yo, Y1) across latent types,
L # B

Moreover, there does not exist a scalar function c, depending only on the primitive prob-

abilities (i.e. the principal-strata shares and instrument probabilities), such that

Br = cpBr

uniformly over DGPs.

Proposition 2.2 implies that Lee (2009) ITT bounds cannot be converted into sharp
bounds for SLATE by a simple rescaling analogous to 7y /7p in the standard IV case

without sample selection.

12



2.2.2. Comparison with Chen and Flores (2015) Bounds

CF study partial identification of #s; 47 under essentially identical model assumptions.
We show that our bounds are weakly tighter uniformly over DGPs, and strictly tighter
on a nonempty subset of DGPs than the CF bounds. For brevity, we focus on the lower
bounds. The upper bounds can be treated analogously.

CF propose two lower bounds for E[Y}|ac|, based on trimming the distribution of Y
among selected treated units, Y|DSZ = 1, equivalent to Y;|acUccUaa under Assumptions
2.1-2.2, and then taking the maximum of the two. In contrast, our sharp bounds trim
within the smaller identified mixture Y;|ac U ce. Let Q¥ (u) denote the u-quantile of

Y|DSZ = 1. Their basic lower bound is

v .= E[Y|DSZ = 1Y < Q" (o{")] — b

where p{T = oo/ (Tae + Tee + Taa) and By := E[Yglac]. Their alternative lower bound

uses additional information from the always-taker stratum (aa),

(1+22) B[y | DSZ=1.Y < Q7" (55"
gdj p— Tac _ BO

T gy | DS(1 - Z) = 1]

= 814 — Bo, (2.35)
where pSt = (Tae + Taa) / (Tae + Tee + Taa) and E[Y|DS(1 — Z) = 1] = E[Y}|aa] is point
identified. The CF lower bound is then

7= max {7, 817} (2.36)

Under Assumptions 2.1-2.2; the conditional distribution Y |DSZ = 1 coincides with

Y] for the mixture of types ac, cc, and aa:

FY\DSZ:l(y) = Fyl\acuccuaa(y)> (2-37)

so both 7 and Bzdj are obtained by trimming this mixture distribution and then

mix

reweighting to isolate ac and aa. CF show that 87" corresponds to the worst-case lower
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bound when all ac individuals are placed in the bottom p¢F-fraction of Yi|ac U cc U aa,
while Bgdj corresponds to the worst case when ac and aa together occupy the bottom
pSF-fraction of that distribution, using the fact that E[Y|aa] is identified.

In contrast, our lower bound [ uses the smallest stratum that is point identified,
namely Yi|ac U cc. As shown in Lemma A.2 in Appendix A.3, the distribution Fy,|aauec

can be recovered from the two observable selected distributions

FY|DSZ:1(y) = FYl\acUccUaa(y)v FY\DS(PZ):l(y) = FY1|aa(y)' (2-38)

We then construct the sharp lower bound

AL=EMY1 < Qi(p),acUcd =y,  p:= (2.39)

by trimming Y} only within this complier mixture.

Intuitively, S assumes, in a worst-case fashion, that all ac individuals are located below
all cc individuals in the distribution of Y; among compliers, but it imposes no restrictions
on the relative ranking of ac versus aa. By contrast, the CF bounds are based on worst-
case restrictions on the joint ranking of ac, cc, and aa within Y;|acU ccU aa. This makes

them conservative. In particular, we obtain the following proposition:

Proposition 2.3 (Dominance over CF bounds) Suppose Assumptions 2.1-2.2 hold

and w,. > 0. Then,
Bra > Brh = BT and  Bux < BgT < BEY

where P is defined in (2.16), ST in (2.34), and BEY = max{87, Zd{}, with Bgd{
defined in (2.35). The upper-bound counterparts Py, }}”1‘”, (‘}7{, and 65{ are defined
analogously. Hence, imposing either of the two restrictions used by CF cannot tighten
our sharp lower or upper bound for E[Y; | ac].

Moreover, these inequalities are strict on a nonempty class of DGPs:

Bri>B5y <= Taa>0 and 0< Fy1|aa(Q1<p)> <1,

Bua < BGY <= T >0 and 0< Fy1|aa<Q1(1 —p)) <1
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3. Bounds with Covariates

We now extend the unconditional baseline bounds in Section 2.1 to incorporate prede-
termined covariates. Incorporating such covariates serves three purposes: First, it allows
for an unconfounded instead of a fully randomly assigned instrument. Second, even un-
der fully randomized assignment, it can improve efficiency by conditioning on relevant
covariates when constructing trimmed means. Third, it allows us to relax strong sam-
ple selection monotonicity. In particular, we permit the direction of sample selection
for treatment compliers to vary with covariates. For simplicity, we maintain the strong
treatment response monotonicity assumption 2.1.3. This no-defiers restriction is natural
in eligibility and encouragement designs such as JC and OHIE: departures from perfect
compliance are largely one-sided, arising mainly from incomplete take-up among those
assigned to treatment rather than from substantial treatment receipt among controls.
Relaxing this assumption is possible via further covariate partitioning analogous to the
sample selection case in what follows.

Let X € X C R% denote a vector of predetermined covariates. The observed data are

(SY, S, D, Z, X). We impose the following conditional IV assumptions:

Assumption 3.1 (Conditional IV) Ford=0,1:
3.1.1 (Exclusion) Yq1 = Ya0 =: Yy, Sa1 = Sao =: Sa-
3.1.2 (Independence) (Y1, Yo, S1, S0, D1, Dy) L Z|X.
3.1.3 (Strong Treatment Response Monotonicity) P(Dy > Dy) = 1.
3.1.4 (First Stage) P(Dy # Do | X = x) > 0 for Px-almost every v € X
3.1.5 (Non-trivial Assignment) P(Z =1| X =z) € (0,1) for Px-almost every x € X.

These assumptions are standard extensions of the conditional IV/LATE assumptions
(Frolich, 2007) generalizing Assumption 2.1 with instrument Z again being excluded from
directly causing selection and being independently allocated of potential selection given
covariates.

It is important to note that Assumptions 3.1.4 and 3.1.5 are not intended to impose
substantive restrictions beyond their unconditional counterparts Assumptions 2.1.4 and
2.1.5. Rather, they should be interpreted as support restrictions for the conditional

analysis: if the conditional first-stage or non-trivial assignment condition fails on a set of
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positive Px-probability, X should be understood as restricted to the support on which
these conditions hold.%

Under Assumption 3.1, the identities in Lemma 2.1 hold pointwise in x. Next, we
relax strong sample selection monotonicity to a weaker conditional version that allows

the direction of monotonicity to vary with covariates.

Assumption 3.2 (Weak Sample Selection Monotonicity for Compliers) Either
P(Sl > S()|D1 > DO,X = Z‘) =1 OTP(Sl < S(]’Dl > Do,X = Jf) =1.

Assumption 3.2 yields subsets of the covariate space where treatment compliers can have
either a weakly positive or negative selection responses to treatment. At their intersection,
treatment does not affect selection. Without loss of generality, we now define a distinct
partitioning where this intersection is combined with the weakly positive responders.
Formally, let

X0 ={r e X:P(S =5S)|D>Dy, X =2x)=1}

and partitions
Xt ={xeX:P(S >S)|D>Dy, X =x)=1,
P(S; > So|Dy > Dy, X = x) >0} U &°, (3.1)
X" ={reX:P(S; <S|Dy>Dy,X=2x)=1,
P(S; < So|Dy > Do, X =) > 0}. (3.2)
We note that the presence of X° is harmless for identification. For regular semipara-

metric inference, however, it will be necessary that P(XY) = 0 (Heiler et al., 2024). We

return to this in Section 4.

Remark 2. Assumption 3.2 weakens strong sample selection monotonicity by allowing
the sign of the treatment effect on selection to vary with observed covariates. Thus,
treatment may increase selection for some values in X and decrease it for others. The
restriction is nevertheless substantive: conditional on X = x and complier status, residual
heterogeneity in the selection response must be one-sided. In particular, the assumption

rules out the coexistence of treatment-induced entry and exit among compliers with the

SFailure of the first stage and failure of non-trivial assignment have slightly different interpretations. If
P(D; # Do | X = x) = 0, there are no compliers at that . so complier-based conditional objects are
not meaningful there. If P(Z =1 | X = z) € {0, 1}, there is no within-z variation in the instrument,
so the conditional IV comparisons are not identified there.
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same covariate values. Its credibility therefore depends on whether X is rich enough to
absorb the economically relevant heterogeneity in the direction of selection. It is more
plausible when the main determinants of the sign of the selection response are observed,
such as baseline characteristics governing participation, employment, survival, etc. It is
less plausible when unobserved factors can generate opposing responses within the same

covariate cell, see Heiler et al. (2024) and Semenova (2025) for additional discussion.

Let mae(x) := P(ac|X = x) denote the conditional share of always-selected compliers,
and let 7, := E[m.(X)] denote their unconditional share. Further let X,. := {x € X :

Tae(z) > 0}.7 For any x € X,,, define the conditional SLATE parameter

Ospare(z) = E[Y1 — Yolac, X = z]. (3.3)

Let
Ai(z) := P(Sq=1,D1 > Dy| X =2x), d=0,1, (3.4)

and write 7..(x) := P(cc|X = z) and 7g.(x) := P(dc|X = z) for the conditional shares
of cc and dc, respectively. Under Assumption 3.2,
Mo(1) = Tae(x),  M(T) = Toe(r) + Tee(x)  for o € X, (3.5)

M (2) = Tae(x),  Ao(x) = Toe(T) + Mae(z) for z € X™. (3.6)

This yields the ratio

(3.7)

Thus 0 < p(x) <1lon XS := X" NX, and p(z) >1on X, =X NA,. Ford=0,1

and z € &,., define the conditional quantile

Qa(u, ) := inf {y €Y : Fys,=1,0,5D0,x=2(¥) > U} : (3.8)

To simplify exposition, for the remainder of this section we again maintain that the
relevant identified conditional CDF entering each trimming formula is continuous and

strictly increasing in a neighborhood of the corresponding trimming threshold(s). This

"For identification of the unconditional bounds, the substantive requirement is mo. > 0. Tq.(z) may be
zero on subsets of the covariate support as they receive zero weight in numerator and denominator
of the unconditional bounds. As a convention for display, we treat sy arg(x) =0 for z € X'\ X,e.
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rules out mass points at the trimming thresholds and allows the conditional sharp bounds
below to be written as ordinary trimmed means.® Then Proposition 2.1 can be applied

pointwise in z. This yields the following sharp lower and upper bounds for 0szarg(x):

Bi(z) == EV1|S1 =1,D1 > Do, Y1 < Q1(p(x),z), X = ]
CEY|So=1,D1 > Do, X = ], (3.9)

B (x) :== E[Y1]S1 = 1,D1 > Do, Y1 > Q:1(1 — p(x), ), X = 7]
_E[YolSo=1,D, > Do, X = 1], (3.10)

for x € X', and

ac)

pr(z) = EY1|S1 =1,D1 > Dy, X = z]
CE[lS=1,D1 > D Yo > Qo1 — 1p(a)2), X =1, (311)

By (x) = EY1|S1 =1,D1 > Dy, X = x]
— E[Y|So =1,D1 > Do, Yy < Qo(1/p(x),x), X = 1], (3.12)
for # € X . As a notational convention, set f5(z) = 0 for x € X \ X,., B € {L,U}.
These values are used only in the reduced-forms 3% (7). () entering the unconditional

bounds. We note that when treatment does not cause selection, conditional effects bounds

collapse to a point, i.e. for any z € (X°N X,.) C X% we have that

Bz_(l‘) = B?}(ZE) = E[Y1|Sl =1,D1 > Dy, X = l‘] — ED/O|SO =1,D1> Dy, X = I] .

(3.13)
Now let
1 (z) :==1(z € X"), 17 (x) :=1(x € X7), (3.14)
and define for any B € {L,U}
Bp(x) = 17(x)Bz(x) + 1 (x) Bz (2). (3.15)

8For © € X,f, the relevant CDF is Fy,|s, =1, p, > Dy, x=2 () and the relevant thresholds are Q1 (p(x), z) and
Q1(1—p(x),x). For x € X, the relevant CDF is Fy,|5,=1,p,>Dy,x—=z(-) and the relevant thresholds
are Qo(1 —1/p(z),z) and Qo(1/p(z), z). Without this regularity, the same bounds can be written in
exact fractional-trimming form.
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The unconditional SLATE parameter can be written as

Bspars = Elspare(X)me(X)] 7 (3.16)

7Tac

The corresponding sharp lower and upper bounds are

BL _ E[ﬁL(X)ﬂ-ac(X)]’ BU _ E[5U<X)7Tac<X)] )

7Tac 7T-CLC

(3.17)

To make the link with observed data explicit, we next provide the estimands of the
denominator and numerator moment functions in Sy and fy. Define the instrument

propensity score e(z) := P(Z = 1|X = z), and the inverse probability weight

A 1-Z
Z,X):= — . 1
Extending Lemma 2.1 to hold conditional on X, one can show that
Tae = B [17(X)Xo(X) + 17 (X)) (X))
= E [min{\o(X), \(X)}]. (3.19)
where now
M(z) =FE[W(Z,X)(D—-1)S|X =z, (3.20)
M(z) =E[W(Z,X)DS|X = x|, (3.21)
I7(x) = L(do(z) < Mi(@)), (3.22)
17 () = 1(No(x) > A (2)). (3.23)
Thus 7, is identified. In addition, for any y and x € X,
_ _ EW(Z, X)DS1(Y < y)|X = x]
Fl(y|$) T FY1|31=1,D1>D0,X=I(y) - E [W(Z, X)DSlX _ l‘] I (324)
EW(Z,X)(D-1D)SI(Y <y)|X ==z
Fo(y|w) := Fy,|sy=1,0,>D0,x=2(y) = U ) ) o)l | (3.25)

EW(Z,X)(D - 1)S|X = 4]

The conditional quantiles Q4(u, x) used for trimming in the conditional bounds in Equa-

tions (3.9) — (3.12) are defined as the generalized inverses of these CDFs and are thus
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identified. Using these identities, the following proposition collects the explicit estimands

for the unconditional bounds S, and fFy.

Proposition 3.1 Suppose Assumptions 3.1-3.2 hold and w,. > 0. Then the sharp lower

and upper bounds for Ospare are identified as

5y = BB Om(X0] L E[B(X)m(X)]

7Tac 7-(-(10

where Tqe s given by Equation (3.19) and

Bu(x) = 17(x)B (z) + 1" () B (v),
Bu(x) = 1" (2)B7 () + 1™ (2)By (z),

with
B (z)me(w) := E[W(Z,X) (DSYL(Y < Q1(p(x),z)) + (1 — D)SY)|X = 2], (3.26)
87 (@) ae(@) 1= E[W(Z,X) (DSY + (1 = D)SYL(Y > Qo(1 — 1/p(z),2)))|X =a], (3.27)
B3 (@) Taclz) i= EIW(Z,X) (DSYL(Y = Qi(1 - p(a),2)) + (1 - D)SY) [X =a],  (3.28)
By (@)mac(x) := E[W(Z,X) (DSY + (1 = D)SYL(Y < Qo(1/p(x),2))) | X = 2], (3.29)

on Xy, and g (2)mee(z) = 0 by convention on X \ Xse. Ma(z) and W (z,x) are point

identified on X and conditional quantiles Qq(+, ) are point identified on X,..

In summary, (01, fy) are functionals of the observed law of (SY,S,D,Z, X) and a
collection of nuisance functions (instrument propensity score, conditional means, and
(inverted) conditional distribution functions). In the next section, we derive orthogonal
moment conditions and semiparametric influence functions for these functionals, which
will allow us to construct semiparametrically efficient debiased machine learning estima-

tors for (61, By) and confidence intervals for Os,arE.
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4. Estimation and Inference

4.1. Nuisance Functions and Target Parameter

The previous section shows that for any B € {L,U}, the unconditional bound can be

written as

BB _ E[BB(X>7Tac(X)]7 <41)

ﬂ-CLC

with Sp(X) defined in Proposition 3.1 and 7, in (3.19). For notational convenience, we

decompose the numerator of (4.1) as
E[Bp(X)mee(X)] = Ng” + Ny + N5, + N, (4.2)
where, for B € {L,U} and * € {+, —}, we define
No = E[5(X)mae(X)],  Np, = E[fp 1 (X)mac(X)]. (4.3)

Table 4.1 contains all primary nuisance functions as well as all derived quantities that
are used for the remainder of this section. We collect the required primary nuisance

functions in vector

n(x) = (e(z), {r(z,z),m(z,x), u(z,x),v(z,x), F(-|d, z,z), GL(:|d, z, x), Gy (:|d, 2, 2) }a.»).

(4.4)

4.2. Semiparametric Influence Functions and Nuisance Functions

For any B € {L,U}, we treat m,. in (3.19) as well as the four components in (4.2) as
target functionals and derive their semiparametric influence functions/efficient orthogonal
moments. They are then combined to yield the efficient influence function and estimator
for the respective 8. Denote the influence function operator IF : © — L?(P,R?) as the

operator that, for a parameter 6 : P — R, returns its influence function, i.e., the standard
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Table 4.1: Primary and Derived Nuisance Functions for Bounds (8, fv)

Primary Nuisance Parameter in 7, Definition
e(x) P(Z=1X =x)

r(z,x) E[DS|Z = z,X = x]

m(z,x) E[(1-D)S|Z =z, X = x]

w(z, x) E[(1-D)SY|Z = z, X = a]

v(z, ) E[DSY|Z = z,X = z]

(yld, z, x) ElY <y)|D=d,S=1,Z =2, X = a]
Gr(yld, z, ) EYLY <y)|D=d,S=1,Z =2, X = 2]
Gy (y|d, z, x) EYLY >y)|D=d,S=1,Z =2, X = x]

Derived Nuisance Parameter or Variable Definition
)\O(‘r) —(m(l,m) _m(oax))
A1(z) r(1,2) —r(0,x)
Tac(T) min{/\?\(ﬂg)’))\l(x)}
o\
p(x) (@)

1*(x) 1(p(z) < 1)

17 () 1(p(z) 1> 1)

Wiz, x Z — -

(z,2) eEx) 1—e(x)
Filyls) F(y|1,1,2)r(1,x) — F(y|1,0,2)r(0, z)
1 rELx% (0,7)
Folylo) F(y|0,1,2)m(1,2) — F(y|0,0,2)m(0, x)
m(1,2) —m(0,z)

Q1 (u,x) inf{y € Y : Fi(y|z) > u}

Qo(u, x) inf{y € ¥V: Fo(ylz) = u}

wz(zvx) GL(QI( ( )’ )|17 )

¥ (2, @) Gu(Q1(1 —p(X), X)|1, z,2)

Uy (2, ) Gr(Qo(1 —1/p(X), X)0, 2, z)

'(/}(;(Z’x) GU(QO(l/p( )7X)|0 Z :)3)

Riesz-representer of the pathwise derivative (Bickel et al., 1993; Kennedy, 2024).°
We now present the influence function for the target parameters g for B € {L,U}.
We suppress dependence on nuisances and data in what follows whenever it does not

cause confusion. By linearity of the IIF' operator, we have that

F(8s) = —

ac

[IF(NG") + TF(Ng) + IF(N#,) + TF(Nj,) — BIF (mac)] (4.5)

The influence functions of the components are in Table 4.2. Putting upper and lower

9The influence function is defined via the functional derivative of the target parameter with respect to
perturbations along the tangent space evaluated at the true probability distribution. For example, if
we observe iid data X ~ P and the target functional is E[X], then for IF(E[X]) = X — E[X]. For
a regular parameter under the nonparametric model P, this is the unique semiparametric efficient
influence function, see, e.g., Hines et al. (2022), Kennedy (2024) or Heiler and Knaus (2026) for
additional examples.
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Table 4.2: Influence Functions of Components

Component Influence Function IIF
Tac ~1F(X) [W(Z, X)((1 = D)S = m(Z, X)) +m(1, X) — m(0, X)}
+17(X) [W(Z, X)(DS — (2, X)) + (1, X) — (0, X)} T
Ny I (X){W(Z,X)(1 = D)SY = u(Z, X)) + u(1, X) = (0, X) } ~ Nt
NE 15 (X){ = Qi(p(X), X)W (Z, X)|(1 = D)S — m(Z, X)
+ (DS~ r(z X))F(Qu(p(X), X)|1, Z, X)
+ DS(LY < Qi(p(X), X)) = F(Qi(p(X), X)|1, Z, X))]
+ W(Z,X)|DSY1(Y < Qu(p(X), X)) — v (2, X)r(Z, X)]
+ U7 (1, X)r(1,X) = 670, X)r(0, X) } = N7,
N 1(X){ = Qi1 = p(X), X)W(Z,X)|(1 = D)S = m(Z, X)
+(DS — (2, X))(1 = F(Qu(1 - p(X), X)[1, 2, X))
+DS(L(Y > Qi(1 = p(X), X)) = (1= F(Qi(1 - p(X), X)|1,Z, X))
+W(Z,X)[DSYLY > Qi(1 = p(X), X)) — v (2, X)r(Z, X)]
9 (L, X)r(1,X) = w0, X)r(0, X) b = N
Ny 1-(X){W(Z, X)(DSY — (2, X)) + v(1,X) = v(0,X)} - Ny
NE 17(X){ = Qo(1 - 75, X)W(2,X) | DS — 1(2, X)
+ (1= D)S = m(Z, X))(1 = F(Qo(1 ~ 57, X)I0, 2, X))
+ (1= D)S(LY 2 Qol1 ~ 55, X)) = (1= F(Qo(1 ~ 57, X)10, 2, X)))]
+W(Z,X)[(1= D)SYL(Y = Qo(1 — 5k, X)) = wz<z,x>m<z,x>}
+ 7 (1, X)m(1, X) = 0,X)} - N,
N, 1-(X ){ Qolcy X)W(Z.X) {Ds—r(z X)

+((1=D)S —m(Z, X)) F(Qo(3%y: X)[0, Z, X)
+ (1= D)S(L(Y < Qo7 X)) = F(Qol3ky X)10, 2, X))
+W(Z,X) [( D)SYL(Y < Qo(k. X)) - (Z,X)m(Z,X)}

+ 0 (1, X)m(1, X) = 6 (0, X)m(0, X)} Ng.a
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bounds together then yields

IF(5) = (4.6)

The influence functions IF(5g) for B € {L, U} nest the existing literature on LATE and

sample selection bounds. In particular, we obtain the following proposition:

Proposition 4.1 For any B € {L,U}, the efficient influence function in (4.5) under
(i) perfect compliance, (ii) no sample selection or (iii) both collapse to their respective

efficient influence functions for Lee bounds, LATE, or ATE:
(i) If P(D = Z) =1, then IF(Bp) = IF(85%) a.s.
(i) If P(S =1) =1, then IF(Bp) = IF(OparE) a.s.

(iii) If P(S =1,D = Z) = 1, then IF(Bp) = IF (Qarp) a.s.

Practically, this means that, as P(D = Z) — 1 or P(S = 1) — 1, our influence functions
will get closer in probability to the semiparametrically efficient influence functions for
Lee-bounds on the intensive margin ATE (Heiler et al., 2024; Semenova, 2025) or the
LATE (Frolich, 2007) respectively. If both apply, the functions approach the efficient
influence of the ATE (Hahn, 1998).

4.3. Finite Sample Implementation

We now outline the steps to estimate bounds and effect confidence intervals and provide
more details regarding nuisance function estimation. For a generic random variable X
we denote E,[X] = 237" X; in what follows. Assume we have independent data O; =
(S:Y;,S;, Dy, Z;, X;) for i = 1,...,n. Algorithm 1 contains a step-by-step explanation
of how to obtain bounds and inference. Estimation of bounds is fairly standard within
the DML framework for composite ratio parameters. In particular, we estimate all their
components separately with cross-fitted nuisances to obtain an estimate for the eventual
bounds and their respective influence functions. The latter then yield the full variance-
covariance matrix estimates that can be used for standard-normal-based inference on
bounds or, more importantly, confidence intervals for the effect using refined critical values

(Imbens and Manski, 2004; Stoye, 2020). All of these have at least (1 — «) asymptotic
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coverage under some regularity conditions on the conditional distribution and suitable

rate conditions on the nuisances, see Section 4.4 for more details.

Algorithm 1 Estimation and Inference

Require: Data {O;} ,, number of folds K.
: Randomly partition data into K disjoint folds I, ..., [k of approximately equal size.
: for each f € {1,...,K} do
estimate primary nuisance parameters using data in I;.
evaluate the nuisances on /5.
end for
for each N € {NJ, Ny, Ni'1, N1, Niry, Nipy, Mo} do
for all ¢ = 1,...,n plug in all nuisances 7 into the orthogonal moments IF(-).
obtain N by setting the sample mean of the orthogonal moments equal to zero

P g Wy

E,[IF(N,H)] =0

9: end for
10: return the bound estimators as

4y — N + Ny + Nf, + Ng,

B =

A
ﬂ—ac

11: return standard errors via estimated composite moment:

OBn =

where the composite moment is given by

L 1 N
IF (g, ) = — [IF(Ny,7) + IF(

7Tac

A

) + IF (N, 9) + IF (N5 1,7) — BpIF (Fac, )]
12: return (1 — «) effect confidence intervals as

ClLi_o(Ospare) = [5L —Cra0Ln, Bu+ CU,aﬁU,n]

where refined critical values cp o, cya < 21-q/2 can be chosen according to Imbens
and Manski (2004) or Stoye (2020). Using z;_,/» is valid for inference on the bounds.

We now discuss primary nuisance function estimation and how to obtain derived
nuisances as defined in Table 4.1. Our high-level assumptions in Section 4.4 match
these primitive objects that are conditional means/probabilities, conditional CDFs, and
trimmed conditional means. For primary nuisance functions that are simple conditional
means or probabilities, e, r, m, u, v, a plethora of off-the-shelf nonparametric and machine
learning methods such as neural networks, forests or high-dimensional sparse parametric

models are available. The derived nuisances Ao, A\, Tae, p, 17, 17, W only depend on the
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primary and can be obtained via simple plug-in versions.

The functional parameters F' and G require special attention. In particular, we sug-
gest to estimate the primary conditional CDF F' via machine learning analogues of distri-
butional regression (Foresi and Peracchi, 1995; Klein, 2024). We also recommend direct
imposition or post-processing, e.g., via isotonic regression (Henzi et al., 2021) that further
refine these estimates by enforcing nondecreasing estimated conditional CDFs. Together
with r and m, these yield plug-in versions of Fy and F;. The G components can be
similarly obtained and refined as a sequence of regressions with outcome variable equal
to trimming indicator times actual outcome.

To obtain the derived conditional quantiles )y and @), inversion of the previously
obtained conditional CDFs, Fjy and F}, can be used. These yield the trimming indicators
that are required to evaluate the conditional expectation models G at their respective
trimming quantiles to obtain derived nuisances ¥g. The inversion-based approach ensures
algebraic compatibility between the different nuisance quantities. Thus, we use this

approach in all of our simulations and applications in Section 6 as well as Appendix D

and E.

4.4. Large Sample Properties

We now present additional technical assumptions and the resulting large sample prop-
erties of the efficient influence function based estimators of the causal effect bounds.
Denote the true nuisances as n(z) =: n € ‘H where H is a convex subset of a suitably
normed vector space. Denote H,, C H the realization set of the estimated nuisance quan-
tities (x) =: 7, i.e., the set containing estimated nuisances with probability 1 —wu,, where
u, = o(1). All nuisances are cross-fitted according to Definition 3.2 in Chernozhukov
et al. (2018), see Algorithm 1.

For the remainder, write for generic nuisance h = h(x) its estimation error Ah = h—h.
Denote || - ||2 as L2(P) norm and || - || as the uniform norm. By abuse of notation, if
the object depends on Z = z and/or D = d, we suppress dependence and take all norms

to be uniform over these finite dimension as well, e.g.,

1/p
rll, = su r(z,x)l|, = su r(z,z)|l, = su rP(x, z)dP(x )
Il = s iz )lly = s il = s ([ 5aPe) " @7

z,deq{0,1 2€4{0,1 z€{0,1
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and equivalently for other nuisances. For a given x, we also denote || || 7, as the uniform

norm over a neighborhood N,. In particular, for a generic object A(:|x),

| A(ylz) = A(yla)lloev, = sup [Alylz) — Ayla)|. (4.8)

yez

We denote the supremum over these neighborhoods as

|A(ylz) — A(y|2)||son = sup sup [A(y|z) — Alylz)|. (4.9)

IyEz

Moreover, we write shorthand

||AG||p = ||AGL||p,N + ||AGU||1LN (4~10)

and a, < b, and a, Sp b,, whenever a, = O(b,) or a, = O,(b,) respectively. If not
stated differently, the following assumptions are all uniformly over n.

Assumption A (Regularity, Overlap, and Learning Rates)

A.1 (Moments) The conditional potential outcome moments are bounded, i.e., for some
m >0,

sup B[V (d)™"|X = 2] S 1.
zeX,de{0,1}

A.2 (Eigenvalues) The variance-covariance matriz of the influence function E[IF(5)IEF(3)']
has finite eigenvalues bounded away from zero.

A.3 (No Point Mass at Trimming Points) The conditional distributions are continuous

at the trimming points. For z € {0,1}, and x on the relevant support,’’

P(Y = Qi(p(x),2)|DS =1,Z = 2, X =x) =0,
P(Y:Ql( () )’DS—l,Z—Z,X—SL’)—O,

P(Y =Qo(1—-1/p(x),z)[1 -D)S=1,Z=2 X =x) =0,
P(Y =Qo(1/p(z),2)|(1 - D)S=1,Z=2,X =x) =0.

A.4 (Bounded Mixture Outcome Density and Local Lipschitz Trimmed Means) Let fi(-|z)
and fo(:|z) denote the respective densities of Fi(-|x) and Fy(-|x). Assume they are
bounded at the trimming thresholds and the trimmed conditional means are locally
Lipschitz, i.e., there exist a C' > 0 and constants 0 < fioim < famax < 00, Lg < 00

10Here and in A.4, the relevant support is Xt for conditions involving (Q1(p(z), ) or Q1 (1 — p(x), x),
and X for conditions involving Q¢(1 — 1/p(z),z) or Qo(1/p(x),x).
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such that (i) for all x on the relevant support:

f1(Qi(p(), ) | ) € [fumin, fmax),

(@u

fl(Ql(l p( ) ) ‘ $) € [fminafmax]a
fO(QO(l l/p( ) ) | {L‘) € [fmimfmaX]a
fO(QO(l/ ( ) ) | I) [fminafmax]a

and (i) uniformly in (z,x), for |u| < C,

IGL(Qi(p(x), 2) +ull, z,x) — GL(Q1(p(x), 7)[1, 2, 2)| < Lglul,

|Gu(@Q1(1 = p(z),z) +ull, z,2) — Gu(Qi(1 — p(x), 2)[1, 2, 2)| < Lgul,
|GL(Qo(1 —1/p(x),x) +ul0, z,2) — GL(Qo(1 — 1/p(x),2)|0, z, 2)| < Lg|ul,
|Gy (Qo(1/p(2), 2) + 1|0, 2, 2) — Gy (Qo(1/p(x), )]0, 2, 2)| < Lelul.

A.5 (Margin Condition) The distribution of the positive and negative monotonicity type
is well-behaved around the margin of indifference, i.e., there exist Cyy < oo and
k > 0 such that

P(| = [m(1,X) =m(0, X)] = [r(1, X) = 7(0, X)]| < t) < Ct*  for allt > 0.

A.6 (Strong Qverlap) There are comparable units across instrument levels and within
the differently treated and selected populations. Moreover, always-selected complier
probabilities are bounded away from zero on their relevant supports, i.e., there exists
some ¢ € (0,1) such that

c< gr}:cf{r(z,x), m(z,x),e(x)} < Sﬂ){r(z,x),m(z,x), e(r)} <1—c.

and
inf —[m(1,z) — m(0,z)] > ¢, inf [r(1,2) —r(0,2)] > c.

zeXt, TEX,

A.7 (Machine Learning Bias) Let u, = o(1). For all folds, the nuisance parameters
obtained via cross-fitting belong to a shrinking neighborhood H,, around n with prob-
ability of at least 1 — u,, such that, uniformly over the neighborhood, the nuisance
functions are consistent

[Aplle +1Av[2 +[[Aclz +[Amllee + [[AT]lc + [[AG] o + [|AF oo nr = o(1),
and obey convergence rates
(1Aullz + 1AV [Aellz + ([[Am]loc + [|AT||o) ™ + ([Ae]]2 + [|Am||2 + [|Ar|]2) x

[1A¢][oo + [[Am]oo + [|AT]Joo + [|AG[oonr + [AF[Joonr| = o(n™"?).

Assumption A.1 and A.2 are simple regularity conditions that rule out heavy tails and
degenerate DGPs where bounds are close or equal to a point or otherwise degenerate.

Assumption A.3 rules out point masses at the trimming thresholds in the observed
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selected outcome distributions used to construct the reduced-form nuisance functions.
This ensures that the trimming indicators are unambiguous at the cutoff and that weak
and strict inequality conventions coincide at the relevant thresholds.!!

Assumption A.4(i) is complementary to A.3 and provides primitive density regular-
ity that guarantees local invertibility and differentiability. It controls error propagation
through the quantile mapping (Bahadur-type representation). A.4(ii) adds local smooth-
ness to the trimmed mean functions, ensuring uniform control over the nuisance functions
evaluated close to the trimming points.

Assumption A.5 is a margin condition that controls the mass of observations near the
boundary between positive and negative selection monotonicity types among compliers.
In particular, it rules out excessive concentration of probability that would make cor-
rect classification difficult. In the case of a bounded density, A.5 holds with k = 1,
see, e.g., Audibert and Tsybakov (2007) or Heiler et al. (2024) for related assumptions
and discussion. The larger x, the less demanding the convergence requirements in A.7
for learning the conditional joint probability of being selected and in treatment/control
status. It implies the necessary regularity condition P(X?) = 0.

Assumption A.6 assures that there are comparable units for instrument and the treat-
ment within the selected group and a relevant share of always-selected compliers. Strong
overlap is imposed to obtain a finite variance bound and avoid irregular identification
(Khan and Tamer, 2010; Heiler and Kazak, 2021).

Assumption A.7 imposes the standard DML requirement that all nuisances are consis-
tent and converge to their truth sufficiently fast for the second-order remainder of the
orthogonal von Mises expansion to be o(n~/ 2), but it does so in a relatively weak form tai-
lored to our target parameter and estimation procedure and its primitives. In particular,
in contrast to much of the Lee bounds-type literature, we do not assume global uniform
convergence rates for the estimated quantiles or trimmed mean functionals. Instead, it
only imposes local sup-norm control of the estimated CDFs F' and trimmed means Gpg

on neighborhoods relevant for trimming, with the regularity of quantiles and trimmed

1The theory can be extended to mass points as discussed in Section 2. However, in contrast to identifi-
cation where mass points are harmless once one uses fractional trimming (Huber and Mellace, 2015;
Kitagawa, 2021), inference can be affected as the functional may be nonregular. This problem arises
only in boundary cases where the trimming probability coincides exactly with the edge of a mass
point. For DGPs in which the cutoff lies in the interior of a mass point, fractional trimming yields a
regular functional, so standard root-n semiparametric inference can proceed using the corresponding
influence function.
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means derived from these local conditions. The first product term in A.7 matches the
usual L?-rate requirement in Chernozhukov et al. (2018), while the additional terms cap-
ture the non-smooth features of monotonicity type classification and trimming indicators.
This is related to rate conditions in Heiler (2024) and Semenova (2025) for generalized
Lee bounds as well as Heiler et al. (2024) for more general intensive and extensive margin
treatment effects, but expressed directly in terms of CDF errors rather than through
separate uniform convergence assumptions on the associated quantile-based functionals.
Examples for global uniform rates of nonparametric and machine learning estimation of
conditional CDFs can be found in, e.g., Xie (2023) or Cattaneo et al. (2025) respectively.

We obtain the following Theorem:

Theorem 4.1 Under Assumptions 3.1, 3.2, and A.1-A.7, the estimated bounds are

jointly asymptotically normal and semiparametrically efficient, i.e.

V(B — B) % N (0, E[TF(3)IF (8)).

Theorem 4.1 can be used directly for inference on the bounds using the usual standard
normal critical values. Importantly, the assumptions imply that the identified set always
has a non-empty interior in the population. Thus, Theorem 4.1 is sufficient to construct
tighter confidence intervals for the effect 057 47 directly using Imbens and Manski (2004)

or Stoye (2020) critical values. We use the latter in our empirical applications.

5. Always-selected Complier Profiling

Osr a7k is the average treatment effect for the target population ac, the always-selected
compliers. While individual members of this group are not identified and the group may
differ from observed subpopulations or the overall population in both observed and un-
observed characteristics, its observable features can nevertheless be characterized, much
like complier profiling for the LATE.? This makes it possible to compare always-selected
compliers with other populations of interest and thereby better assess the external validity

and substantive importance of the effect bounds.

12Gee, for example, Abadie (2003), Angrist (2004), and Singh and Sun (2023) for various approaches to
complier profiling.
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Observable ac characteristics can be identified using the same ingredient, m,.(z), as
the SLATE bounds in Section 3. Debiased estimation and inference follow analogously
from our influence functions. In particular, for any integrable g : X — R, consider target

parameter
Elg(X)mae(X)]
E[mge(X)]

Elg(X)|ac] = (5.1)

This is the average g(x) in the population of always-selected compliers. Its influence

function is given by

L (U () + ) (9(X) — Elg(X)ac) ), (5.2

7T(J,C

IF(Elg(X)lac]) =

where nuisances and influence functions of the components can be found in Section 4.2.
The corresponding estimator can be obtained by solving the empirical analogue as in Al-
gorithm 1. It is root-n consistent and asymptotically normal analogously to Theorem 4.1.
Moreover, influence function (5.2) can directly be used for statistically valid comparisons
between mean covariates g(x) of ac and other populations such as unconditional, treated

or assigned units. We provide some specific examples in Section 6 and Appendix E.

6. Empirical Study I: Job Corps Revisited

6.1. Data and Methods

In this section, we re-evaluate the earnings effect of participating in JC, a large US
federally funded training program providing free academic education, vocational training
and employment assistance to disadvantaged youth. We make use of the National Job
Corps Study by Mathematica Policy Research. This experiment implemented stratified
randomized assignment of applicants, incorporating over 15,400 individuals between ages
16 and 24. Multiple outcomes such as earnings and job status were gathered at various
points after assignment.

Our data and main variables are identical to Chen and Flores (2015).!3 In particular, we
use a subset of 9,090 units (3,599 control and 5,491 treated) with non-missing work hours,

earnings, and participation information. The outcome is log hourly wages which is only

13We would like to thank Carlos Flores for sharing the data.
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observed for the employed. Assignment is given by the original randomization. Treatment
is defined as eventual JC participation within the 208 weeks of the evaluation period.
We additionally make use of socio-economic pre-assignment covariates including job and
earnings history, education, parental background and more, matching the variables used
in Lee (2009) for ITT bounds. The list of covariates along with sample summary statistics
are provided in Table F.1.

The data are suitable for our method: Assignment was based on stratified random-
ization justifying conditional independence. Exclusion is credible as any earnings effects
likely require actual training and not just assignment. Importantly, there was a signifi-
cant amount of noncompliance with the randomized treatment assignment. In particular,
only 73.8% of individuals assigned to the treatment group ever participated in JC. Addi-
tionally, a small fraction (4.4%) of individuals assigned to the control group also ended
up participating.!4

We evaluate the always-selected complier effect 05 a7r at week 208 after assignment
using (i) Chen and Flores (2015) bounds and (ii) sharp-basic bounds — both assuming
strong sample selection monotonicity — as well as (iii) sharp DML bounds with covariates
under weak monotonicity. Implementation of (i) follows Chen and Flores (2015). (ii)
uses simple sample analogues of (2.19) and (2.20). (iii) is obtained via the procedure in
Section 4.3, see Appendix F for additional details. We also provide a profiling analysis

of always-selected compliers using the method from Section 5.

6.2. Results: Bounds and Shares

Table 6.1 reports the evaluation results. It delivers four main messages. First, the
target population is empirically relevant: the estimated share of always-selected com-
pliers is about 39% across specifications, so g7 47 pertains to a sizable subpopulation.
Second, the data do not support imposing strong sample selection monotonicity: the es-
timated share in the positive sample selection region is 93.3% and strong sample selection

monotonicity is rejected (p < 0.01).> Thus, Sharp-DML appears to be the most cred-

4 Among the 4.4%, 1.2% of controls enrolled in JC before the end of the embargo, while 3.2% enrolled
afterward.

15Negative employment effects at week 208 are economically plausible because employment responses to
Job Corps are heterogeneous across applicants. Consistent with this, Semenova (2025) shows that
positive conditional employment effects do not arise for all applicants even four years after random
assignment and documents subgroups with significantly negative employment effects at later horizons.
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Table 6.1: Bounds for the Effect of Job Corps on Log Wages

CF Sharp-basic Sharp-DML
Estimates [—0.022, 0.130]  [0.019, 0.067]  [—0.013, 0.124]
Standard Errors — (0.023, 0.022)  (0.023, 0.022)
95% Confidence Interval [-0.061, 0.168] [—0.018, 0.104] [—0.051, 0.160]
Share of positive sample selection ¢ 1 (assumed) 0.933 (0.004)
Share of ac ® 0.391 (0.010) 0.393 (0.010)

Notes: N = 9,090. All calculations use design weights. CF refers to the Chen and

Flores (2015) bounds under strong sample selection monotonicity without covariates us-

ing half-median-unbiased estimates with 95% confidence intervals following Chernozhukov

et al. (2013). CF reports no standard errors as inference relies on the CLR projection.

Sharp-basic refers to the sharp bounds without covariates under strong sample selection

monotonicity. Sharp-DML refers to the sharp bounds estimated by DML under weak

sample selection monotonicity. Standard errors for the two bounds are in parentheses as

(SEiower, SEupper), and the 95% CI for 8sparrp = E[Y1 —Y) | ac] is calculated using Stoye

(2020).

@ Estimated share of positive sample selection = E[IT(X)], the fraction of observations in

the positive sample selection class (Sharp-DML only, CF and Sharp-basic assume this frac-

tion equals 1).

b Estimated share of always-selected compliers 7 ..
ible specification. Third, under the strong monotonicity benchmark without covariates,
the sharp bounds and effect confidence interval are substantially tighter than CF, by
68.4% and 46.7%, respectively. Moreover, the estimated basic bounds no longer include
zero and the corresponding confidence interval rules out negative effects below -1.8%.
Fourth, estimates using Sharp-DML are broadly comparable to CF despite relying only
on weak sample selection monotonicity. Both rule out negative effects beyond -5.1% and
-6.1% respectively. However, despite imposing less restrictive assumptions, Sharp-DML
delivers tighter bounds and confidence intervals than CF by 9.8% and 7.9% respectively,
highlighting the relevance of both sharpness and efficient inclusion of covariates.

The results also speak to the importance of the no-scaling result in Proposition 2.2.

In particular, naively scaling basic ITT bounds [—0.019,0.093] (Lee, 2009) with the JC
compliance probability of 69.4% would suggest SLATE bounds of [—0.027,0.134] which

vastly exceed our Sharp-basic bounds of [0.019,0.067].

6.3. Always-selected Complier Profiling

We now conduct the ac profiling analysis as discussed in Section 5. Table 6.2 contains
the baseline characteristics of always-selected compliers, ac, and those of the full sample.

Demographic differences are modest but systematic: On average, ac individuals are less
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Table 6.2: Job Corps Covariates:

Always-Selected Compliers vs. Full Sample

Covariate ac Full sample Difference
Female 0.400 (0.014)  0.443 (0.005) —0.044 (0.013)***
Age (in yrs.) at baseline 18.45 (0.058)  18.44 (0.023) 0.013 (0.053)
Black, non-Hispanic 0.433 (0.014)  0.500 (0.005) —0.067 (0.013)***
Hispanic 0.194 (0.010)  0.172 (0.004) 0.022 (0.009)**
Other race/ethnicity 0.067 (0.007) 0.071 (0.003) —0.004 (0.007)
Married 0.015 (0.004)  0.022 (0.002) —0.007 (0.004)*
Living together 0.033 (0.006)  0.041 (0.002) ~0.008 (0.005)
Separated 0.019 (0.004)  0.023 (0.002) ~0.004 (0.004)
Has children 0.162 (0.011)  0.204 (0.004) ~0.042 (0.010)***
Number of children 0.214 (0.017) 0.291 (0.007) —0.077 (0.017)***
Education (in yrs.) 10.23 (0.042) 10.12 (0.016) 0.111 (0.039)***
Mother’s education 11.54 (0.064) 11.48 (0.024) 0.061 (0.059)
Father’s education 11.54 (0.060) 11.45 (0.023) 0.096 (0.054)*
Ever arrested 0.235 (0.011)  0.248 (0.005) —0.013 (0.011)
Household income:

[$3,000, $6, 000) 0.189 (0.009)  0.208 (0.003) —0.019 (0.008)**

(86,000, $9, 000) 0.122 (0.007)  0.116 (0.003) 0.006 (0.006)

[$9, 000, $18, 000) 0.258 (0.010)  0.244 (0.004) 0.014 (0.009)

> $18, 000 0.198 (0.009)  0.179 (0.003) 0.019 (0.008)**

Personal income:
[$3, 000, $6,000)
[$6, 000, $9, 000)

0.130 (0.009)
0.066 (0.006)

0.131 (0.003)
0.051 (0.002)

—0.001 (0.008)
0.015 (0.005)***

> $9,000 0.038 (0.005)  0.033 (0.002) 0.004 (0.005)
At baseline:

Has job 0.242 (0.011)  0.195 (0.004) 0.047 (0.010)***

Months worked, previous year 4.377 (0.119)  3.566 (0.045) 0.810 (0.109)***

Had a job, previous year 0.716 (0.013)  0.629 (0.005) 0.087 (0.012)***

Earnings, previous year
Weekly hours, most recent job
Weekly earnings, most recent job

3470 (137.0)
24.35 (0.560)
121.8 (5.800)

2870 (58.00)
21.42 (0.220)
107.6 (2.900)

600.0 (111.0)**
2.930 (0.520)"**
14.10 (3.800)***

Notes: N = 9,090. The table reports estimated means for the always-selected complier (ac) sub-
population and for the full sample, along with their difference. Standard errors are in parentheses.
All estimates use design weights and are based on the weak-monotonicity DML specification with
GRF learners. Joint x? tests for the null that all differences within a category are jointly zero:
Race/ethnicity (p < 0.001); Marital status (p = 0.084); Household income (p = 0.011); Personal
income (p = 0.027). * p < 0.1; ** p < 0.05; *** p < 0.01.

likely to be female (-4.4 pp) and Black (-6.7 pp), slightly more likely to be Hispanic
(+2.2 pp) and have fewer children (-4.2 pp in incidence; -0.08 in number). Own educa-
tion is marginally higher (+0.11 years), with parental education and age being similar
across groups. ac individuals are slightly less concentrated in the lowest household income
bracket and more represented in the highest (1.9 pp each). The most pronounced dif-
ferences arise in pre-assignment labor market outcomes: ac individuals are significantly
more likely to be employed at baseline (+4.7 pp), more likely to have worked in the
previous year (+8.7 pp), and exhibit higher labor supply and earnings, including +0.81
months worked, +$600 annual earnings, +2.9 weekly hours, and +$14 weekly earnings.
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Taken together, these differences indicate that ac subpopulation is positively selected,
in particular on baseline labor-market attachment. The stronger pre-program employ-
ment and earnings profiles suggest that ac may be better positioned to translate JC
participation into earnings gains, but also imply more favorable counterfactual trajecto-
ries in the absence of treatment. At the same time, prior evidence on JC shows that
impacts operate through channels such as increased GED, increased vocational creden-
tial attainment and reduced criminal involvement, which are not confined to the most
labor-market-ready participants (Schochet et al., 2008; Flores et al., 2012). Thus, while
the observable composition of the ac group points to potential attenuation when extrap-
olating our estimates for 05, 47g to the full sample, baseline differences alone do not fully

pin down the direction or magnitude of the extrapolation.

7. Concluding Remarks

For both identification and semiparametric inference, this paper provides a synthesis
of treatment evaluation under sample selection as well as noncompliance building on
Lee-type bounds and the LATE framework. Given the analytic form of our population
bounds, it is relatively simple to incorporate additional restrictions, such as stochastic
dominance of ac potential outcome distribution over that of cc to further tighten bounds
(Zhang and Rubin, 2003; Huber and Mellace, 2015; Heiler et al., 2024). Moreover, given
the simple ratio-of-linear-moment structure, our influence function components can be
directly leveraged for estimation and inference on heterogeneous group-specific ac effect

bounds by combining them with nonparametric projection methods as in Heiler (2024).
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Supplementary Appendix

A. Supplementary Material for Section 2

A.1. Proof of Proposition 2.1

The proof has two steps. Let 5, := E [Yi|ac].

Step 1, we show Br1 < 81 < By, ie., Br1 is the smallest feasible value and By,
is the largest feasible value for 11 that is consistent with the observed data and main-
tained assumptions. It suffices to show 5y > (11, and the other part 5 < By can be
proved similarly. We have shown that under Assumptions 2.1-2.2 and assuming 7,. > 0,
Fy,jacuce (y) is uniquely identified. In particular,

n  B[DS-1{Y <y}|Z=1]-E[DS-1{Y <y}|Z = (]
Vilacuee () = E[DS|Z =1]— E[DS|Z = 0]

Further,

FYl\acUcc (y) = pFY1|ac (y) + (1 - p) FYl\cc (y)
where p is uniquely identified:

 E[(D-1)S|Z=1]-E[(D-1)S|Z =0]
b= E[DS|Z =1] - E[DS|Z = 0] '

If 7o = 0, then p = 1 and ac U cc = ac, so E[Y; | ac| is point-identified and 8, =
Bui = E[Y1 | ac]. Hence, in what follows, suppose 0 < p < 1.

Br,1 assumes

%FY1|acUcc (y) if y < Ql (p)

1 if y > Q1 (p)

Fyl\ac (y) = Fgﬁac (y) =

and hence

oo ah 1 (@@
Bra =/ YFY e (dy) = ;/ Yy, jacuee (dY) -

By Horowitz and Manski (1995), Corollary 4.1, 8; > (1. Further, 81, is smallest
feasible value that is consistent with the observed data because both Fy,|scuce (y) and p

are uniquely determined by the observed data under the maintained assumptions.
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Step 2, we show that every point in [5y 1, Bya] is compatible with our assumptions
and the observed data and hence cannot be ruled out, which implies that [5g 1, fu1] is
contained in any other valid bounds that impose the same assumptions.

Note that fr1 < E[YilacUcc] < E[YilacUce,Y) > @1 (p)], where both conditional
mean functions are uniquely identified, as the distribution function Fy,jscuce and the
quantile level p are uniquely identified.

For any point § between (1 and E [Y|ac U cc], there exists a value A € [0, 1] such that

=M1+ (1 —X) E[Y1ilacUce, Y1 > Q1 (p)]

Let
hl (y) _ %FYI\aCUcc (y) if y < Ql (p)
1 ify > Q1 (p)
and
h (y) _ 0 if y <@ (p)

ﬁ (FYl\acUcc (y) 7p) if Y= Ql (p)

We can construct distribution functions for Yi|ac and Y;|ce, respectively, as

Fynjae (5) = Al () + (1= N b (9).
Fyijeo () = (p - pA) b () + (1 . A)) he (y).

1—-p 1-p 1—p
Note

EY1 |acUccl =pPri+ (1 —p)E[Y1 ] acUce, Y1 > Q1(p)],

and 0 € [Br1, E[Y1 | acU cd]], so the corresponding A must satisfy A € [p, 1]. Hence,
p
<2 (1-)N<1.
0T (=N <1
The coefficients used below in the definition of Fy,|.. are then nonnegative and sum to
one, meaning that the constructed Fy,|,. and Fy;|.. are valid distribution functions. By

construction,

PPV, jac (Y) + (1 = p) Fyyjee () = phi (y) + (1 = p) hu (y)
= FYl\acUcc (y) :

i.e., the mixture of these two distribution functions replicates the uniquely identified
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distribution function Fy;jscuce (y)and hence they are compatible with our assumptions
and the observed data. Further by construction,

“+o0 “+o0
E[Yilad = / YFy, e (dy) = / y (Mt (dy) + (1= A) o (dy)}

— 00 — 0o

+oo +oo
:/\/_ yhi (dy)—i—(l—)\)/ yhu (dy)

=M1+ (1= X)E[Yi|lacUce, Y1 > Q1 (p)]

=5
That is, ¢ is a feasible point that is compatible with our assumptions and the observed
data.

A symmetric argument can be made about any point ¢ in between E [Y;|ac U cc| and
Bua. Therefore, any point within the interval 1, fy1] is feasible and compatible with
our assumptions and observed data.

Together, the above two results, 1) 5.1 < 81 < [y, and 2) any point within the
interval (11, Bua] is feasible and compatible with our assumptions and observed data,
suggest Sr1 (Bu.1) is sharp, i.e., Sr1 (Bu) is the largest (smallest) lower (upper) bound

for By := E [Yi|ac| that is consistent with our assumptions and observed data.

A.2. Supplementary Material for Section 2.2.1
A.2.1. Lee (2009) ITT bounds and SLATE bounds
Below we formalize the relationship between the Lee (2009) bounds and our SLATE

bounds. Recall the complier types defined in Section 2.1, and define in addition

an:={Sy =1, Dy = D; =0} (always-selected never-takers),

aa :={S1 =1, Dy = Dy =1} (always-selected always-takers).

We also allow for types that are never selected,
TLCI:{SO = Sl = 0, DO = O,Dl = 1},
na::{Sl = 0, Do == D1 = 1},
TLTLI:{SQ = 0, Do = D1 = O},
which will play no role in the Lee-type selected distributions because S = 1 never occurs

for them. Let m;:=P(type t) denote the population share of type ¢.
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Lemma A.1 (Decomposition of selected distributions) Suppose Assumptions 2.1-
2.2 hold and the relevant latent types exist. Then the distribution of Y among the selected

units satisfies

FY|S:1,Z:1(y) =w FY0|an(y) + (1 - w) FYﬂacUccUaa(y)a (Al)

FY|S:1,Z:O(y) = 6FYo\acUan(y) + (1 - 6) FY1|aa(y)7 (Ag)

where

7Tan 7Tac + 7Tan

5 . _— .
’/Tac Jr ﬂ-CC + Tr(l(l Jr 71—&71 ﬂ-(l(l + 7Tan + 7Taa

Proof.
Fy|s=1,2=1(y) = Fy|1-pysz=1 (y) E[(1 — D)SZ|SZ = 1]
+ Fy|psz=1(y) E[DSZ|SZ = 1]
B E[So (1 - Dy)]
= Fy,|85=1,0,=0 () E[SiD1] + E[So (1 — Dy)]
E[S1D]
+ FY1|S1:1,D1:1 (y) E [SIDI] + E [SO (1 _ Dl)]

= FYo\an (y) w + FYl\acUccUaa (y) (1 - w) )

here w:= Tan .
where w TactTectTaa+Tan

Similarly,

Fy|s=1,z=0 (y) = Fy|s=1,p=0,2z=0 (y) E[1 - D)S(1 - Z)[S(1 - Z) =1]

+ Fy|s=1,p=1,z=0 (y) E[DS (1 = Z2) |5 (1 = Z) = 1]

B E[So (1 — Dy)]

= Fyy1s0=1,00=0 (¥) E[S1Dy] —iE [So ((i — Dy)]
E[S1 Dy

+ Fyijs,=1,00=1 (¥) E[SiDo] + E [52(1 — Dy)]

= FYo\acUan (y) 0+ FY1|aa (y) (1 - 5) ’

TactTan
TactTaa+Tan

where 0:=
We can now make precise the relationship between Lee (2009) lower bound and our

lower bound for SLATE. Let [, denote our lower bound for SLATE;,

Br = EY11Y1 < Q1(p), acU cc] — E[Ys|ac],

with p 1= —Fee—is the fraction of always-selected compliers within the complier mixture

and @ (u) := inf {y €Y Fyijacuee (y) > u}
Let BE¢¢ denote the Lee (2009) lower bound for the ITT effect of Z on Y among

the selected, as in (2.26). Recall pre¢ := ggéjﬂ = —TactMaatfan - and Qe (y) =

Tact+TeetTaa+Tan’
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inf {y €V Fyylan (V) w + Fyjjacucauaa () (1 —w) > u} For notational convenience, let
the trimming threshold be q := QF¢¢ (pLee>. Note that evaluating (A.2) at y = ¢ yields

pLee — wFYO\an (q) + (1 — w) FY1|acUccUaa (q) .

Combining Lemma A.1 with the definition of 3%°¢, one can write the first term in ge°

as
L5 =BY |Y <Qre(p™), S=1,7Z=1]
=w(q) E[Yo | Yo < ¢, an] + (1 —w(q)) E[Y1 | Y1 < ¢, acUccU ad],
where
wWFy; | ar (Q)
wlg) = =

and the second term in S as

e =E[Y|S=1,Z=0]
= E[YylacUan]d + E [Y1]aa] (1 = 6) .
So together,

Lee — fweighted average of Yj for an and Y; for ac, cc, aa}

— {weighted average of Yy for ac,an and Y7 for aa},
where the exact weights depend on (7ae, Tee, Tan, Taa), the trimming fraction pLe, and the

component CDFs entering Fy|s—; z— evaluated at the trimming threshold gq.

A.2.2. Proof of Proposition 2.2

Proof. By Lemma A.1, the first term in 3¢ is a trimmed mean of Y over the mixture
{acU ccUaa Uan} in the selected treated group, and the second term is an untrimmed
mean over a different mixture of types {ac,an,aa} in the selected control group. Both
mixtures involve always-takers and/or never-takers whenever 7, + 74, > 0.

By contrast, §; depends only on complier types (ac and cc): its Y component is a
trimmed mean of Y] restricted to {ac U cc}, and its Y, component is the mean of Y; for
always-selected compliers (ac). Unless m,, = m, = 0, the distributions of Y, and Y;
entering (£ necessarily differ from those entering 3 because of the additional type-

specific components.

Holding the primitive probabilities fixed, one can vary the distribution of Y for an

44



and/or the distribution of Y] for aa while leaving the distributions for ac and cc un-
changed; this changes 3£°¢ through the additional mixture components, and in the treated
term also through the trimming threshold ¢ and the effective an stratum weight w(q),
while leaving (3, unchanged.

Lee
L

Therefore, for generic joint distributions of (Y, Y7 ) across types, 57 and (3, are distinct

functionals, and they cannot be linked uniformly over DGPs by a single multiplicative

function depending only on the type probabilities.

A.3. Supplementary Material for Section 2.2.2

In this appendix we formalize the comparison between our bounds and those of Chen
and Flores (2015). The strict comparisons are under the maintained Section 2 regularity
for the trimmed-mean representation.

A.3.1. Identification of Iy, |4cuce

We first show how the distribution of Y; for the complier mixture (ac and cc) can be

recovered from observable selected distributions and identified type shares.
Lemma A.2 Suppose Assumptions 2.1-2.2 hold and 7. > 0. If m4q > 0, then

(ﬂ-ac + Tee + 7Taa)};‘}ﬁ\acUccUaa (y) - TraaFYﬂaa (y)
Tac + Tee '

FYl lacUcc (y) =

Equivalently, in terms of observable distributions,

(Tae + Tee + Taa) Fy|psz=1(Y) — TaaFy|Ds(1—-2)=1(Y)
7Tac + Trcc

FY1 |lacUce (y) =

where

Fyipsz=1(y) = Fy,|acuccuaa(¥), Fyipsa-z=1¥) = Fy,jaa(y)-
If Taq = 0, then (A.4) reduces to Fy,jacuce(y) = Fypsz=1(y)-

Proof. Among units with DSZ = 1, the only types that can appear are ac, cc, and aa,
all with S; =1 and D; = 1. Thus when 7,, > 0,

FY|DSZ:1(y) = FYﬂacUccUaa(y)-

Otherwise,
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Fy\psz=1(y) = Fy,|acuce(y)-
Further when 7,, > 0, among units with DS(1 — Z) = 1 the only possible type is aa, or
those with S; =1 and Dy =1, so

FY\DS(l—Z):l(y) = FYl\aa(y)'
Writing Fy, jscuccuaa @s @ mixture of Fy,jqeuce and Fy,jqq, We have

7rac + 7TCC
7Tac + 7TCC + 7Taa

7Taa

FY1|acUccUaa (y) = FY1|acUcc(y) + FY1|aa(y>7

Tr(lC + 7TCC Jr 7rﬂﬂ

and solving for Fy, |secuce(y) vields (A.4).

A.3.2. Dominance over CF bounds: Preliminaries

For clarity, observe the following equivalences of conditional distributions:

(Y1 | S1 =1, Dy >D0) = (Y1 \acUcc), (Y | DSZ = 1) = (Y1 | acUccUaa),
(Y| DS1-2)=1) = (Y1 | aa).

As in the main text, let ;1 denote the first component (pertaining to Y;) of our lower

bound (i.e. excluding ),

Tr(lc
Bri=E [Y1]Y1 < Q1(p),acUcd], pi=—
Trac +7TCC

Let 7'{" and Bzfl{ be the first components of the CF basic and alternative lower bounds

obtained by trimming Y|DSZ = 1 or equivalently Y;|ac U cc U aa at fractions p{'f and

CF.
bz -
, T
mic_ p [y |y, < CF/ CF ,CLCUCCUG,CL CF — ac
BL,l [ Y1 < Q77 (p1") ]a P1 —Wac+7ch+7Taa’
adj_ 1+M>E vi|yy < QEF (pSF _ Taa CF ._  Tac+ Maq
= 11Y1 < P acUccUaa E |Yi|aal, p = .
= (14222 B [ < Q7 65™), R T R

The CF lower bound uses

CF ._ mix padj
L1 = maX{ﬁL,l Prais-
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The formal proof of Proposition 2.3 is provided below.

Proof. We sketch the argument for the lower bounds; the upper bounds are treated
analogously by symmetry.

First of all, if m,, = 0, i.e., Pr(DS (1 —Z) =1) = 0, then Fy,|qcuccuaa (¥) reduces to
Fy,jacuce (y) and the trimming threshold pICF = pQCF =p, S0 fr1 = ﬁff and By = ﬁgf

In the following, we assume 74, > 0.

Br.1 is obtained by assuming that ac individuals are at the bottom pr=ae— fraction
of the conditional distribution Yi|ac U cc, i.e., B, assumes
1 .
7FY1|acUcc (y) if y < Ql (p)
FY] \ac (y) = F}dfﬁ(zc (y) = b (A5)
1 if y > Q1 (p)
where Q) (p) := Fy, ‘laCuCc (p). Following Equation (A.4),
FY1|acUcc (y) = <1 + 71-(1(1) FY1|acUccUaa(y) - LFYﬂaa(y)' (A6)
Tac + Mee Tac + Tee
Plugging in Equation (A.6) into (A.5) shows that 1 assumes
1 T .
WFY”acUccUaa(y) - Waa FY1|aa(y) if y < Ql (p)
FY1|ac (y) = Fgﬁac (y) =M “ (A7)

1 ify > Q1 (p)

In contrast, B’me” is obtained by assuming that ac individuals are at the bottom

p{Fi=—Tae _ fraction of the Y;|ac U cc U aa distribution (the CF restriction 1), i.e.,

TactTectTaa

plCLFFYl\acUccUaa (y) if y < Qfl:f (plcF)

, (A.8)
1 if y > Q7 (p§T)

FY1|ac (y) = F{/ﬁcfc (y) ==

where Q(if (plcF) = Y—'1|1acUccUaa<p10F)'

Putting Equations (A.7) and (A.8) together and noticing Q<! (pICF) < Q1 (p), we have

Traa C,
— Fy,aa (), y < QY ("),
mix dh 1 c
FYl\aC(y) - FYl\aC<y) =3y1- ;)FYl\acUcc(y) > Oa 1f (plcp) <y< Ql(p)v (AQ)
0, Y > Q1(p)-

To show Q% (plcF ) < Q1 (p), evaluating Equation (A.6) at y = Q1 (p) and rearranging

yields
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Taa

FY1|acUccUaa(Q1 (p)) = p?F + mFYﬂaa(Ql ( )) (A]-O)

> p1CF = FYl\acUccUaa(Ql <p10F>)
f ( ) < Q1 (p) follows from that Fy,|aeuccuaa(-) is strictly increasing.
Note that under the maintained regularity, Equation (A.6) implies the following equiv-

alence:

FYl\aa(Ql(p)) >0 = Q(lzf(plcF) < Ql(p) — FYﬂaa(Qif(plCF)) > 0.

Equation (A.9) implies FI* (y) > F

Ve (Y 7'oe (y) in general, i.e., the conditional distribution

Yilac assumed in [, ; weakly stochastically dominates that assumed in Bm”. Further-
more, Fy'ir (y) > Fyt,.(y) iff mea > 0 and Fy;jaa(Q1(p)) > 0. The mean respects

stochastic dominance, so

Bri > BLY

in general, as well as

Bra > BEF, i maq >0 and  Fy,aq(Q1(p) > 0.

Now consider Bzd{, which is based on the CF restriction 2. It assumes that ac and aa

are at the bottom p$*': % fraction of the conditional distribution Y;|acUccUaa,

i.e.

1 B (y) ify< QCf ( CF)
adi cF L'Y;|acUccUaa Yy Yy 1 \P2
FY1|acUaa ( ) FY1|]acUaa (y) = P2 . (All)

1 it y> Q5 (p57)

In contrast, we have shown that (7 ; assumes

1 .
WFYl\acUccUaa (y) - ﬂ—aa FY1|aa (y) if y < Ql (p)
FY1|aC( ) FY1|ac( ): P )

1 if y > Q1 (p)

which implies 87,1 assumes, for Fy,|acuaa (¥),

Taa

Yy
FYl\acUaa ( ) Fglh\acUaa (y) = - jcﬂ Fglhhlc (y) + Mo+ T FY1|aa ( )
ac aa ac aa
ﬁ%FY1|acUccUaa (y) if y < Ql (p)

(A.12)
1_%(1_Fyl\aa(y)) ify>Q (p)
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Putting together Equations (A.11) and (A.12) and noticing Qf/ (pQCF ) > Q (p) yield

! dh
F}a}jacUaa (y) - FY1|acUaa(y)

0, y < Qilp),
ac + Tee )

= % (FY1|acUcc(y) - p) >0, Ql(p) <y< Qlf (ng) ) (Al?))
ﬁ (1 - FYl\aa(y)) s y > Qif (ng) )

where the middle branch uses (A.6).
To show Qf (pQCF) > Q (p), plugging into Equation (A.10) p{¥ = p§F — — Taa

TactTeetTaa

and rearranging yields

Tr(l(l

Py, jacuecuaa(@1 (p)) = p§" — ———*——
1\acUccUaa( ( )) 2 Tae + Tee + Taa

(1= Fy,10a(Q1 (p)))
<p§"
= Py, jacuccuaa (@5 (057)).
‘ff (ng ) > Q1 (p) follows, since Fy,|acuccuaa(-) is strictly increasing. Under the main-
tained regularity, Equation (A.6) implies Fy,,.(Q7 0§7)) <1 <= Q7 (§T) > Qi(p) =
Fyi1aa(Q1(p)) < 1.

Equation (A.13) implies Fd" (y) < F{ﬁfj (y) in general, i.e., the conditional

Yi|acUaa lacUaa

distribution Yi|ac U aa assumed in (1, ; weakly stochastically dominates that assumed in

zd{ Furthermore, Fd* (y) < Flt (y) iff Toe > 0 and Fy,10a(Q1 (p)) < 1. The

YilacUaa lacUaa

mean respects stochastic dominance, so in general

g+ E[Yilaa] > B [Y|DSZ = 1,Y < Qf (v5")] (A.14)

Tac + Maa Tac + Taa

where the left-hand side is E [Yi]|ac U aa] assuming Fy,|qeuaa (y) = Fi2 (y), while the

lacUaa

right-hand side is F [Yi]|ac U aa] assuming Fy, |qcuaa () = o (y).

Y1 |acUaa

Rearranging Equation (A.14), we have, in general,

7Taa Tr(L(L

Bu1 > (1 n ) B[vDSZ =1 < Q5 (5§7)] - "2 B [Yi[aa

ac ac

__. padj
=-PL1

and further,

Bra > BZ% iff 7o >0 and Fy,|aq(Q1(p)) < 1.
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The above shows (I) 311 > 871" in general and (11 > S iff mae > 0 and Fy,j4q (Q1 (p)) >
0 and (II) B, > Bzfl{ in general and £, > B}i‘f{ iff e > 0 and Fy,jaa(@1 (p)) < 1. To-

gether, they imply

Br1 > Bgf = max{ﬂﬁ’f, 526? in general,

and

ﬂL,l > /816,157 iff 7Tee >0 and 0< FYl\aa(Ql (p)) <1

The intuition is as follows. By construction, 3, ; is the sharp worst-case lower bound
for EY; | ac] given the identified complier mixture Fy,4cue and the fact that ac makes
up the fraction p of that mixture. The worst case is attained by placing all ac individuals
below all cc individuals in Y] | ac U cc.

Viewed inside the larger mixture Y; | ac U cc U aa, this configuration implies only that

the ac mass must be contained in the bottom

7TCC

1- =pS*

fraction of the distribution. Its exact location within that region is otherwise unrestricted.
The CF basic bound corresponds to the most unfavorable placement within this class,
namely the one in which ac occupies exactly the bottom

pCF - Tac
1
7Tac + ﬂ-CC + 7Taa

mix

fraction. In that limiting case, 811 = B7". Any less adverse placement shifts some
ac mass upward within the bottom pS* fraction, which raises E[Y; | ac] and hence Sy, 1,

mix

while leaving 571" unchanged. Therefore,

Bri = 52”111

For ﬁj—i‘f{, CF Restriction 2 requires that ac and aa together occupy the bottom p§*
fraction of Y] | ac U cc U aa, and then uses the identified mean E[Y] | aa] to back out
a lower bound on E[Y; | ac]. Under our sharp worst-case configuration, ac still lies
entirely below cc, whereas aa may be located anywhere in the mixture. If all aa mass
also lies in the bottom pS* fraction, then (8, = 52‘?{ . If some aa mass is shifted to

higher quantiles, the lower bound implied by CF Restriction 2 becomes smaller, while
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Br,1 remains unchanged. Hence,

i
Bra > BrT.

Combining the two comparisons yields

CF i dj
Bri > BL,l = maX{ﬁ’L”ﬁm,ﬁZ,{ :

The upper-bound comparison follows by the same argument applied to the upper tails.
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B. Supplementary Material for Section 3

B.1. Moment representations with covariates

Under Assumption 3.1, the conditional versions of Lemma 2.1 imply,

)\1(.%‘) = P(Sl =1,D;, > D0|X = l‘) = E[W(Z, X) DS|X = x], (Bl)
Xo(z) := P(So = 1,D; > Do|X = z) = E[W(Z,X) (D — 1)S|X = 1], (B.2)
and, for any y,
Fl (y|$> = FYﬂSlZl,D1>D0,X:x (y) = E[W(g’[é)(lzjs)()]ggi 3}2;( - x} 5 (Bg)
Fa(ylr) = Figjsy, 500 x-a(0) = S0 D P e IS

where the inverse probability weight W (Z, X)::e&) — 1:5() with e(x):=P(Z = 1|X =
x). The conditional quantiles Qg(u, ), d = 0,1, used in (3.9)-(3.12) are defined as the
generalized inverses of these CDFs.

Using these identities and the same arguments as in Section 2.1, one can verify the

numerator moment function for 8. For x € X', it is

B} (1) Mac (2) = BF (&) P (So = 1, D1 > Do|X =)

=E[5Y1-1{M1 <Q1(p(z),2)} - 1{D1 > Do} |X =]

— E[SoYo-1{D; > Do} |X = a

— E[W (Z,X)(DSY - 1{Y < Q1 (p(x) )} + (1 - D) SY) |X = 1]
where the first equality follows from Assumption 3.2, the second from the definition
of B (z) and the law of iterated expectations, and the last equality follows from the
conditional version of Lemma 2.1, applied with g(y) = y1{y < Q1(p(x),z)} for the
treated term and with D replaced by (D — 1) for the untreated term.

Similarly for z € X~ the numerator moment function is

Br (@) Tae (x) = L (2) P(S1 =1,D1 > Do|X =x)
=E[W (Z,X)(DSY +(1—-D)SY -1{Y > Qo (1 —1/p(x),z)})|X = z].
Analogously, one can derive the numerator moment function for ;. For z € X', it is
B (@) Mae () = B (2) P (So =1, D1 > Do|X = z)
=E[SY-1{M1 2Q:1(1-p(x),2)} 1{D1 > Do} |X = 7]
— E[SoYy - 1{D; > Do} |X = 1]

= E[W(Z,X)(DSY -1{Y > Q1 (1 —p(z),2)} + (1 — D) SY)|X = 1].
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Similarly, for x € X7, it is

By () Tae (x) = By (x) P (S1=1,D1 > Do| X = x)

=E[W(Z,X)(DSY + (1 -D)SY - 1{Y < Qo (1/p(z),2)}) |X = a].
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C. Supplementary Material for Section 4

C.1. Derivation of Influence Functions
C.1.1. Unconditional Case with Strong Sample Selection Monotonicity
Basic Decomposition

Under strong sample selection monotonicity and no covariates for both bounds we can

decompose!®

B = BB, + Bo,

where

BB =— [rYB1 — To¥B.0),
0)

(my—m
1

Po = —m[ﬂl — o),

where we denote shorthand

m, = E[(1 - D)S|Z = 2],
r, = E[DS|Z = z],
u. = E(1 - D)SY|Z = 2],
VL. = EYL(Y <Qi(p)|DS =1,Z = z],
Yo = EVL(Y > Qu(1— p))|DS = 1,7 = 2],
Now consider a parametric submodel indexed by ¢ € (0, 1]. From the definition and the

product rule it follows that

—[my — mO]aﬂB,l,t - = 51 t:0¢3,1 ~ 50t t:O¢B,o
2 (& 0 (e +8 [ ]
r{— —ro— —[mis—m
15 ¥B.1 - 05, VB0t - B.1g M 0,t -
and
0 0 0
—[my — mO]ﬁ/BO,t o a[/ﬂ,t — po.t] . + /80&[m1,t — Mo, .

We omit denoting the evaluation of the derivative at ¢ = 0 in what follows whenever it

does not cause confusion.

16Note that By here is used different from Section 2.1, i.e., it is the sign-adjusted control mean (+ instead
of — in the definition of Sg). This is for notational simpilcity only.
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Quantile Auxiliary Results

Differentiating the result of Lemma 2.1 for g(Y) = 1(Y < y) with respect to y yields

density function

r1f1(y) — rofo(y)

Iyi1$1=1,0:5D0 (V) = — ,

where f.(y) = fy|ps=1,2=:(y). Using the definition of the quantile as well as Leibniz’

rule for differentiation then yields

Q1(p)
p= / fyi18,=1,0,>D, (¥)dy

= —[my — mg] = p[r1 — o]

Q1(p) Q1(p)
=r / fily)dy — To/ fo(y)dy

0 0 0
= *a[mu —moy) = arl,tFl(Ql(p)) - &TO,tFo(Ql(p))

FIA(@ )~ oo @u )] 2 Q1a(re)
Qilp) g Qi) 9
+71 / afl,t(y)dy - 7’0/ afo,t(y)dy

= I A(@uD) ~ o fo(@up)] 2@ (pe)

0

= _E[m” —mo,t] — [;ﬁ,tﬂ(@l(?)) - ;TO,tFO(Ql(p))}

Qi(p) g Qi(p)
[ Gty = [T Sy

Equivalently

p= / Ivi181=1,D1> D0 (¥)dy
Q1(1—p)

:>—m1—m0]=p[r1—ro]

=T / f1(y)dy — 7"0/ fo(y)dy
Q1(1—p) Q1(1—-p)

= —%[mm —mo,] = %ﬁ,t[l - F1(Q:1(1—p))] - %royt[l — Fo(Q1(1—p))]

= [ f1(@1(1 = p)) —rofo(Q1(1 —P))]%Ql,t(l —Pt)

9 9
+m/‘ —ﬁﬂw@—m/‘ 2 fouly)dy
Qi(1—p) Ot Qi(1—p) Ot

= —[rifi(Qi(p)) — TOfO(Ql(p))}%Ql,t(l —Dt)

o,
ot

0 0
- Tl/ = f1, (y)dy—ro/ ~ for(y)dy| -
l Qr1p) 087 Qr1-p) 087"

mie — Mot — [gtﬁ,t[l - F1(Q1(1-p))] - %To,t[l — Fo(Q:1(1 = p))]
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Trimmed Mean Auxiliary Result

Applying Leibniz’ rule to the trimmed means yields

b 9 [Quilpe)
Gree= g [ ulu)dy
) Qilp) 9
— QL) Q)+ [ g fdwdy

0 0
— Yy = — . d
at’l/JU, Jt a1 /Ql’t(lpt)yf ,t(y) Y

=-Q:1(1—p)f.(Q:(1 —p))%Qu(l — i) +/

0
Y= [ (y)dy,
Q1(1—p) ot

which implies that
0 0 0
r1 EIDL,l,t - TO%Z[}L,OJ = Q1(p)[r1 f1(Q1(p)) — TOfO(Ql(p))]an,t(pt)
Q1(p) ) )
[ | n ) = g o) d

7"1%1%,1,1: - Tong,o,t =—Q1(1—p)rfi(@1(1—p)) —rofo(Q:1(1 —p))]%Qu(l —Dt)

0 0
+/ [7‘ = J1, — 1o Jo, ]d .
Ql(l_p)y 1atf1t(y) Oatht(y) Y

Scaled g Pathwise Derivative

Plugging in both auxiliary results thus yields

0 0 0
—[my — mO]&ﬁLJ,t = &'ﬁﬂﬂﬁL,l - &'%JﬂﬁL,O + 5L,1§[m1,t — Mo
0 0 0
- Qu) gyl = ol + S FQU) ~ g @i(p)

Q1(p) 9 9 Q1(p) 9 9
+/ [ﬁatfu(y) - Toatfo,t} dy) +/ Yy [Tlatfu(y) - Toafo,t dy,

as well as
0 0 0 0
—[my — mO]aﬂU,l,t = aﬁ,tl/JU,l - &TO,th,O + 5U,1a[ml,t — mo.¢]
0 0 0
-Q:i(1-p) (at[ml,t —mo ] + a"“l,t[l - F(Q:i(1—p))] - Ero,t[l — Fo(Q:1(1 —p))]

0 0 0 0
+/ [r, —r,}d>+/ [r, — ro—fo| dy.
S 18tf1 () Oatht Y Ql(l_p)y 18tf1 +(y) Oatht Yy
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Influence Function Primitive Components

In the following, we provide the influence function of the primitives via the pathwise
derivative of the parameter Sz (P) in a fully nonparametric model satisfying Assumptions
A.1-A.7 without covariates X. We use the previous derivations and standard influence

functions for all unrestricted conditional mean primitives, see, e.g., Kennedy (2024).

9 _ (Z =2)
at"'*t = Pz = 2)

(1=D)SY — p(z)),

= Ol — o, = W(Z)(1— D)SY — p(2),

and

o 1(Z=2)
ot = m((l — D)S —m(2)),
= O fmae — mo = W(Z)(1 - D)S —m(2))

0  (Z=2)
arm =Pz =2 (DS —r(z2)),

= %rl,t¢3,1 - %To,th,O = W(2)(DS —r(2))¢(2),

%Tl,tFl(Ql(p)) - %TO,tFO(Ql(p)) =W(Z)(DS —r(2))F(Q:1(p)]1, Z),

sl = Fi(@(1 = p))] = grroall = Fo(Qa(1 = )] = W(Z)(DS ~ r(Z))1 - F@u(1 - p)1, 2],

where Yp(Z) = ZYp1+(1—Z)Ypo and F(u|Z) = ZFi(u)+ (1 —Z)Fy(u). Now consider
the conditional probability f,(y) = f(y|DS = 1,Z = z). By standard arguments, its

influence function is given by

) B 1(Z = 2)DS
o= = pps 1z =Pz =2

Q1(p) . Q1(p)
= rz/ %fz,t(y)dy _UZ=2)DS (MY < Q1(p)) _/ fz(y)dy>

(LY =y) - f=(v))

P(Z=2z2)
_ 1(132(235)5 (1Y < Qi(p) — Fx(Q1(p))) -

Thus we have that

Q1(p)
[ gt = rog )| as = w205 (107 £ @uo) - Fri0)1, 2) )

and, by similar derivations,
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[ [n 2w o soat)| = WD (107 < o) - i),

The upper bound components are found analogously as

L Pt =g o] dy = Wiz (107 > a1 =) - - @1~ 11.2)

and

/Ql(l_p) Y |:7"1§tfl,t(y) - Togtfo,t(y)} dy =W(Z)DS (Y]l(Y > Q1(1—p)) — 1/JU(Z)).

Influence Function for Combined Rescaled 3, and 3,

Plugging in the previous result into the rescaled pathwise derivative of (, yields

s~ mol o B = W(Z)(1 ~ D)SY — u(Z)) + BoW (2)((1 ~ D)S — m(2)).
For the lower bound we obtain
s — mol 2 B = W(Z)(DS — r(2))én(Z) + BraW(Z)((1 — D)S —m(2))
~ QUPIW(2)|(1 - D)S —m(2)) + (DS — 1(2) F(Q ()1, 2)

+ DS(L(Y < Qi(p)) — F(Q1(p)I1, 2)))

+W(Z)DS(YL(Y < Q:1(p)) — ¥r(2)),

while for the upper bound we have

[~ mal 556 = W(Z)(DS ~ r(Z))u(2) + fuaW (Z)(1 ~ D)S ~m(2))
— Qi1 = P)W(2)| (1= D)S —m(2) + (DS — H(Z)[1 - F(Qi(1 ~ p)[1.2)
+DS(Y > Qa1 — )~ [1 = F@i(1 -~ p)L2)])

+W(Z)DS(YLY > Q:1(1 —p)) — v (2)).
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C.1.2. Conditional Case with Strong Sample Selection Monotonicity

We now add covariates to the problem. Recall that, for any bound (g, by definition,

| Be(z 7rac )dP(m)
fﬂ'ac

IR TY2RY /BB 1 7Tac dP /50 7Tac dP )
ERO
_ N1+ No

7Tac

Bp =

For simplicity and without loss of generality, we now treat X as taking values in a
countable set. In general, the tangent space of the model is the closure of the linear
span of scores that are constant on finitely many measurable subsets of the support of X.
Coarsening X by such a finite partition produces a discrete analogue X%*¢ for which the
calculation below applies verbatim. As the partition becomes finer, the functional S%¢(P)
converge to Sp(P), and the corresponding pathwise derivatives converge as well, with
Assumptions A.3—-A.5 ensuring the passing limits through the derivative. Since scores
are dense in the tangent space and the derivative operator is continuous, the influence
functions obtained under the discrete-X approximation will also be valid for general X.
In particular, we consider point-mass perturbations in the direction O = (Y'S, S, D, Z, X)
using submodels of the form dP, = (1 —t)dFP, + t d,, where Py € P denotes the true law
and P the nonparametric model. By standard results for conditional means (e.g., Bickel
et al. (1993), Ch. 3), these perturbations span the tangent space. For any functional
parameter, IF is then influence function operator that maps from the functional to its

Riesz representer under the point mass perturbation submodel. We obtain

IF(Bp) =

]HF(NBJ) + ]HF(N()) - BBHIF(TI'GC) .

ac

To derive the components first note the following auxiliary results

IF(7ac(x)) = —IF(m(1,z) — m(0,x))
(Z=2%2X=nx2)
P(Z =z X =x)P(X =x)

= IF (ma0(z))P(X = 2) = —1(X = 2)W(Z, X)((1 — D)S — m(Z, X)),

IF(m(z,z)) = ((1—=D)S —m(z,z))

where W(z,z) = z/P(Z =1|X =x)— (1—2)/(1 — P(Z = 1|X = z)). The applicability
of the operator to the conditional case follows from dominated convergence. Now note

that
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IF (7q.) = IFF (Z Tae()P(X = x)>

=Y TF(mae(2))P(X = ) + Tae(X) = Tae
=— {W(Z, X)((1 = D)S —m(Z, X))+ [m(1,X) — m(0, X)]| — Tac-

Next note that, for any B and j = 0, 1, we obtain decomposition

(Z Bp,j(x)Tac(x)P(X = m))

*ZIHF ﬂB] 77'(1(' +ZﬂBg H]F 77(10 +ZﬂB] ﬂ-a(‘ (X:z)iN]
and equivalently for Sy = Bpo. Now note that, as m,.(z) = —[m(1,z) — m(0,z)], we
have that

Tac(T)IF (Bp1(x))P(X =2) =1(X =2) x | — [m(1,2) —m(0,2)] x “IF of 8p1 conditional on z”|.

For example

Tac()IF (B (z))P(X = x)

= L1(X =2) | W(Z,X)((1 = D)SY — u(Z, X)) + Bo(X)W(Z, X)((1 — D)S — m(Z, X))
and analogously for 35 ;. Now also note that

BB, (@)IF (mac(2)) P(X = 2) = —1(X = 2)Bp ;(X)W(Z, X)((1 - D)S — m(Z, X)).

Lastly, by definition, we can write

=[m(1,2) = m(0,)]Bo(x) = u(1,z) — p(0, z),
—[m(1,z) —m(0,2)]8p1(z) = ¥p(1,z)r(l,z) —¢¥p(0,z)r(0, z).
Thus, combining expressions yields
IF(No) = W(Z, X)((1 = D)SY — pu(Z, X)) + fo(X)W(Z, X)((1 — D)S — m(Z, X))
— Bo(X)W(Z, X)((1 = D)S —m(Z, X)) — fo(X)(m(L, X) —m(0, X)) — No
=WI(Z, X)(1 = D)SY — u(Z, X)) + [u(1, X) — (0, X)] = No

and
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IF(Np1) =W(Z,X)(DS —r(Z,X)Yr(Z,X)
= Qup(X), X)W (Z.X)| (1~ D)S = m(Z, X))
+ (DS = (2, X)) F(@: (pX), X)|1, 2, X)
+ DS(UY £ Qu(p(X), X)) = F(@i(p(X), X)|1,Z, X))
FW(Z X)DSIYLY < Qu(p(X), X)) — 1(Z, X)]
910 X)r(1, X) = 910, X)r(0, X) = Ny,
as well as
IF(Ny1) =W(Z,X)(DS —r(Z,X)Yu(Z,X)
— QU1 = p(X), )W (Z,X)| (1 - D)S = m(Z, X))
+ (DS = 1(Z,X)[1 = F(@i(1 = p(X), X)|1,Z, X))
£ DSAUY > Qu(1 = p(X), X)) = [L = F(Qi(1 - p(X), X)[1, 2, X))
FW(ZX)DSIYL(Y > @u(1 = p(X), X)) ~ (2, X)

+ Yy (1, X)r(1,X) — 4y (0, X)r(0,X) — Ny,

or simplified
IF(NL,1) = =Q1(p(X), X)W(Z, X) |((1 = D)S —m(Z, X))
+ (DS = r(Z, X))F(Qi(p(X), X)1, Z, X)
+ DS(LY < Q1(p(X), X)) = F(Q:1(p(X), X)|1, Z, X))
+W(Z, X)[DSYL(Y < Qi(p(X), X)) —r(Z, X)r(Z, X)]
+ (1, X)r(1,X) — (0, X)r(0,X) — Np1,
IF(Nu,1) = =@Qi(1 = p(X), X)W(Z, X) | ((1 = D)S —m(Z, X))
+ (DS —r(Z2, X)L = F(Q:(1 —p(X), X)[1, Z, X)]
+ DS(LY > Q1(1 = p(X), X)) = [1 = F(Q:(1 = p(X), X)|L, Z, X)])
+WI(Z, X)[DSYLY > Q1(1 - p(X), X)) — v (Z, X)r(Z, X))
+ ¢y (L, X)r(1,X) — ¢y (0, X)r(0,X) — Ny,
C.1.3. Conditional Case with Weak Sample Selection Monotonicity

Recall, that by linearity, we have that the influence function of the bounds can be

decomposed as influence functions of the following main elements

~ [IEN) + IF(NG) + IF(NG ) + IF(N ) — B5IE (rec)|

7rac

IF(Bp) =
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Next note that by Assumption A.5, we have that all the components are pathwise
differentiable with the classification error vanishing under the integral (Heiler et al., 2024).

Using the analogous derivations as for the positive monotonicity case, we obtain

IF (74e) = —17 [W(Z, X)((1 — D)S —m(Z, X)) +m(1, X) —m(0, X)]
+ 17 [W(Z,X)(DS —7(Z,X)) +7(1,X) — (0, X)] — Tac

and as before, up to a multiplier 17-based modification,

IF(N]) + N = 1F(IF(No) + No),

IF (N ) + Ny = 15 (IF(Np,1) + Np),
and fully new components

IF(Ny ) =1~ {W(Z, X)(DSY — v(Z, X))+ v(1,X) — v(0,X)} — Ny,
-y_1-1_ b o,
IF(N; ) =1 { Qo= 5y W (2.X) [(DS (Z, X))

+((1=D)S —m(Z,X)) <1 _ F(Qo(1 — Zﬁ,){)m, z, X)>

+(1-D)S (]1(5/ > Qo(1 - X)) = {1 — F(Qo(1 ~ p(lX)x)O’Z’X)D ]

1
p(X)
W(Z,X) (1= D)SYUY 2 Qull - s X)) = 05 (2. X)m(2. )

+ ¢ (1, 2)m(1,z) — ¢ (0,2)m(0, ac)} - Np 1,
b
p(X)’
(1~ D)S - m(7,X)) <F(Qo(

IF(N;,) = 11{ — Qo(—~, X)W (Z, X) [(DS — (2, X))
1
p(X)

L (1-D)s (w < Qul X))~ FlQuf

,X>|o,z,X>)
1

p(X)
1

#(2,5) (1= DISYLEY < Qs X)) — 05 (2. 0m(2,))

g (La)m(l ) - wUm,x)m(o,x)} - Np

20.2.5)) |

C.2. Bounding the Machine Learning Bias Remainder
C.2.1. Preliminaries, Structure of Influence Functions and Remainder

For the following, at any , let Fy(-|z) denote the true mixture CDF and F}(-|x)
its estimator. For the proof, we denote shorthand Q;(z) = Qi(p(z),z) and Q(z) =
Q(ﬁ(:v), x) obtained by inversion the mixture CDF. In particular, they are given by the

generalized left-continuous inverses at the threshold p(z) and p(z) respectively.
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Qi(z) =inf{y e R: Fi(ylr) > p(x)}, Qi(x) =inf{y e R: Fi(y|z) > p(x)}.

We use the local neighborhood N, := [Q1(z) — &, Q1(x) + &]. For generic 7, let

U(77) == E[IF (85, 17)]
denote the population moment of the rescaled /stabilized efficient influence function, and
let 1 denote the true nuisance vector. The Neyman orthogonality of the EIF implies that
for every admissible direction h,

DU(h) = Tim L) =) g

t—0 t [(%II]F(ﬁB, n)[h]} =0.

For directions hq, ho in the nuisance space define second directional derivative

D2Ul](hy, h) = lim 221 F el () = DV} (hn)

t—0 t ’

whenever the limit exists. Under (A.3), (A.4), (A.5), and (A.6), D*U[n] exists in a
neighborhood of 7. For Anp = 7 — n, define the path n, = n +tAn, t € [0,1]. A

second-order expansion with integral remainder yields

W(n + An) — () = / (1~ #) DUl (A, An) dt,

since DWU[n] = 0. The second-order term is

R, (Bp) :=¥(h) — ¥(n).
The cross-fitted stabilized estimating equation uses the EIF

IF(N,") + IF(Ng ) + IF(Nf ;) + IF(Np ;) — Bp IF (Tac)

Hw) = Bl (V)]

We now denote shorthand in what follows IF 85 = IF(8p, n) and IF(35) = IF(8p, /) be-
ing the EIF with estimated nuisances. By construction, our EIF are Neyman-orthogonal,

first-order nuisance errors cancel and we have second order bias remainder

R,(8p) = E[IF(8p)] — E[IF(Bp)].

By definition of the EIF, this can be decomposed as

R.(BB) = Rn(Ngr) + Ry (Ny ) + Rn(Ng,l) + Rn(N];l) — B Ry (mac),
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We now bound all these components. Let O = (SY,Y, S, D, Z, X) denote the data. Using
the explicit form of the EIF, note that each term of D?*WU[n,](An, An) can be written as

a finite sum of expressions of the following form:

(A) E[U(O)Aa(O) Ab(0O)],
(B) E[U(0) Aa(0){G(Q(X) + AQ(X)) — G(Q(X))}],
(C) E[U:(0)A(0)],

where

« U;(0) € L? are square integrable or bounded, components of the EIF (e.g., W(Z, X)[DS—
r(Z, X)), W(Z,X)[(1 = D)S —m(Z, X)] and similar).

o Aa, Ab are primitive nuisance errors (one of Ap, Av, Am, Ar, Ae, AF, AG, AGy).
« G € {G,Gy} are the trimmed expectations.

e () is a true trimming or quantile boundary, and AQ) is the associated boundary

error.

o Ae(O) are of the classification error type arising from the lack of knowledge of
the positive or negative monotonicity direction, i.e., proportional to 1(Ao(z) <

A (z)) — T(Ao(x) < Ai(z)) or with reversed sign.

By Cauchy—Schwarz and the local Lipschitz property of G' near the boundary guaran-
teed by Assumption A.3 and A.4, we will show that

|E[U Aa Ab]| < [[Ut|2 [|Aall2 [[Ablsc,
and
|ElU: Aa{G(Q1 + AQ1) — G(QU)}| < [Uell2 |Aallz Le | AQ1 |-
Moreover, in the following we present a quantile bound

[AQ[lco S IAF oo + [[Am]lco + [[AT] oo,

and analogously for the “minus” quantile. Therefore every ||AQ1 || can be bounded by
a combination of the primitive nuisance errors. Overall, we show that the total remainder
is bounded via mixed L? and (localized) L> norms of the primitive nuisance components,

and classification error, i.e., of the shape
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|Ra(B5)] = 1¥(0) = Y| S D Cij [ Amilly, | An;llp; + Res + o0p(n~"?),
(4.3)

where C}; are finite constants only depending on the joint distribution of observables
and Ras S (J|Am||e + ||A7]|oo)* ™! is a margin-dependent classification remainder.

C.2.2. Remainder Decomposition

By the stabilized score and orthogonality,

Rn(ﬂB) = Rn(N(T) =+ Rn(NO_) =+ Rn(NgJ) + Rn(N];l) — BB Rn(ﬂ'(w)v

where each block remainder is the quadratic (or classification) part arising from plugging

7) into their respective influence function IF(-). Concretely:

e R,(N§): products of errors for p, v and e plus classification errors from using

estimated 1%,

e R,(Ng,): uses ¥p(z,x), Q1, Fi, m,r, e plus classification errors from using esti-

mated 1.

e R,(Ng,): uses ¢p(z,7), Qo, Fo, m,7, e plus classification errors from using esti-

mated 1.

e R, (ma): quadratic in errors for m,r plus classification errors from using estimated

1*.
We now provide detailed bounds in terms of the nuisance estimation errors. For any
derived nuisances, we reduce them to their primitives as given in Table 4.1.
C.2.3. Bahadur Expansion and Quantile Deviation Bound
Key ldentity for the True CDF

By Assumption A.4, for any y € N,

R0l - R@@] = | [ fena] 2 fuly - @) (©1)
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Triangle Inequality and Monotonicity

By definition of quantiles, Fy(Q:(x)|z) = p(x) and Fy(Q:(x)|z) = p(x). Hence

F1(Q1(2)]z) — Fy(Q1(x)|e) = [FL(Qu(2)|z) — F1(Q1(2)2)] + [p(z) - p(x)]

Taking absolute values and using the local sup-norm on N,

[F1(Q1(2)|2) = F1(Qu(2)]2)] < sup |Fu(ylz) = Fu(yle)| + [p(x) = p(2)]- (C.2)

Inversion
Applying (C.1) with y = @1(33) and combining with (C.2) yields

Fin |Q1(2) = Qu(@)| < SUP.|F1(y|fC)—F1(y|$)| + [p(x) = p(a)].

yEN;
Thus,
Q1(z) — Qi(2)| < ! (Sup |Fi(yle) — Fu(yle)| + |ﬁ($)—p(l‘)|) (C.3)
o fmin yeN, ' .

Neighborhood Localization

Now if

sup |ﬁ'1(y|z) — Fi(ylo)| + 1p(z) — p(a)] =0
YyEN,

uniformly in z, then for large n bound (C.3) implies \Ql(as) — Q1 (z)| < & with probability
— 1,50 P(Q1(x) € N) = 1 and (C.3) is valid.

Uniform Bound over z

Recall the uniform local norm [[AF || := sup,, sup,e ., |y (y|x) — Fy(y|a)|. If

p(x) —p(@)] S (1Am]e + [A7]l),

then taking sup, in (C.3) yields

1AQ1 e S

— (1AF oo + (1Al + | Aril)). (C.4)

Note that no differentiability of £} is required but only monotonicity of F; and the

structural lower bound fy;, for F} near @1(x). Applying the same argument to the

66



negative equivalents with Fy, o, yields

1

AQ S
H OHOC fmin

(IAFloon + [[Amloc + A7) - (C.5)

as the norms are also uniform over the conditional arguments z, d.

C.2.4. Trimmed Expectations Bound

We now show the bound for the trimmed expectations for the positive monotonic-
ity part of the lower bound case and then for the negative part. The upper bound
follows analogously. We suppress the irrelevant components to ease notation of the
trimmed expectation ¥ (z,2) = Gr(Q1(p(X), X)|1,z,2) = GL(Q1(x)|x) and its esti-
mator ¢y (z,z) = GL(Ql(p(B(),X)|1, z,2) = G(Q(z)|x). Decompose

AYp(z,7) = GL(Q1(x)|z) — GL(Q1(x)|v)

= [GL(@(@)]2) = GL(Qi(@)[2)] + [GL(Q1(2)|z) - G (@i (2)]2)] - (C.6)
(I) (In

Term ([) is a pointwise error which can be bounded by the local worst-case

(D] <supsup — sup  [Gr(ylz) — Gr(yle)| = |AG]|oon-
2o ly-Qi(m)l<e

For (II), adding and subtracting (1 at the true threshold and applying the triangle
inequality plus Assumption A.4 yields:

((ID)] < |GL(Qu(2)]2) — GL(Qu(@)|2)] +|GL(Q1 () x) — GL(Qi(x)]2)]
< JAG oo + La Q1 (2) — Qu(2)- (C.7)

Combining (C.6)—(C.7) and taking the supremum over (z,z) then yields

[AYLllee < 2[[AG]co v + La [[AQ1 [|oo- (C.8)

By the same argument with Gy in place of G, we also obtain

1A%y llee < 2|AGY [loon + La [[AQ1 oo (C.9)

For the negative monotonicity side, we equivalently can derive
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[AYL [loo < 2|AGL|loon + L [ AQ0][ oo
[AYy [leo < 2|AGY (oo + L [[AQ0]lso,

(C.10)
(C.11)

as all the norms are also supremum over d. Thus, using the quantile deviation bounds

(C.4)—(C.5) inside (C.8)—(C.11) yields full control of A solely in terms of primitives
AF,AG, and Am, Ar (through Ap), together with structural constants fi,, and Lg.

C.2.5. Margin-partition Remainder for 7,

We now control the second type of component that arises from boundary displacemen-

t /classification error in the density. The identical term arises in the classification error in

1# that enters N° and Nfgt,l. Define the contrast of the arguments and its estimator as

F({ﬂ) = )\()(.’E) — )\1(1’), F(.’E) = )\(](ZC) — )\1(!17)

Let the uniform estimation error be
e := ||AD|| s = sup |[(z) — T(x)].
The true and estimated positive regions are then given by

Xt i={z:Dx) <0}, XF:={z:T(z) <0}

Also denote their complements as X ¢ and Xte respectively. The symmetric difference

between the sets is then
Xtext= (X+ N 22*0) u (X*C N 22*).
We now show that

Xt oxt C{z:|T(z) <e}.

Case 1: Let z € Xt N X", Then I'(z) < 0 and ['(z) > 0. Hence

A A

0<T(z) =D(x)+ (D(z) = [(z)) = —T(z) < D(z) — [(x).

Since I'(z) < 0, we have |I'(z)| = —I'(z), and therefore

D(2)] < [P(2) ~ ()] < ATl = <.
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Case 2: Let z € Xt*N X+, Then I'(z) > 0 and ['(z) < 0. Hence

0> D) = D(a) + (P(e) - D)) = D(x) < () - (2) = D) - D(a)].

Since I'(x) > 0, we have |I'(z)| = I'(x), and therefore

()| < |f(2) -~ T(@)] < ATl = <.

Therefore we obtain that the symmetric difference set is subset of a small epsilon set

for the population difference

Xtaoxt C {z: M) = M(2)| <€}

and thus, by margin assumption A.5

P(.)?—i_ @X+) < CMe”.
Overall, since each misclassification multiplies an L* integrand error O(e), this yields
overall classification remainder

Kk+1
Ras < (1Amllsc + Ar]ec)™ (C.12)

C.2.6. Bounding EIF Block Remainders and R, (f5)

We now obtain the remainders for all objects of type (A), (B) and (C). R, (N ), R.(Ny)
contain no quantiles and are of classical “augmented IPW” (AIPW) form interacted with
different mean functions p and v respectively and a classification indicator. Thus, their

second order remainder is bounded by

[Ra(NGI+1Ra(Ng )| < [[Aullz [Acllz + [[Av|2[|Aelz + Res.

For the positive side mixture component error R,(Nz ) we have a product form with

nuisances ¥ = Gp(Q1), Q1, F,m,r, e and classification indicator. Thus, we obtain that

[Rn(NE )

S ([|Aellz + [|Am]lz + [[Ar]]2) x {IIAellz +[[Amlls +[|Ar][2 + [[AG] oo n + [|AF ||oo.n + IIAQlloo}

S ([|Aellz + [|Am]lz + [[Ar]]2) x [IIAEIIM + [[Am|loo + [|Ar|loo + [[AG]|oo x + |AF|<>o,N}
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as ||all2 < |]al|e as well as the upper bound for ||AQ1]|w from (C.4). Now note that the
same bound applies to |R,(Ng;)|. Moreover, for the always-selected complier density we

have the mixture probability nuisances as well as classification in the remainder:

|Ru(mac)l < (lAm]|3 + [|AT]3) + Ras.

The rate for Ry, is given in (C.12). Combining this with the primitive rates for the
remaining elements as well as the result from Section B.4 and the fact that Sg is finite,

then yields total bound the remainder

|Ra(B)| S [Aullz | Aell + AVl [Aellz + ([|Am]|oo + [|AT]]00) ™

+ ([Aellz + [|Amll + [|Ar]l2) x | [|Aelloo + [[Am][oo + [[AT]oo + [[AG][conr + [[AF oo |

(C.13)

with B arbitrary.

C.3. Proof of Theorem 4.1

We now denote E,[X] = 1 Y7 X; and G,[X] = = ¥(X; — E[X;]). Recall that the

T n n

bounds are estimated via

Ny + Ny +N§,1 +N}§,1
B:

A b
Tac

where all estimators are obtained by solving their respective influence functions at the em-
pirical solution with cross-fitted nuisances. Thus Ny is defined by solving E,[IF (N, )] =
0 and equivalently for the remaining parameters. Thus, using standard Slutzky argu-
ments, we obtain the following linearization
Vils ~ ) = GullE @) (1+.0( s B IFQ] - EIFW] ) )
Ne{NS ,N; N N7}
Further decomposing the leading term yields
Gl (B5)] = Gu[lF (B5)] + (Gu[lF(B5)] — Gu[IF(85)))
+ VnE[IF (8p) — IF(p)].
As nuisances are cross-fitted, the empirical process is o0,(1) as long as the nuisances

are consistent as implied by Assumption A.7. The big O(-) remainder will be O,(n~1/2)
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as their y/n-analogues are already O,(1) as implied by the results in Appendix B. Thus,

overall, we obtain that

Vi(Bp — Bp) = Gu[IF(Bp)] + 0p(1) % N (0, E[IF(85)?)).

Here E[IF(S5)?] is the semiparametric efficiency bound for Sz as we have explicitly
used the Riesz representer of the pathwise derivative under the nonparametric model and
regularity conditions, see Bickel et al. (1993) or Kennedy (2024). Moreover, since the
leading expression of each bound is asymptotically linear, we also obtain joint convergence

of \/n(B — ) by Assumption A.2 and the Cramer-Wold device.

C.4. Proof of Proposition 4.1

We now show the equivalence to existing results under additional restrictions. We
focus on the lower bound under strong sample selection monotonicity, but the analogous
derivations apply to the weak sample selection monotonicity case and the upper bound as
well via simple sign/partition adjustment as in Section C.1.3. Statements about equality
of random variables are almost surely. Note that, in this case we denote Nj = Np and

have N = 0.

C.4.1. (i) Z = D: Lee Bounds
Denote s(d,z) = P(S=1|D =d,X = x) and

Bralz,u) =EY|S=1,D=d,X =2,Y <Q1(u,z)],

Boalz,u) =EY|S=1,D=d,X =z,Y > Q1(u,z)],

which yields

B1,a(x,1) = fo,a(x,0) = E[Y|S=1,D=d,X = z].

When Z = D (perfect compliance), the nuisances simplify as follows
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P(Z=1X)=P(D =1X) =e(z),
0 fZ=D=0
r(z,x) = E[DS|Z =2, X =x] = )
s(l,z) fZ=D=1
s(0,z) fZ=D=0
m(z,2) =E[S|Z=2 X =2]—-E[DS|Z=2X=x]= )
0 itZ=D=1
0 fZ=D=1
w(z,2) =E[YQ1—-D)S|Z=2,X =z] = ,
EY|S=1,D=0,X =2]s(0,2) ifZ=D=0
F(yld,z,z) =P(Y <y|lD=d,S=1,Z=2,X =x)
0 if Z 4D

PY<yDS=1,X=2) ifZ=D

These yield the following simplifications

Fy,18,=1,0:>Do,x (y]x) =

= Fy[1,1,2)
=P <ylDS=1,Z=1,x)

=: F(y|1,z),
(m(1, X) —m(0, X))
(T(LX) - T(07 X))
_ 5(0, )

s(1,2)’

p(z) = —

d 1-d
PD=1X=2) 1-PD=1X=a)

W(z,z)=W(d,x) =
Lastly, for the trimmed mean we have

Vr(z,7) = EYL(Y < Qi1(p(X),X))|DS =1,Z = 2z, X = a]
0 if Z=D=0
E[Y]Y <@Qi(p(X),X),DS=1,X =2]P(Y <Q:(p(X),X)|DS=1,X =2) ifZ=D=1
0 if Z=D=0

By(a,pla)pz) HZ=D=1

We now look at the three components of the influence functions for 5. First, we start

with m,.. Noting that Z = D we have that
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HIF(T‘-ac) + Tac = — [W(Z’ X)((l - D)S - m(Z’X)) + m(17X) - m(O,X)]

- [(6(12)() - 11_6(12)()> (1= D)S = m(D, X)) +m(1,X) - m(0,X)
= (1(1—_6’(1))())) (S - S(Oa 'r)) + 8(071')7

as m(1,z) = 0 and thus Dm(D, X)) = 0. This is exactly the denominator in Heiler et al.
(2024), Table 6.1. We now consider the numerator given by Ny + Np.

Now for the Ny component we exploit that p(1,z) = 0 and thus Du(D, X) = 0. This
yields

IF(No) + No = W(Z, X)((1 = D)SY — pu(Z, X)) + u(1, X) — u(0, X)

D 1-D
B <6(X) 1 e(X)) (1 =D)SY — (D, X)) + p(1, X) = (0, X)

-~ [a =y o0 (- )|

{ (1-D)
(1—e(X))

SY — s(0,2)Bo.0(z,0) <1 - (1(1__65())))] .

Now for N; we first denote the following auxiliary results:

(NL.i)
W(Z, X)(DS — r(Z, X))bp(Z, X) = e(%w (1, X)) Br (X, p(X)p(X).
(NL.ii)
W(Z X)DS(Y1(Y < Q1 (p(X), X)) — (. X))
= D5 vy < w0, x)) - 25 5, (. p())p(X).
o(X) = : e(x)
(NL.iii)

Y1, X)r(1, X) = (0, X)r(0, X) = ¢ (1, X)r(1, X)
= Au(X, p(X))p(X)s(1, X)

= A1(X, p(X))s(0, X).

(N1.iv) Note that as when D = Z = 1 we have Fi(y|l,z) = P(Y <y|DS =1,7Z =

1,z) =: F(y|1,z) and same for the corresponding quantiles. Thus
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—Qu(p(X), X)W (Z.X) [<<1 ~D)S— m(=z X))

+ (DS = r(Z, X)) F(Qi(p(X), X)[Z2, X) + DS(L(Y < Qi(p(X), X)) = F(Qi(p(X), X)|Z, X))

=~ Qup),X) (= |38 = 50,30 + 255 (8~ 51 XD (@ 6(6). X011, %)
+ (10 < Q). X) = A(@ (), X)11.X)))
DS

= —Q:1(p(X), X) ( (1Y < Qi (p(X), X) —p<X>>>

e(X)

# Q0. 3) ({555 = s0.X) — B (5 s X)) )

Summing up (N1.7) to (N1l.iv) and adding the results of Ny then yields

IF(Ny) + Ny + IF(Ng) + No = :Z)?)Yl{y < Ql(p(X),X)} B gl_—el()))(,?y
DS

- le(p(X)yX) [{Y < @Qu(p(X), X)} — p(X)]

QUL X) | T (8 = 5(0,X)) = p(0) 2 (5 - s(1, )

00 0 (1 ) - (1 52

which is exactly the corresponding component of the influence function proposed in

Heiler et al. (2024), Table 6.1., see also Semenova (2025), Section 6.6.

C.4.2. (i) S =1: LATE

If S =1, we have the following nuisance simplifications:
r(z,2) = E[DS|Z = 2,X = 2] = EID|Z = =, X = 1],
m(z,2) = E[(1 = D)S|Z = 2, X =a] = E[(1 - D)|Z = 2, X = 1.
Thus we have that r(z,x) = 1 —m(z, x) and thus —(m(1,xz) —m(0,z)) = r(1,z) —r(0, x)
which implies that p(x) = 1. Moreover, we have that F(y|d, z,z) = P(Y <y|D=1,Z =
z, X = x) (without S).

Auxiliary Result: CDFs at );(1,X) We now show that when the trimming threshold
p = 1, the conditional cdfs must also be equal to one. We omit = for simplicity. In
particular, F'(y|z) is a continuous CDF with lim, , o, F(y|z) = 0 and lim,_, ;. F(y|z) =

1. Define generic
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r1 F(y[1) — 7o F(y|0)
T —To

b, = inf{y: F(ylz) =1}, Fi(y) = ; Q1 = inf{y: Fi(y) =1}

Then for y < max(by,b1), one has Fi(y) < 1 and hence ; > max(by,b;1). Conversely,
for y > max(bg,b1), F(y|0) = F(y|1) = 1 implies Fi(y) = 1 and thus @1 < max(bg, by).
Therefore@); = max(bg, by). Lastly, since Q)1 > b, continuity gives F'(Q1]z) =1 for z =

0, 1. In the original notation this means that almost surely

F(@1(p(X), X)|Z, X) = 1.

We now move the components of the influence function. First regarding m,. we obtain

the following simplification

IF (70e) + Tae = — [W(Z, X)((1 — D) — m(Z, X)) + m(1, X) — m(0, X)]

= W(Z,X)(D —r(Z X)) +r(1,X) — (0, X)

Z 1-2)

=——(D—-7r(1,X)) — W(D —r(0,X))+r(1,X) — (0, X),

P(Z = 1|X)

which is exactly the classic uncentered AIPW EIF of the share of compliers. Now for

Ny, we obtain

while for N; we first note that

(1 =D)S =m(Z, X)) + (DS —r(Z, X)) F(Q:(p(X), X)|Z, X)
+DS(AY < Qi(p(X), X)) = F(Q:(p(X), X)|Z, X))
=((1=D)—m(Z X))+ (D -r(2,X)+0
=1-m(Z,X)-r(Z,X)

=0.
Thus we have that

]HF(Nl) +N1 = W(ZvX)(D _T(ZaX))'I/JL(ZvX) +W(ZvX)D[Y _wL(Z,X)]
+ L1, X)r(1, X) — 410, X)r(0, X)

= W(Z7X)[DY - ’(Z)L(Za X)’/‘(Z,X)] + wL(LX)T(le) - wL(O7X)T(O7X)
Now note that, by definition
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V(z,2)r(z,2) + u(z,z) = E[Y|D=1,Z =2, X =x|E|D|Z =2, X|+ E[Y(1-D)|Z =2, X = 1]
—EYD|Z=2X=a]+E[Y(1-D)|Z=zX =1]

=FEY|Z=2X=2].

Thus, for the total numerator we obtain

IF(Ny) + Ny + IF(No) + No
=W(Z, X)[DY —¢r(Z, X)r(Z, X)| + (1, X)r(1, X) — (0, X)r(0, X)

+W(ZvX)[(1 - D)Y _M(Z’X)] +N(17X) - M(07X>

:quxnﬂ+meXVOJ3+MLXﬂ(L‘p@jipg>

= [#£.(0, X)r(0, X) + p(0, X)] (1 - 1_1(31(25)”)())
=W(Z X)Y + E[Y|Z =1,X] (1 - P(Zi”X)) - BlY[|Z =0, X] (1 - 1_1(31(;?”;())

A 1-2)

T P(Z=1|X) (Y- EY|Z=1.X]) -7 —P(Z =1X)

(Y — E[Y|Z =0, X))

which is exactly the EIF for the numerator/reduced form component of the LATE.
Combining results with the denominator yield the well-known EIF for the LATE (Frolich,
2007; Chernozhukov et al., 2018; Heiler, 2022).

C.4.3. (i) Z=D,5 =1: ATE

In this case we have all the S = 1 simplifications as well as Z = D and thus ZD = D,
(1-Z2)D =0, and

r(0,2) =m(l,z) =0,
r(l,z) =m(0,z) = 1.
This yields

D (1- D)
N i v =Ty e 5 g

=1

IF(7ge) = (D—-7r(0,X))+r(1,X)—r(0,X)

and
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IF(Ny) + Ny + IF(Np) + No
B D B (1-D)
~ P(D=1|X) (Y= BY|D=1,X]) - 1—P(D=1|X)

(Y — E[Y|D =0, X])

which is the usual efficient AIPW influence function for the ATE (Hahn, 1998).

D. Monte Carlo Simulations

D.1. Design

In this section we report a simple Monte Carlo design to assess coverage and power
properties of the suggested confidence intervals in Section 4.3 in finite samples. The
true DGP and its parameterization are in Equation (D.1) and Table D.1. It is a single
index treatment response model with normal errors and an additional single index sample
selection step similar to the designs in Heckman and Vytlacil (2005), Heiler (2022) and
Bartalotti et al. (2023):

Z ~ Binom(p,)

€1 0 1 0 0  pi1s
X1,...,Xy ~ Unif(0,1) €0 N 0 702 0 1 pog O
Vi =y (1, X) + &1 Ua 0 0 pa 1 O

D.1

Us 0 P1s 0 0 1 ( )

Yo =¢o
D, =1(Ua < pa(z, 7))

Sq = ]].(Ug < ﬂs(dv I))

Table D.1: Monte Carlo: Design Parameters

Parameter/Function Value
Dz 0.5
J 25
o? 1
P1s 0.9999
Pod 0.5
oy (1, 2) f2/7.205 + 1(zg > 0.5) + 1(z7 > 0.5)
wa(z, ) fz/7.205 — 1+ 22
ws(d, x) fz—0.5+2d
fﬂc Z?:l Ty — 2.5

Let ¢(-) and ®(-) denote the standard normal density and cumulative distribution

function respectively. The design implies that the conditional SLATE is given

7



HSLATE(x) = E[Yl — Y0|SQ = 1,D1 > Do,X = x}

om0 | ($alla)  bla0.2))
= b 0) =P g0, 2)) T PO (g (L, 1) — B(a(0,2)))

Moreover, the conditional share of always-selected compliers is

ﬂac(I) = P(SO = 1,D1 > D0|X = ’I)

= @(ps(0,2))(@(na(1, ) — D(pa(0, z))).

Osrare can then be obtained as

J B(z)mac(2)dP(x)
[ Tac(x)dP(z)

Ospare = (D.2)

For the Monte Carlo Simulations, our estimation follows the algorithm in Section 4.3.
We estimate all nuisances with generalized random forests with default parameters, in-
cluding the functional parameters which are estimated on a large grid. Strong sample
selection monotonicity is not imposed, i.e., there is risk of missclassification of the re-
sponse types. Before inversion of the conditional CDFs, we use isotonic regression for
post-processing. The design is relatively sparse in the underlying nuisances such that
convergence requirements as in Section 4.4 are credible. For evaluation, we report the
average number of times where Ogr 47 is not contained in the confidence interval as a
function of deviation from the true null with and without cross-fitting. At zero, this
naturally corresponds to the size of the associated test.

Figure D.1 contains the power curves for both n = 2000 and n = 5000. Given the
design, this corresponds to an effective sample size of approximately 600 and 1500 always-
selected compliers respectively. Cross-fitting seems to be required to have the minimal
rejection area close to the true null. The confidence intervals have conservative coverage
at and close to the null. This is expected as the effect is not at the boundary of the
identified set in line with, e.g., Stoye (2020) or Heiler (2024). For larger deviations power
quickly increases. Overall, results suggest that the theory in Section 4.4 approximates

the finite sample distribution well.

78



Figure D.1: Monte Carlo Study: Power Curves

Method Cross-fitted == Regular Method Cross-fitted == Regular

0.25 0.25

0.00 0.00

0.0 05 1.0 0.0 05 1.0
Deviation from Null Deviation from Null

Power curves as a function of deviation from the null for Sharp-DML bounds using
cross-fitting according to Algorithm 1. Regular is equivalent but without cross-fitting.
n = 2000 and n = 5000 observations and M = 200 replications.

E. Empirical Study Il: Oregon Health Insurance

Experiment

E.1. Data and Methods

In this section, we study the effects of Medicaid coverage on healthcare utilization in
the Oregon Health Insurance Experiment (OHIE), following Finkelstein et al. (2012).
In 2008, Oregon expanded Medicaid for low-income uninsured adults through a lottery
because available funding was insufficient to cover all eligible applicants. Individuals
selected by lottery obtained the opportunity to apply for coverage for themselves and
household members, but actual enrollment required submitting paperwork and verifying
eligibility, so take-up was incomplete.

We use the publicly available OHIE survey data analyzed by Finkelstein et al. (2012).
The survey covers individuals from both lottery-selected and non-selected households and
includes demographic information collected at sign-up. Our treatment is ever enrolling in
Medicaid during the study period, while the instrument is the lottery-based assignment.
We consider three outcomes: the number of outpatient visits, the number of prescription

drugs, and log annual total medical expenditure. For outpatient visits and prescription
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drugs, outcomes are only observed for individuals with positive utilization, while for log
expenditure the outcome is non-missing only when expenditure is positive. We addition-
ally use pre-randomization covariates including gender, age, race and ethnicity, education,
survey-wave fixed effects, and household-size fixed effects. The list of covariates along
with sample summary statistics are provided in Table F.2.

The data are well suited to our framework. Lottery selection provides a credible source
of exogenous assignment, while exclusion is plausible since effects on utilization should
operate through actual Medicaid coverage rather than lottery selection itself. As in the
JC application, noncompliance is substantial because only a minority of lottery winners
ultimately enrolled, so assignment and treatment differ materially. Depending on the
outcome, analysis samples range from 16,868 to 22,064 observations after restricting to
units with non-missing treatment, instrument, outcome, and covariates.

We evaluate always-selected complier effects 0y arp for all three outcomes using (i)
Chen and Flores (2015) bounds and (ii) sharp-basic bounds - both assuming strong sample
selection monotonicity - as well as (iii) sharp DML bounds with covariates under weak
sample selection monotonicity. Implementation of (i) follows Chen and Flores (2015). (ii)
uses simple sample analogues of (2.19) and (2.20). (iii) is obtained via the procedure in

Section 4.3, with the same implementation details as in the JC application.

E.2. Results: Bounds and Shares

Table E.1 reports results for outpatient visits, prescription drugs, and annual total ex-
penditure. Across outcomes, the share of always-selected compliers is relatively small but
non-negligible, ranging from about 15% to 21%. Sharp-DML is again the preferred speci-
fication because the data do not support strong sample selection monotonicity uniformly
across outcomes. The estimated share of positive sample selection under Sharp-DML is
0.957 for outpatient visits, but only 0.626 for prescription drugs and 0.638 for expendi-
ture, indicating that allowing the direction of sample selection to vary with covariates is
empirically important, especially for the latter two outcomes.

First, we focus on the comparison between CF and Sharp-basic under strong sam-
ple selection monotonicity. The sharp bounds are substantially shorter than CF across
all outcomes, with reductions in identified-set length of about 31.1% for outpatient vis-

its, 50.4% for prescription drugs, and 69.4% for total expenditure. The corresponding
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Table E.1: Bounds for the Effect of Health Insurance on Healthcare Utilization

CF Sharp-basic Sharp-DML
Outpatient visits (N = 22,064)
Bounds [~1.447, 1.520]  [-1.129, 0.915]  [—0.821, 1.597]
Standard Errors — (0.247, 0.333) (0.299, 0.374)
95% CI [-1.879, 2.157] [—1.533, 1.460] [—1.311, 2.211]

Share of positive sample selection ¢
Share of ac ?

Prescription drugs (N = 17,223)

1 (assumed)
0.147 (0.007)

0.957 (0.004)
0.145 (0.007)

Bounds [—0.832, 0.125] [-0.535, —0.060] [—0.295, 0.113]
Standard Errors — (0.289, 0.244) (0.257, 0.113)
95% CI [~1.565, 0.574]  [-1.010, 0.340]  [~0.717, 0.518]

Share of positive sample selection ¢
Share of ac ®

Annual total expenditure (N = 16,868)

1 (assumed)
0.186 (0.008)

0.626 (0.005)
0.185 (0.008)

Bounds [-0.079, 0.186] [-0.019, 0.062]  [—0.058, 0.244]
Standard Errors — (0.114, 0.105) (0.104, 0.102)
95% CI [—0.302, 0.386] [—0.206, 0.234]  [—0.228, 0.410]

Share of positive sample selection ¢
Share of ac ?

1 (assumed)
0.213 (0.008)

0.638 (0.005)
0.211 (0.008)

Notes: Outcomes are measured at 12 months after randomization. All calculations use design
weights. CF refers to the Chen and Flores (2015) bounds under strong sample selection
monotonicity without covariates using half-median-unbiased estimates with 95% confidence
intervals following Chernozhukov et al. (2013). CF reports no standard errors as inference
relies on the CLR projection. Sharp-basic refers to the sharp bounds without covariates under
strong sample selection monotonicity. Sharp-DML refers to the sharp bounds estimated by
DML under weak sample selection monotonicity. Standard errors for the two bounds are in
parentheses as (S Elower;s S Eupper), and the 95% CI for Osparr = E[Y1 —Y) | ac] is calculated
using Stoye (2020).

@ Estimated share of positive sample selection = E[[*(X)], the fraction of observations in the
positive sample selection class (Sharp-DML only. CF and Sharp-basic assume this fraction
equals 1).

b Estimated share of always-selected compliers m ..
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confidence intervals are also shorter by roughly 25.8%, 36.9%, and 36.0%, respectively.
Moreover, for prescription drugs and total expenditure, the Sharp-basic point estimates
exclude large portions of the CF range, although their confidence intervals still include
Zero.

Second, estimates using Sharp-DML are broadly comparable to CF despite relying
only on weak sample selection monotonicity. In terms of identified-set length, Sharp-
DML reduces the width relative to CF by about 18.5% for outpatient visits and 57.4%
for prescription drugs, while for total expenditure the width is similar (slightly larger
by about 14%). For confidence intervals, Sharp-DML delivers shorter intervals across all
outcomes, with reductions of about 12.7% for outpatient visits, 42.3% for prescription
drugs, and 7.3% for total expenditure. Thus, despite the less restrictive assumptions,
Sharp-DML maintains or improves precision relative to CF, highlighting the relevance of
both sharpness and efficient use of covariates.

Substantively, however, the preferred Sharp-DML confidence intervals include zero for
all three outcomes. Hence, the data do not provide statistically precise evidence of in-
tensive margin effects of Medicaid on outpatient visits, prescription-drug use, or annual
medical expenditure for always-selected compliers. Taken together with Finkelstein et al.
(2012), this suggests that the positive utilization effects found in the original OHIE analy-
sis appear more consistent with a large role for extensive-margin responses, i.e., increased

probability of any use, over increases in utilization conditional on positive use.

E.3. Always-selected Complier Profiling

We now conduct the ac profiling analysis as discussed in Section 5. Tables E.2-E.4
compare baseline characteristics of always-selected compliers ac and the full sample across
the three utilization outcomes. A consistent pattern emerges. On average, for outpatient
visits and prescription drugs, ac are somewhat older (about 1.7 years), more likely to be
White, and substantially less likely to be Hispanic, while gender differences are small. Ed-
ucational attainment is broadly similar, with a slight shift toward some college among ac.
Differences in lottery timing indicate somewhat greater representation in earlier waves.
The most pronounced and robust difference across all outcomes concerns household com-
position: ac are about 10 percentage points more likely to live alone and correspondingly

less likely to be in two-person households. For log total expenditure, these differences are
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Table E.2: Oregon Health Insurance Experiment Baseline Covariates:
Compliers vs. Full Sample (Outcome: Outpatient Visits)

Always-Selected

Covariate ac Full sample Difference
Age (in yrs.) 45.47 (0.551)  43.76 (0.093) 1.711 (0.545)***
Female 0.630 (0.022)  0.600 (0.004) 0.030 (0.022)
White, non-Hispanic 0.866 (0.016)  0.827 (0.003) 0.039 (0.016)**
Black, non-Hispanic 0.025 (0.009) 0.033 (0.001) —0.008 (0.009)
Hispanic 0.063 (0.014)  0.114 (0.002) —0.051 (0.014)***
American Indian/Alaska Native 0.052 (0.012) 0.060 (0.002) —0.008 (0.011)
Asian 0.026 (0.007) 0.033 (0.001) —0.008 (0.006)
Other race/ethnicity 0.067 (0.013)  0.092 (0.002) ~0.026 (0.013)*
Education:

No high school diploma 0.148 (0.017) 0.162 (0.003) —0.013 (0.017)

High school diploma or GED 0.481 (0.023) 0.495 (0.004) —0.014 (0.023)

Some college or vocational 0.259 (0.020) 0.225 (0.003) 0.033 (0.019)*

Four-year college degree or higher 0.113 (0.014) 0.119 (0.003) —0.006 (0.014)
Wave of lottery draws:

1 0.148 (0.015)  0.115 (0.002) 0.034 (0.014)**

2 0.145 (0.015)  0.115 (0.002) 0.030 (0.015)**

3 0.076 (0.015)  0.114 (0.002) —0.039 (0.015)***

4 0.142 (0.015)  0.140 (0.003) 0.003 (0.015)

5 0.134 (0.016)  0.142 (0.003) ~0.008 (0.016)

6 0.202 (0.018)  0.204 (0.003) ~0.002 (0.018)

7 0.153 (0.017)  0.171 (0.003) ~0.018 (0.017)

Household members listed:
1
2
3+

0.799 (0.020)
0.200 (0.020)
0.002 (0.002)

0.693 (0.004)
0.305 (0.004)
0.003 (0.000)

0.106 (0.020)***
—0.105 (0.020)***
—0.001 (0.002)

Notes: N = 22,064. The table reports estimated means for the always-selected complier (ac) subpopu-
lation and for the full sample, along with their difference (ac minus full sample). Standard errors are in
parentheses. All estimates use 12-month survey design weights and are based on the weak-monotonicity
DML specification with GRF learners. Joint x? tests for the null that all differences within a category
are jointly zero: Race/ethnicity (p = 0.008); Education (p = 0.534); Wave of lottery draws (p = 0.035);
Household members listed (p < 0.001). * p < 0.1; ** p < 0.05; *** p < 0.01.
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Table E.3: Oregon Health Insurance Experiment Baseline Covariates: Always-Selected

Compliers vs. Full Sample (Outcome: Prescription Drugs)

Covariate ac Full sample Difference
Age (in yrs.) 45.47 (0.551)  43.76 (0.093) 1.711 (0.545)***
Female 0.630 (0.022)  0.600 (0.004) 0.030 (0.022)
White, non-Hispanic 0.866 (0.016)  0.827 (0.003) 0.039 (0.016)**
Black, non-Hispanic 0.025 (0.009) 0.033 (0.001) —0.008 (0.009)
Hispanic 0.063 (0.014)  0.114 (0.002) —0.051 (0.014)***
American Indian/Alaska Native 0.052 (0.012) 0.060 (0.002) —0.008 (0.011)
Asian 0.026 (0.007) 0.033 (0.001) —0.008 (0.006)
Other race/ethnicity 0.067 (0.013)  0.092 (0.002) ~0.026 (0.013)*
Education:

No high school diploma 0.148 (0.017) 0.162 (0.003) —0.013 (0.017)

High school diploma or GED 0.481 (0.023) 0.495 (0.004) —0.014 (0.023)

Some college or vocational 0.259 (0.020) 0.225 (0.003) 0.033 (0.019)*

Four-year college degree or higher 0.113 (0.014) 0.119 (0.003) —0.006 (0.014)
Wave of lottery draws:

1 0.148 (0.015)  0.115 (0.002) 0.034 (0.014)**

2 0.145 (0.015)  0.115 (0.002) 0.030 (0.015)**

3 0.076 (0.015)  0.114 (0.002) —0.039 (0.015)***

4 0.142 (0.015)  0.140 (0.003) 0.003 (0.015)

5 0.134 (0.016)  0.142 (0.003) ~0.008 (0.016)

6 0.202 (0.018)  0.204 (0.003) ~0.002 (0.018)

7 0.153 (0.017)  0.171 (0.003) ~0.018 (0.017)

Household members listed:
1
2
3+

0.799 (0.020)
0.200 (0.020)
0.002 (0.002)

0.693 (0.004)
0.305 (0.004)
0.003 (0.000)

0.106 (0.020)***
—0.105 (0.020)***
—0.001 (0.002)

Notes: N = 17,223. The table reports estimated means for the always-selected complier (ac) subpopu-
lation and for the full sample, along with their difference (ac minus full sample). Standard errors are in
parentheses. All estimates use 12-month survey design weights and are based on the weak-monotonicity
DML specification with GRF learners. Joint x? tests for the null that all differences within a category
are jointly zero: Race/ethnicity (p = 0.008); Education (p = 0.534); Wave of lottery draws (p = 0.035);
Household members listed (p = 0.000). * p < 0.1; ** p < 0.05; *** p < 0.01.
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Table E.4: Oregon Health Insurance Experiment Baseline Covariates: Always-Selected
Compliers vs. Full Sample (Outcome: Log Annual Total Expenditure)

Covariate ac Full sample Difference
Age (in yrs.) 44.06 (0.498) 43.72 (0.094) 0.337 (0.491)
Female 0.607 (0.020)  0.600 (0.004) 0.007 (0.020)
White, non-Hispanic 0.849 (0.016) 0.828 (0.003) 0.021 (0.015)
Black, non-Hispanic 0.028 (0.008) 0.033 (0.001) —0.005 (0.008)
Hispanic 0.082 (0.013) 0.113 (0.002) —0.032 (0.013)**
American Indian/Alaska Native 0.062 (0.011) 0.060 (0.002) 0.002 (0.010)
Asian 0.034 (0.006) 0.033 (0.001) 0.000 (0.006)
Other race/ethnicity 0.082 (0.012) 0.092 (0.002) —0.010 (0.012)
Education:

No high school diploma 0.155 (0.015) 0.161 (0.003 —0.006 (0.015

High school diploma or GED 0.472 (0.020) 0.495 (0.004 —0.022 (0.020

Some college or vocational
Four-year college degree or higher
Wave of lottery draws:

(0.015)
(0.020)
0.262 (0.017)
0.110 (0.013)

(0.003)
(0.004)
0.226 (0.003)
0.119 (0.003)

(0.015)
(0.020)
0.036 (0.017)**
—0.008 (0.012)

1 0.138 (0.013)  0.114 (0.002) 0.024 (0.012)*
2 0.148 (0.013)  0.114 (0.002) 0.034 (0.013)***
3 0.076 (0.014) 0.114 (0.002) —0.038 (0.014)***
4 0.138 (0.014)  0.141 (0.003) —0.002 (0.014)
5 0.127 (0.014)  0.142 (0.003) —0.014 (0.014)
6 0.203 (0.016)  0.205 (0.003) —0.002 (0.016)
7 0.169 (0.016)  0.170 (0.003) —0.002 (0.016)

Household members listed:
1
2
3+

0.794 (0.018)
0.206 (0.018)
0.000 (0.002)

0.692 (0.004)
0.305 (0.004)
0.003 (0.000)

0.102 (0.018)***
—0.099 (0.018)***
—0.002 (0.002)

Notes: N = 16,868. The table reports estimated means for the always-selected complier (ac) subpopu-
lation and for the full sample, along with their difference (ac minus full sample). Standard errors are in
parentheses. All estimates use 12-month survey design weights and are based on the weak-monotonicity
DML specification with GRF learners. Joint x? tests for the null that all differences within a category
are jointly zero: Race/ethnicity (p = 0.241); Education (p = 0.299); Wave of lottery draws (p = 0.019);
Household members listed (p < 0.001). * p < 0.1; ** p < 0.05; *** p < 0.01.
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attenuated—age and most demographics are very similar across groups—while household
structure and lottery-wave composition remain the main margins of divergence.

Taken together, these patterns indicate mild but systematic selection into the always-
selected complier group, primarily along age (for utilization outcomes) and living arrange-
ments. These characteristics are plausibly related to baseline healthcare use conditional
on positive utilization. For example, older individuals and single-person households may
have more stable or regular interaction with the healthcare system. At the same time,
the absence of strong differences in education and other covariates within an already low-
income and previously uninsured population suggests that selection is somewhat limited
in scope. Given the imprecision of the estimated intensive margin effects, these observable
differences do not point to a clear direction for extrapolating s 47g to the full sample.
If anything, they suggest modest heterogeneity in baseline utilization intensity, but not
a strong or systematic gradient that would allow one to infer whether intensive margin

responses should be larger or smaller outside the ac subpopulation.

F. Supplementary Material for JC and OHIE

F.1. Implementation Details

We summarize the implementation of the DML procedure used in both applications.
All nuisance functions are estimated using generalized random forests (Athey et al., 2019),
as implemented in the grf package in R. Propensity scores for the instrument and the
joint probabilities of treatment and selection status are estimated via probability forests,
while conditional mean outcomes are estimated via regression forests. The conditional
distribution function of the outcome, which is required for the trimming quantiles enter-
ing the bounds, is estimated by applying probability forests pointwise on a fine grid of
trimming values with step size 0.005, and the resulting estimates are post-processed by
isotonic regression to enforce monotonicity. For all forests, the minimum leaf size is set to
|n%% | and each forest comprises 1,000 trees. Under weak monotonicity, where covariate
adjustment is performed, nuisance estimates are obtained via K = 5-fold cross-fitting so
that the predicted nuisances for each observation are generated by a model trained on the
complementary folds, thereby avoiding overfitting bias in the moment conditions. Under

strong sample selection monotonicity, no covariates are included, so the nuisance param-
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eters reduce to simple unconditional averages over the whole sample and cross-fitting is

not required.

F.2. Balancing Tables for Original Assignment

F.2.1. Job Corps

Because the proposed bounds in Section 3 allow the direction of sample selection to
vary with predetermined covariates, we exploit the 27 baseline characteristics available
in the Chen and Flores (2015) data. The same set of covariates is used in Lee (2009),
and also explored partially in Semenova (2025). These covariates include gender, age
at application, months employed in the previous year, usual weekly hours and weekly
earnings at the most recent job, race and ethnicity indicators, indicators for children
and marital status, parents’ education, number of children, highest grade completed,
employment at random assignment and in the year before random assignment, lagged
earnings, household and personal income categories, and an indicator for whether the
person had ever been arrested. Following Schochet et al. (2008), we use design weights
throughout because some subpopulations were randomized into the program group with
differing, but known, probabilities for programmatic reasons. Table F.1 reports weighted
summary statistics for the groups Z = 0 and Z = 1 as well as their mean differences. The
covariates are broadly balanced, as expected under randomization: only age and father’s
education completed are marginally significant at the 10% level, and usual weekly hours

at the most recent job is significant at the 5% level.

F.2.2. Oregon Health Insurance Experiment

We use the publicly available survey data collected and analyzed by Finkelstein et al.
(2012). The survey was administered by mail in seven waves during July and August 2009
and includes 29,589 individuals from lottery-selected households and 28,816 individuals
from non-selected households. The data also contain pre-randomization demographic
information collected at the time of lottery sign-up. Covariates X include gender, age in
years, race and ethnicity indicators, education categories, survey-wave fixed effects and
household-size fixed effects. Table F.2 reports weighted summary statistics for the Z = 0

and Z = 1 groups, along with their mean differences, using survey weights. The analysis
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Table F.1: Baseline Covariates: Job Corps

Covariate Z=0 Z=1 Diff. (Std. Err.)
Female 0.458  0.454 —0.004 (0.011)
Age (in yrs.) at baseline 18.35 18.44 0.087 (0.046)*
Black, non-Hispanic 0.491  0.494 0.003 (0.011)
Hispanic 0.172  0.169 —0.003 (0.008)
Other race/ethnicity 0.074  0.072 —0.002 (0.006)
Married 0.023  0.020 —0.003 (0.003)
Living together 0.040  0.039 —0.002 (0.004)
Separated 0.021  0.024 0.003 (0.003)
Has Children 0.193 0.189 —0.004 (0.008)
Number of children 0.268  0.270 0.002 (0.014)
Education 10.11  10.12 0.013 (0.034)
Mother’s education 11.47  11.49 0.024 (0.051)
Father’s education 11.50  11.41 —0.089 (0.048)*
Ever arrested 0.249  0.248 —0.001 (0.009)
Household income:
[$3,000, $6, 000) 0.208  0.206 ~0.002 (0.007)
[$6, 000, $9, 000) 0.114 0.116 0.002 (0.006)
[$9, 000, $18,000) 0.245 0.245 0.001 (0.008)
> $18,000 0.181  0.179 —0.001 (0.007)
Personal income:
[$3,000, $6, 000) 0.131  0.128 ~0.003 (0.007)
[$6, 000, $9, 000) 0.046  0.053 0.006 (0.004)
> $9,000 0.034 0.032 —0.002 (0.004)
At baseline:
Has job 0.192  0.198 0.007 (0.009)
Months worked, previous year 3.530  3.603 0.074 (0.093)
Had a job, previous year 0.627  0.635 0.008 (0.010)
Earnings, previous year 2815 2909 94.07 (111.7)
Weekly hours, most recent job 20.91 21.83 0.922 (0.454)**
Weekly earnings, most recent job  102.9  111.1 8.183 (5.241)
N 3599 5491

Notes: The table reports sample means and mean differences. All statistics use design
weights. The p-value for the joint test that all covariate coefficients in a logit regression
of Z on the full set of covariates are zero is 0.549. * p < 0.1; ** p < 0.05; *** p < 0.01.



sample size varies by outcome and ranges from 16,868 to 22,064 because of outcome-

specific item nonresponse and restrictions to observations with nonmissing treatment,

instrument, outcome, and covariates.

Table F.2: Baseline Covariates: Oregon Health Insurance Experiment

Covariate Z=0 Z=1 Diff. (Std. Err.)
Age (in yrs.) 4257 42.69 0.087 (0.178)
Female 0.596 0.583 —0.012 (0.007)
White, non-Hispanic 0.827  0.815 —0.012 (0.006)**
Black, non-Hispanic 0.038  0.032 —0.005 (0.003)*
Hispanic 0.123  0.129 0.007 (0.005)
American Indian/Alaska Native 0.067  0.064 —0.003 (0.004)
Asian 0.026 0.030 0.003 (0.002)
Other race/ethnicity 0.103  0.108 0.005 (0.005)
Education:
No high school diploma 0.175  0.171 —0.005 (0.006)
High school diploma or GED 0.492  0.499 0.007 (0.007)
Some college or vocational 0.220  0.223 0.003 (0.006)
Four-year college degree or higher 0.113  0.107 —0.005 (0.005)
Wave of lottery draws:
1 0.082  0.146 0.064 (0.005)***
2 0.081  0.152 0.070 (0.005)***
3 0.074 0.153 0.078 (0.005)***
4 0.148 0.133 —0.015 (0.005)***
5 0.151 0.132 —0.018 (0.005)***
6 0.241 0.166 —0.075 (0.006)***
7 0.224  0.117 0105 (0.005)***
Household members listed:
1 0.744 0.659 —0.084 (0.007)***
2 0.255 0.336 0.080 (0.007)***
3+ 0.001 0.005 0.004 (0.001)***
N 11,203 11,107

Notes: The table reports sample means and mean differences. All statistics use 12-
month survey design weights. Wave of lottery draws refers to the wave number of the
lottery draw in which the household’s name(s) appeared on the waitlist. Randomization
was within each wave. Household members listed is the number of household members
entered on the lottery waitlist. The p-value for the joint test that the coeflicients on
Age, Female, Race/Ethnicity, and Education are jointly zero in a logit regression of Z
on these covariates, lottery-wave fixed effects, and household-size fixed effects is 0.575.

* p<0.1; " p< 0.05 *** p < 0.0L.
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