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Abstract

The standard regression discontinuity (RD) design deals with a binary treatment. Many
empirical applications of RD designs involve continuous treatments. This paper establishes
identification and robust bias-corrected inference for such RD designs. Causal identification
is achieved by utilizing any changes in the distribution of the continuous treatment at the RD
threshold (including the usual mean change as a special case). We discuss a double-robust
identification approach and propose an estimand that incorporates the standard fuzzy RD es-
timand as a special case. Applying the proposed approach, we estimate the impacts of bank
capital on bank failure in the pre-Great Depression era in the United States. Our RD design
takes advantage of the minimum capital requirements, which change discontinuously with

town size.
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Figure 1: Scatter plot (left) and the RD mean plot (right) of bank capital against town population
1 Introduction

RD designs have been widely used for causal analysis in many disciplines, including economics,
political science, education, epidemiology, public health, and medicine. The standard RD design
assumes a binary treatment. In practice, many empirical applications of RD designs involve con-
tinuous treatments, e.g., alcohol consumption around the minimum legal drinking age, air pollution
across neighboring geographical regions, or medical expenditure around the low birth weight cutoff
(Almond et al., 2010, Litschig and Morrison, 2010, Chen et al., 2013, Ebenstein, 2017, Giuntella
and Mazzonna, 2019, and Fan et al., 2020). In this paper we consider nonparametric identifica-
tion and inference for fuzzy RD designs with a continuous treatment, where the distribution of the
continuous treatment variable changes at the RD threshold.

Consider our empirical question for concreteness - are banks less likely to fail when they hold
more capital? To provide a credible estimate of the causal effect of bank capital on bank failure, one
needs some quasi-experimental variation in bank capital. As seen in Figure 1 (left), one potential
source of variation is the relationship between the minimum capital requirement and town size in
the early 20th century of the United States — as town size crosses a certain threshold, the minimum
capital requirement (marked by the solid line) jumps up and the bottom of the capital distribution
shifts up correspondingly. Given this relationship, one may be tempted to apply the standard RD
estimand, i.e., the RD local Wald ratio that associates a mean change in the outcome (bank failure)

with a mean change in the treatment (bank capital) at the RD threshold.



Hahn, Todd, and van der Klaauw (2001) show that under proper conditions, the RD local Wald
ratio with a binary treatment identifies a local average treatment effect (LATE) for compliers at
the RD threshold. In RD designs with a continuous treatment, empirical researchers typically
apply this RD local Wald ratio to estimate the causal effect of the continuous treatment. Causal
identification and inference rely solely on the mean shift of the continuous treatment variable. A
few issues arise with this practice. The first issue is interpretation — we show in Section 3.1 that the
LATE interpretation no longer holds with a continuous treatment. Intuitively, there are an infinite
number of potential outcomes, and compliers are not immediately defined.

The second issue is potential weak identification or identification failure, when there is little or
no mean change in the treatment variable. In our empirical scenario, the discontinuous relationship
between the minimum capital requirement (the policy instrument) and town size generates only a
weak first-stage discontinuity in the relationship between the average bank capital and town size.
Figure 1 (right) plots the mean capital against town size along with the 95% confidence intervals.
No significant changes are found in the mean capital at the threshold. The standard fuzzy RD
estimation does not directly apply.

The third issue is policy relevance. The average level of treatment may not always be the
appropriate measure to look at from a policy perspective. In practice, many polices target some
parts (e.g., top or bottom) of the treatment distribution or aim to change some features of the dis-
tribution (e.g., reducing the variance). The minimum capital requirement, the policy instrument
here, targets banks at the bottom of the capital distribution. Similarly, many other treatment guide-
lines or policies frequently target one or two tails of the treatment distribution. Examples include
the minimum or maximum recommended medication dosage, minimum wages, maximum welfare
benefits, government transfers that are capped at certain levels, and the pollution ceiling set by the
environmental protection agency. Focusing on the mean treatment may miss the true sources of
identification, i.e., where the true changes are in the treatment distribution.

In this paper, we show that causal identification can be achieved by utilizing any changes in the

distribution of the continuous treatment variable at the RD threshold. These include not only the



usual mean change, but also changes at various points of the treatment distribution. By focusing
on where the true exogenous changes are in the treatment distribution, we provide what are likely
to be the most policy relevant treatment effects.

We identify and provide inference for two types of causal effects. The first is the LATE at
a particular treatment quantile. We refer to this quantile specific LATE as Q-LATE. Q-LATE
captures treatment effect heterogeneity at different treatment intensities, which the standard RD
design fails to capture by solely focusing on the average treatment change in the first stage. For
example, Q-LATE can be useful if one is interested in examining diminishing returns to treatment.
The second is a weighted average of Q-LATEs averaging over the treatment distribution at the
RD threshold (WQ-LATE). Importantly, we discuss a double-robust approach and provide a WQ-
LATE estimand that incorporates the standard RD estimand, the RD local Wald ratio, as a special
case. When the standard RD estimand is valid, the proposed estimand reduces to the standard RD
estimand; when the standard RD estimand is not valid, the proposed estimand continues to be valid
under our alternative assumptions. In addition, we develop robust bias-correct inference and the
asymptotic mean squared error (AMSE) optimal bandwidths for estimating either effect.

Our empirical application demonstrates the usefulness of the proposed approach. The min-
imum capital requirement shifts up the bottom of the capital distribution, but leads to no mean
change in bank capital. We cannot apply the standard fuzzy RD estimation. However, taking ad-
vantage of lower quantile changes in the capital distribution, we are able to quantify the causal
impacts of increased capital on banks’ short-run responses and long-run failure rates particularly
among those banks targeted by the minimum capital policy.

Our paper adds to the growing literature of RD designs, which focuses on binary treatments.
See, Imbens and Lemieux (2008) for an early review of the RD literature. For more recent reviews,
see Cattaneo, Idrobo and Titiunik (2019) and Cattaneo, Idrobo and Titiunik (2020a and b). Note
that our model is different than the RD quantile treatment effect (RD QTE) model discussed by
Frandsen, Frolich, and Melly (2012). The RD QTE model still requires a binary treatment along

with a continuous outcome. In contrast, our model requires a continuous treatment with either a



discrete or continuous outcome. RD QTE captures treatment effect heterogeneity at different points
of the outcome distribution, while our Q-LATE parameter captures treatment effect heterogeneity
at different points of the treatment distribution. Caetano, Caetano, and Escanciano (2020) discuss
identification and estimation of RD designs with a multi-valued treatment variable. A continuous
treatment has been considered in the literature of regression kink (RK) designs (Card et al., 2015).
In RK designs, identification relies on treatment assignment as a kinked function of the running
variable.

Our paper is related to the non-separable instrumental variable (V) literature with continuous
endogenous covariates. Identification in this literature typically requires a scalar unobservable
(rank invariance) in either the first stage or the outcome equation or both (see, e.g., discussion in
Torgovitsky, 2015, and D’haultfoeuille and Février, 2015). In contrast, we allow for rank similarity
(instead of just rank invariance) in the first stage and unrestricted multidimensional unobservables
in the outcome equation.

The rest of the paper proceeds as follows. Section 2 discusses causal identification and the
parameters of interest. Section 3 proposes a causal estimand that incorporates the standard fuzzy
RD estimand as a special case. Section 4 describes estimation and specification testing. Section 5
provides robust bias-corrected inference and the AMSE optimal bandwidths for the Q-LATE and
WQ-LATE estimators. Section 6 presents the empirical analysis. Concluding remarks are provided
in Section 7. All proofs, alternative inference based on undersmoothing, details of estimating the
biases, variances and AMSE optimal bandwidths of the proposed estimators, as well as additional

empirical results are gathered in the Appendix.

2 ldentification

In this section, we discuss nonparametric identification of RD designs with a continuous treatment.
To fix the idea, ignore the running variable for now. Consider a continuous treatment T and a binary

“I\VV” Z. For an observation i, let T; = aj +bj Zj, where a; and b; are random coefficients. Typically



one would estimate a constant coefficient regression in the first stage of the linear IV model, where
the constant coefficient of the binary Z captures the exogenous change in the mean treatment. Here
we show that under proper conditions, the random coefficient b; captures exogenous changes in

the distribution of the treatment, which can be used for identification.

2.1 Basic setup

LetY € Y C R be the outcome of interest, and T € 7 C R be the treatment. Let R € R C R
be the continuous running variable that partly determines the treatment. AssumeY = G (T, R, &),
where ¢ € £ ¢ R% is allowed to be of arbitrary dimension. Further assume that T has a reduced-
form equation T = q(R, U) with a reduced-form disturbance U.

Define Z = 1 (R > rp) for some known threshold value rp, where 1(-) is an indicator function
equal to 1 if the expression in the parentheses is true and O otherwise. Given that Z is binary
and is a deterministic function of R, without loss of generality, one can write T = q1(R, U1)Z +
Qo(R,Up) (1 — Z), whereU, e U4; c R,z =0,1. Let T; = q;(R,U;), z = 0, 1 be the poten-
tial treatment when Z is exogenously set at z. One can then write T = T1Z + To(1 — Z) and
correspondingly U =U1Z + Ug (1 — 2).

In the following we establish identification of the conditional RD LATE given U = u, i.e.,
E [El((:;%mw =Uu,R= ro], where the potential outcome Y; = G (t, R, ¢), to (U) = qo(ro, U),
and t; (u) = qg1(ro, u). It will be shown that the potential treatment value change t;(u) — to(u)
captures the exogenous change in the u quantile of the continuous treatment under our identifying
assumptions. We refer to this conditional RD LATE given U = u as quantile specific LATE or
Q-LATE. We further discuss identification of some weighted average of Q-LATE averaging over
the distribution of U at R = rg, which we refer to as WQ-LATE.

Denote the conditional cumulative distribution function (CDF) as F.. (-, -), the conditional

probability density function (PDF) as f.,. (-, -) and the unconditional PDF as f. (-).

Assumption 1 (Quantile representation). g, (r,u), z = 0, 1, is strictly monotonic in u for any

r € R, where R is an arbitrarily small closed interval around ro. The conditional distribution of
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T, given R = r is continuous with a strictly increasing CDF Fr,r(t, ).

Assumption 1 imposes monotonicity on the unobserved heterogeneity in the first stage. Given
Assumption 1, one can normalize U; to be Fr,|r(Tz, R), so U; ~ Unif (0,1). Thatis, U, is the

conditional rank of T, given R, and qg,(r, u) is the conditional u quantile of T, given R =r.

Assumption 2 (Smoothness). g; (r,u), z = 0, 1, is continuous inr € R for any u € [0, 1]. Either
G (t,r, e) is continuous in all its arguments, or it is a.e. continuous and bounded. f;u,r (e, u,r)
is continuous inr € R foranyu € [0, 1] and e € £, where £ is compact. fg (r) is continuous and

strictly positive around rg.

Assumption 3 (Local treatment rank invariance or similarity). Conditional on R = rg, 1. Ug =

Us; or more generally, 2. Ugle ~ Uj|e.

Assumption 4 (First-stage). t1(u) # to(u) for at least some u € [0, 1].

Assumption 2 assumes that the running variable has only smooth effects on potential treatments
and that the treatment, running variable, and unobservables all impose smooth impacts on the
outcome. It further assumes that at a given rank of the potential treatment, the distribution of the
unobservables in the outcome model is smooth near the RD threshold. The last condition, the
running variable is continuous with a positive density around the RD threshold, is standard and is
typically required for RD designs (see, e.g., Hahn, Todd, and van der Klaauw, 2001).

Note that R, U, and ¢ are required to have compact support, which serves as a regularity condi-
tion. The continuity conditions in Assumption 2 along with compact support ensures interchange-
ability of limit and integral (expectation). It follows that E [G (0. (r,u),r, &) |U; =u,R =r] =
ng @z (r,u),r,¢e) fou,r (e,u,ryde, z = 0,1, is continuous in r, which is the key to causal
identification in our setup. Without compact support, other alternative regularity conditions need
to be imposed under which one can interchange limit and integral.

Assumption 3 imposes local treatment rank restrictions. That is, treatment rank invariance or
similarity is required to hold only at the RD cutoff. Assumption 3.1 requires units to stay at the

same rank of the potential treatment distribution right above or below the RD threshold.
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Assumption 3.2 assumes rank similarity, a weaker condition than Assumption 3.1. Without
conditioning on &, Up and U; given R = rg both follow a uniform distribution over the unit
interval, i.e., Up| (R = rg) ~ U;1| (R = rp) by construction. Local rank similarity permits random
“slippages” from the common rank level in the treatment distribution just above or just below the
RD cutoff. Rank similarity has been proposed to identify quantile treatment effects (QTES) in IV
models (Chernozhukov and Hansen, 2005). Unlike the IV QTE model, we impose the similarity
assumption on the ranks of potential treatments, instead of the ranks of potential outcomes. In our
empirical analysis, Assumption 3.2 requires that the probability for a bank to stay at the certain
rank of the capital distribution stays the same regardless of whether it is in a town with a population
just above or just below 3,000.

Assumption 4 requires that the distribution of treatment changes at R = rqo. This is strictly
weaker than the standard RD design first-stage assumption that requires a mean change in treat-
ment, i.e., E[T1|R =ro] # E[To|R = ro].

The above identifying assumptions have potentially testable implications. Under either 3.1 or
3.2, Ug| (e, R =r1p) ~ U1 (e, R =rp). By Bayes’ theorem, Ug| (¢, R =rg) ~ U1| (e, R =rp)
ifand only if ¢|] (Ug =u, R =rg) ~ ¢| (Up = u, R =rp). Let X be some observable component
of &, assuming such X exists. Then X|(Up =u, R =r9) ~ X| (U1 =u, R =rg). Further by
Assumption 2, Fxu,r (X, U, r),z =0, 1, is continuous at r = rg. One can then test the condition
Iimr_>r0+ Fxjur (X, U, r)—Iiero— Fxjur (X, u,r) = 0. Later in Section 4 we discuss a convenient

falsification test based on this testable implication.

2.2 ldentification results

Lemma 1 below presents some preliminary results to facilitate the discussion of causal parameters

and identification in our setup.

Lemma 1. Let Assumptions 1-3 hold. For any u € [0, 1],

LoAim - R (8, Qo(r, u), 1) = limp_, o fo7R (€, Qu(r, U), 1)

= limyy, four(e,u,r)fore eé.



2. 0im_, + BIYIU =u,R=r]=lim_, ~B[Y|U =u,R =r]

= [ (G (tz (u),ro,€) — G (to (u), ro, €)) Fyur (de, u, ro) .

Given U = u, T can take on two limiting values as R — rg, to (U) = qo(rp, u) and t; (u) =
g1 (ro, u). By Assumption 2, IierO— farr (€, qo(r,u),r) = fyrr (6,19 (U), rp) and
Iimr_>r0+ farr (e, qu(r,u),r) = fyrr(e,t1 (U),ro). Lemmal.lshows T L ¢|U,as R — ro,i.e.,
conditional on the treatment rank U, any potential changes in T as R — rg are independent of ¢.
Note that conditioning on U = u is implicit in the first equality of Lemma 1.1, since given R =,
T and U follow a one-to-one mapping by Assumption 1.

Lemma 1.1 can be seen as a local limiting version of the Imbens and Newey (2009) type of
identification condition. The local independence makes U a (local) control variable as defined
by Imbens and Newey (2009). The defining feature of any “control variable” is that conditional
on this variable (along with possibly other covariates), treatment is exogenous to the outcome of
interest.

Here the “IV” Z = 1 (R > rp) is binary and is a deterministic function of a possibly endoge-
nous covariate R. GivenU = u and R =r, T is deterministic, i.e., T = q1(r, u) forr > rq, and
T = qo(r,u) for r < rg. Causal identification with this control variable U is therefore local to
the RD cutoff, which is a generic feature of the RD design. In contrast, Imbens and Newey (2009)
focus on a continuous IV and aim to identify different causal objects than ours.

Lemma 1.2 provides identification of the reduced-form effect of the “IV” Z on Y, givenU = u.
It states that given U = u, the conditional mean change in the outcome at the RD threshold is

causally related to the treatment change from ty (u) to t; (u). By the potential outcome notation,

/(G (t1 (u),ro,€) — G (to (u), ro, €)) Four (de, u, ro) = E [Yy ) — Yeow)lU = U, R =ro].

It follows that lim,_, + B[Y|U =u,R=r] —=lim _ ~B[Y|U=u,R=r]=
E [Yuw) — YeowlU = U, R =ro]. Based on Lemma 1.2, we can define the causal parameters of

interest, Q-LATE and WQ-LATE.



Let = {u € [0, 1]: |ty (u) —to (u)| > 0}. For any u € U, define Q-LATE as

F:ur (de, u,rp) (1)

_ [G(ti(u),ro,e) —G (to(u),ro,€)
‘w = | NOETI0

Yo — Y
E [—‘1(“) W1y =y, R = ro] : )
ty (U) — 1o (U)

where G(tl(“)’trf(ﬁgjg((ﬁ")(“)’ro’e) is the (standardized) individual treatment effect.

G(tl(”)’trf(’jgjg((ﬁo)(“)’ro’e) is causal, because T switches from tq (u) to t; (u), while R and ¢ are

held fixed. Q-LATE then captures an average causal effect for individuals with treatment rank

U = u at the RD threshold. The denominator in equation (2) reflects the fact that T is not a binary
variable and that conditional on U = u and R = ro, there are two potential treatment values, tp (u)
and t; (u). Analogous to the Wald formula, Q-LATE 7 (u) is the ratio of the reduced-form effect
of ZonY tothatof Z on T given U = u. For example, if the true model for Y given U = u is
Y =bo)+bg(u)T +ba(u)R +¢,then z (u) = by (u) forany u e U.

Q-LATE captures how treatment effects vary with treatment intensities of to(u) and ty(u). For
example, in our empirical application, Q-LATE reveals how increased bank capital affects bank
outcomes at various levels of bank capital. In studying the returns to medical utilization around
the low birth weight cutoff as in Almond et al. (2010), Q-LATE can be used to determine whether
there are diminishing returns to medical spending. In exploring the effects of air pollution on life
expectancy or mortality as in Chen et al. (2013), Ebenstein et al. (2017), and Fan et al. (2020),
Q-LATE can be used to determine whether the effects of air pollution vary with pollution severity.

Further define the weighted average of Q-LATE, WQ-LATE, as

7 (w) E/ur(u)w(u)du,

where w (u) is a properly defined weighting function such that w (u) > 0 and fu w (u)du = 1.
When the function G (T, r, ¢) is continuously differentiable in its first argument, both parame-

ters can be expressed as weighted average derivatives of Y = G (T, r, &) with respect to T. In
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particular, following Lemma 5 of Angrist, Graddy, and Imbens (2000),

u) 5 1
T(u) = /(/to(u) aG (t,ro,e)dt) (Aq (u))™" Fgur (de, u, ro)

tr(u)
= E[(/to(u) %G(t,ro,s)dt) (Aq (u)~!

t(u) 0
- / E[—G (t, ro, )
to(u) ot

where Aq (u) = t1(u) — tp(u). Q-LATE 7 (u) is a weighted average derivative averaging over the

U:u,R:ro]

U=uR= ro] (Aq (u))~tdt,

change in T at a given quantile u at the RD threshold. It follows that WQ-LATE 7 (w) is also
a weighted average derivative, averaging over both changes in T at a given quantile u and over
U € U at the RD threshold.

Defineq*(u) = Iimr_”aL q(r,u)andgq=(u) = Iimr_>r0— q(r, u),whereq(r,u) = qo(r,u) (1 — 2)
+q1(r, u)Z is the conditional u quantile of T given R = r. These limits exist, as q(r, u) is right
and left continuous in r at r = rg given smoothness of q;(r, u) by Assumption 2. Let m(t,r) =
E[Y|T =t, R =r],and definem™(u) = Iimr_>r0+ m(g*T(u),r)andm=(u) = IierO- m(q~(u), r).

q*(u) and m*(u) can be consistently estimated from the data.

Theorem 1 (Identification). Under Assumptions 1-4, for any u € U, Q-LATE z (u) is identified

and is given by
~mt(u) —m~(u)
OB RON

Further, WQ-LATE 7 (w) = fu 7 (U) w (u) du is identified for any known or estimable weighting

7 (u) 3)

function w (u) such that w (u) > 0and J,, w (u)du = 1.

Note that in our setup, g*(u) = t; (u) and g~ (u) = to (u). In addition, U and T follow a one-
to-one mapping, so we conditionon T = g*(u) or T = g~ (u) instead of U = u in the numerator
of equation (3).

To aggregate Q-LATE, one simple weighting function is equal weighting, i.e., w (u) =1/ fu 1du.
One may choose other properly defined weighting functions. w (u) is required to be non-negative;

otherwise, when w (u) is allowed to be negative, some weights will be greater than 1 and 7 (w) will
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be some weighted difference of the average treatment effects among those who change treatment
levels at the RD threshold. The next section shows that the standard RD estimand can be expressed
as a WQ-LATE, using a particular weighting function. In the special case when treatment effect is
locally constant, the weighting function does not matter. With any valid weighting functions, one

can identify the same homogenous treatment effect.

Remark 1 (Quantile effects). In addition to Q-LATE and WQ-LATE, one may identify potential
outcome distributions and further local quantile treatment effects (LQTES) at each u € U{. In par-
ticular, under Assumptions 1-4, Fy, , juRr (¥, U, fo) = Iimr_”(.; E[1(Y <y)IT =q*u),R=r],
and Fy,,uR (¥, U, o) = lim_, - E[1(Y <y)IT =q~(u), R =r]. When these potential out-
come distributions are invertible, one can invert them to obtain LQTEs, F\Ell(mlUR (v,u,rg) —

FY_tll(u)|UR (v,U,rg), forv e (0,1)and u € Y.

Remark 2 (Covariates). Our basic setup assumes away other covariates other than the running
variable. Rank invariance or similarity may be more plausible when conditioning on relevant
covariates (see, e.g., discussion in Chernozhokov and Hansen, 2005). Let Assumptions 1 - 4 hold
conditional on covariates. Our identification results then hold conditional on covariates. One
caveat is that given some covariates X = x, Q-LATE at any treatment rank U (X) = u (X) is now
covariate specific. One may average the Q-LATE over U (x) to obtain the conditional WQ-LATE
given X = x. One may further average the conditional WQ-LATE over the distribution of X at

R=rg to obtain an unconditional WQ-LATE.

3 Double-robust identification

In this section, we discuss the standard RD estimand and show that it can be expressed as a WQ-
LATE, using a particular weighting function. We then discuss a double-robust identification ap-
proach and propose a causal estimand that incorporates the standard RD estimand as a special case.
See, e.g., Arkhangelsky and Imbens (2021) for a double-robust approach to causal effects in panel

data models.
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3.1 Standard RD estimand

Consider the standard RD estimand in the form of the standard local Wald ratio, and rewrite it as

follows

Iimr_>ro+]E[Y|R:r]—limr_>ro-]E[Y|R:r]
Iimr_>ro+E[T|R=r]—|imr_>r0—E[T|R=r]

RD

Jo (tm s BIYIU =u, R =r] = lim_, - BY|U = u, R =r]) du

fOl (Iirnl’—ﬂ’+ q (r= U) - Iimr%ro_ q (I’, U)) du
Aq (u)
- 4
/ ()quq(u)du (4)

where the first equality follows from T = q(R, U) and interchanging limit and integral, which

is allowed under our assumptions, and the second equality follows from Lemma 1.2 and the fact
that t;(u) = Iiero+q (r,u) and to(u) = Iimr_>r0— q (r,u). Therefore, under our assumptions,
the standard RD estimand identifies a weighted average of Q-LATES, using weights wRP (u) =
Aq (u)/ [, Aq (u)du.

To ensure wRP (u) > 0 over U, it is necessary that Aq(u) > 0 or Aq(u) < 0 for all
u e U. Otherwise, when Aq (u) can switch signs, = R® would be undefined if the denom-
inator fu Aq (u)du = 0, and zRP would be a weighted difference of the average treatment

effects for units with positive treatment changes and those with negative treatment changes if

J,; Ag (u)du # 0.
Assumption 3b (Monotonicity). Pr(Ty — To > 0]R =rg) = 1or Pr(Ty — Tp < O|R =rp) = 1.

Assumption 3b requires that treatment T is weakly increasing or weakly decreasing almost
surely when crossing the RD threshold. Assumption 3b implies that Aq (U) > 0or Aq(U) <0
holds almost surely.

Unlike Assumption 3, which imposes rank restrictions, Assumption 3b imposes a sign restric-
tion on the treatment changes at the RD threshold. Angrist, Graddy, and Imbens (2000) make a

similar assumption in identifying a general simultaneous equations system with binary IVs.
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When Assumption 3 local treatment rank invariance or similarity does not hold, Q-LATE in-
volved in equation (4) does not have a causal interpretation. However, the RD estimand can still
identify a causal parameter under Assumption 3b monotonicity. We formally state this result in the

following Lemma 2.

Lemma 2. Let Assumptions 1, 2, 3b, and 4 hold. Then z RP identifies a weighted average effect of

TonY atR =ry.

The exact form of the weighted average effect is provided in the proof of Lemma 2 in the
Appendix. We show that in this case, the standard RD estimand with a continuous treatment
identifies a weighted average of individual treatment effects among those individuals who change
their treatment intensity at the RD threshold, i.e., those having t;(u1) — to(ug) > 0 (or ty(u1) —
to(Ug) < 0). The individual treatment effect is given by G(tl(ul){lr?dfg:g((aoo()“")’ro’e), and the weight

is proportional to the individual’s treatment change, t;(u1) — to(up). When further G(T, R, ¢)

is continuously differentiable in T, the identified effect can be expressed as a weighted average

derivative of Y w.r.t. T, as shown in the proof of Lemma 2.

3.2 Double-robust identification

The discussion so far suggests that the standard RD estimand in general requires Assumption 3b
monotonicity in order to be causal. Note that the monotonicity and rank assumptions impose
different restrictions on the first-stage heterogeneity. Monotonicity imposes a sign restriction on
T1 — To at R = rg, while the rank assumption imposes a rank restriction on Ty and Tp at R = ry.
Neither assumption implies the other. It is therefore useful to have an estimand that is valid under
either assumption. Note that the common empirical practice of focusing on some sub-population
for which researchers believe the treatment is more affected still requires either monotonicity or

rank similarity to hold for such sub-population.

Theorem 2 (Double-Robust Identification). Let Assumptions 1, 2 and 4 hold. Then under either
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Assumption 3 or 3b,

— (%)

n*_/ mt@) —m-W) lg*W) —q- (W)
u 9rU) —gq=) f,1at () —g=(u)ldu

identifies a weighted average effectof T onY at R = ry.

Theorem 2 provides a causal estimand that is valid under either the monotonicity or rank
assumption. When monotonicity holds, 7* = zRP. When the rank assumption holds, z* =

7 (w*) = [,z (U) w* (u)du for w* (u) = fuﬁg—((uu))llml' i.e., 7* identifies a WQ-LATE. Either way,

7 * identifies a weighted average of individual treatment effects given by G(tl(”1){1?[;8:&(5%()”0)”0’9)

among those individuals who change their treatment intensities at the RD threshold.

The two alternative assumptions put different restrictions on how individuals can change treat-
ment intensities when crossing the RD threshold. Monotonicity requires that Ug and U; are such
that t1(U1) — to(Ug) > 0 or t1(Uy) — tg(Upg) < 0 almost surely, i.e., individuals change treatment
in one direction when crossing the RD threshold. In contrast, the rank assumption requires that
given ¢, Up and Uy have the same conditional distribution at R = rg, i.e., the probability for an in-
dividual to stay at a certain rank of the treatment distribution stays the same when crossing the RD

threshold. Our estimand z * provides a robust way to aggregate the individual treatment effects.

4 Estimation

The proposed estimands for Q-LATE and WQ-LATE involve conditional means and quantiles at
a boundary point. Following the standard practice of the RD literature, we estimate Q-LATE and
WQ-LATE by local linear mean and quantile regressions.

For simplicity, we use the same kernel function K (-) for all estimation. Let the bandwidths for
T and R be ht and hg, respectively. The bandwidth sequences hg and ht go to zero as the sample
size n — co. Denote as & the estimate of any parameter 6. Given a sample of n i.i.d. observations
{(Yi, T, Ri)}i”=1 from (Y, T, R), we estimate Q-LATE z(u) and WQ-LATE z* by the following

procedure.
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Step 1: Let UD = {uy, uy, ..., uj} be the set of equally spaced quantiles over the unit interval

(0,1). Foru € UD, estimate gt (u) by §F (u) = @, from the local linear quantile regression

Ri —r
(80, 1) = arg T'an >, K( IhR O)Pu (Ti —ao — a1 (Ri — o)),

{i: Rizro}

where p,(a) = a(u — 1(a < 0)) is the standard check function. Estimate g~ (u) similarly
using observations below rg.

Step 2: Let = {u e UV :|AG(u)| > en}, where AG(u) = G+(u) — §~(u) and the trimming
parameter €, — 0 is a positive sequence satisfying the conditions in Lemma 6 in Appendix

B. For all u e I/, estimate m™ (u) by M+ (u) = by from the local linear regression

b b i — Gt
@o,bl,bz) = arg min z K(R'thO)K(TIhLT(U))

R
x (Yi = bg — by (Ri — ro) — by (Ti — G+ (w)))>.

Estimate m~(u) similarly by replacing §*(u) with § ~(u) and using observations below ry.
Step 3: Estimate 7 (u) by the plug-in estimator 7 (u) = % foru e U.

Step 4: Estimatez* by #* = 3,77 (U) 5 'iqu“&'(un

Our identification theory requires trimming out treatment quantiles where there are no changes
at the RD threshold, i.e., Aq(u) = 0, whereas in practice we do not know the true Aq(u). To
avoid any pre-testing problems, we trim out all quantiles such that |A§(u)| < e, for some chosen
€n. Lemma 6 in Appendix B shows that when e, satisfies the required conditions, this trimming
procedure is asymptotically equivalent to trimming out those treatment quantiles where the true
changes are zero and hence preserves the asymptotic properties of our estimator. If one wishes to
focus on quantiles such that | Aq(u)| > cg for some small cg > 0, then the trimming parameter can
be defined as ¢, = Cg + €n.

In practice, one can choose €, = max,cyo se(Aq(u)) x 1.96, where AG(u) is a preliminary

Step 1 estimator of the treatment quantile change, using the bandwidth hg such that hg/hg — 0
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and nﬁzR/hR — o0o. We discuss the choice of hg in Section 5. The associated standard er-
rors satisfy se(AG(u)) = Op((nﬁR)_l/z) > se(Aq (u)) = Op((nhR)_l/z). By this procedure,
insignificant estimates (at the 5% significance level) of A§(u) along with some significant but
small estimates will be trimmed out. Since sup, <, [|AG(U)| — [Aq(u)|| = Op((nhg)~Y/?), the
conditions for €, given in Lemma 6 are satisfied. Consider specifically the bandwidth sequences
hg = cn~2 and hr = cn—P for some constants 0 < a,b < landc > 0. The required conditions
for ey, are satisfied when choosing b such thata <b < (a + 1)/2.

Recall that our identifying assumptions imply a testable condition Iimr_)r0+ Fxjur (X, U, 1) —
Iiero— Fxjur (X, u, r) = 0 for some observable covariate X. This suggests that one may test that
Q-LATEs or WQ-LATEs on the covariate distribution are zero. In practice, one can use 1 (X < Xx)
as an outcome and follow the above estimation procedure to perform falsification tests. Standard
multiple testing adjustments may be applied if needed. Any false significant effects on the covariate
distribution would cast doubt on the validity of the identifying assumptions.

More formally, one may follow the idea of the RD distributional tests of Shen and Zhang (2016)
to implement a Kolmogorov-Smirnov type of test. Such a test compares the estimated conditional
distributions Iimr_)ro+ Fxjur (X, u,r) and Iimr_>r0— Fxjur (X, u,r). Developing a full-blown test

is beyond the scope of the current paper and is left for future research.

5 Inference

The proposed estimators have several distinct features, which make analyzing their asymptotic
properties challenging. First, the local polynomial estimator in Step 2 involves a continuous treat-
ment variable T, in addition to the running variable R. Evaluating T over its interior support and
evaluating R at the boundary point ro complicates the analysis. Second, we need to account for the
sampling variation of = (u) from Step 1, which appears in both the numerator and denominator of
7(u), as well as in the weighting function * (u) for 7 *. Third, our estimation involves a trimming

procedure that is based on the estimated quantile change A (u). We overcome these complica-
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tions by extending the results of Kong, Linton, and Xia (2010) and Qu and Yoon (2015). Qu and
Yoon (2015) provide uniform convergence results for local linear quantile regressions, while Kong,
Linton, and Xia (2010) establish uniform convergence results for local polynomial estimators.

To establish our inference procedure, we derive the asymptotically linear representation and
asymptotic normality of the estimators 7 (u) and 7 *. We show that, similar to the standard RD
local polynomial estimator, the large sample distributional approximations involve leading biases,
which depend on changes in the curvatures of the conditional quantile and mean functions in Step
1 and Step 2 of estimation. There are two common approaches to removing these leading biases,
undersmoothing and bias correction. The undersmoothing approach uses a bandwidth sequence
that goes to zero fast enough with the sample size, so that the bias is asymptotically negligible
relative to the standard error. Nevertheless it is known that this undersmoothing approach prevents
a lot of bandwidth choices used in practice. This section focuses on the bias correction approach.
Undersmoothing results are presented in Appendix B.2.

We develop robust inference for our bias-corrected estimators, similar to the robust bias-
corrected inference of Calonico, Cattaneo, and Titiunik (2014) in the context of the standard RD
design. Calonico, Cattaneo, and Farrell (2018, 2019, 2020) further formally establish higher-order
improvements of such an approach. Our robust inference takes into account the added variabil-
ity due to the bias correction in deriving large sample distributions. We also present the optimal
bandwidths for both the Q-LATE and WQ-LATE estimators by minimizing the asymptotic mean
squared error (AMSE). The robust confidence intervals for the bias-corrected estimators deliver
valid inference when these AMSE optimal bandwidths are used.

We impose the following assumptions for asymptotics.

Assumption 5 (Asymptotics). 1. Foranyt € 7;,z = 0,1,r € R,andu € U, fr,r(t,r)
is bounded and bounded away from zero, and has bounded first order derivatives with re-
spect to (t, r); 81q,(r, u)/or] is finite and Lipschitz continuous over (r, u) for j = 1,2, 3;
qz(ro, u) and 6q;(rp, u)/ou are finite and Lipschitz continuous in u.

2. Foranyt € T,,z =0,1,and r € R, E[G(T;, R, ¢)|T; =t, R = r] has bounded fourth
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order derivatives; the conditional variance V[G(TZ, R,e)IT,=t,R = r] is continuous and
bounded away from zero; the conditional density fr,g;y (t,r, y) is bounded forany y € V.
E[|Y —E[YIT,,R][°] <ooforz=0,1.

3. The kernel function K is bounded, positive, compactly supported, symmetric, having finite

first-order derivative, and satisfying ffooo 02K (v)do > 0.

Assumption 5.1 imposes sufficient smoothness conditions to derive the asymptotically linear
representations of §*(u). In particular, the bounded joint density implies a compact support where
the stochastic expansions of §*(u) hold uniformly over u. Together with the smoothness con-
ditions on q(r, u), the remainder terms in the stochastic expansions are controlled to be small.
Assumption 5.2 imposes additional conditions to derive the asymptotically linear representation
of & [Y|T, R] and asymptotic normality of our estimators. Assumption 5.3 provides the standard
regularity conditions for the kernel function.

The asymptotically linear representations and asymptotic normality of the main estimators 7 (u)
and z* are presented in Appendix B, followed by the inference theory based on undersmoothing.
In the following sections 5.1 and 5.2, we present the robust bias-corrected inference for Q-LATE

7(u) and WQ-LATE = *, respectively.

5.1 Inference on Q-LATE

Denote the leading bias for #(u) as h3Bgr.(u) + h3Br,(u). The exact forms of Bg,(u) and
Bt.(u) are presented in equations (B.8) and (B.9) in Appendix B, respectively. We propose the

bias-corrected estimator for z (u)
") = 2(u) — (&Br: () +h}Br. (),

where §R, (u) and §T, (u) are consistent estimators for B, (u) and Bt (u), respectively.
Bias correction reduces biases, but also introduces variability. When the added variability of

the estimated bias is not accounted for, the empirical coverage of the resulting confidence inter-
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val can be well below their nominal target, which implies that conventional confidence intervals
may substantially over-reject the null hypothesis of no treatment effect. We therefore present the
asymptotic distributions of the bias-corrected estimators %bc(u), taking into account the sampling

variation induced by bias correction.

Theorem 3 (Asymptotic distribution of %bc(u)). Let Assumptions 1-5 hold. Let the bandwidths
for 7(u) be hg = crh, ht = crh, the bandwidths used for the bias estimation be br = crb
and bt = ctb, for some positive constants cgr, ct, and positive sequences h = h, — 0 and
b=by— 0. 1fh/b - p € [0, 00], nmin{h®, b8} max{h?, b?} — 0, nmin{h?, bbh—*} — oo,

and nh® max{1, h®/b%} — oo, then for any u € U,

Uy — r(u)

— N (0, 1), where VEfn (u) = (

The exact forms of V. (u), Vg, (u) and C.(u; p) are given in equations (B.1), (B.2), and (B.3) in

V:(u) Vg (u)  Cu;p)) 1
nh2 nbbh—4 nhb CRCT

Appendix B, respectively.

The variance VEfn (u) consists of three terms: V. (u) is from the variance of the actual estimator
7(u), Vg, (u) is from the variance of the bias estimator h%ﬁR, + h?rgn, and C,(u; p) is from
the covariance between 7 (u) and h%ﬁm + h%ﬁn. Theorem 3 incorporates three limiting cases
depending on p, the limiting value of h/b. When h/b — 0, z(u) is first-order and the bias
estimator is of smaller order. Thus the variance reduces to VEfn (U) = V,(u)/(nh%cgrcT). When
h/b — p € (0, 00), both 7(u) and the bias estimator contribute to the asymptotic variance. For
example, when p = 1, V¢ (u) = (V. () + Vg, (U) + C.(u; 1))/(nh%crcr). When h/b — oo,
the bias estimator is first-order and 7 (u) is of smaller order, so VEfn (u) = Vg, (u)/(nb®h—*cgcT).

Without loss of generality, we assume that the bandwidths hg = cgh and ht = cth are of the
same order. We show in Lemma 4 in Appendix B that hg and ht have the same first-order impact
on 7 (u). This is because the local linear estimator of E[Y |T, R] in Step 2 dominates the first-order

asymptotically linear representation, and the quantile regression of T on R in Step 1 is of smaller

order. In addition, we derive the optimal bandwidths that minimize the AMSE of 7 (u) in Theorem
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4 below. The resulting AMSE optimal bandwidths are of the same order n—1/6.

Theorem 4 (AMSE optimal bandwidth for 7 (u)). Let Assumptions 1-5 hold. If hg = hgy, — 0,
ht = htn = 0, nhgh2 — oo, nhth% — ¢ € [0, 00), Nhrh® — ¢ € [0, 00), and h3/ht —
0, then the mean squared error of 7(u) is [(%(u) — r(u))z} = (h%Bgr.(u) + h?rBTT(u))2 +
(nhrh7)tV, (u) + o (W +h% + (nhght)™1); further if Br.(u) # 0 and Br.(u) # 0, the
bandwidths that minimize the AMSE are h%_(u) = cx(u)n~6 and h% _(u) = ¢ (u)n~1/%, where

CR(U) = (V¢ (u)/8)"°(Br.(u)/Bg, (u)"/** and c; (u) = (V- (u)/8)"/°(Br, (u)/B3, (u))*/*2.

The AMSE optimal bandwidths for 7 (u) satisfy the bandwidth conditions specified in The-
orem 3. Therefore one can apply the above AMSE optimal bandwidths and then conduct the
bias-corrected robust inference provided in Theorem 3.

The biases, robust variances, and the AMSE optimal bandwidths can be consistently estimated
by plug-in estimators. The biases and variances depend on the second order derivatives of ¥ (u)
and m*(u), the conditional variance of Y given (T, R), the density frgr, and some constants de-
termined by the kernel function. These involved parameters can be estimated by local quadratic
quantile and mean regressions as well as kernel density estimators. Details of the plug-in estima-
tors are provided in Appendix C.

The terms due to the bias correction, Vg_(u) and C; (u; p), depend on V. (u) and some kernel-
specific constants. As a result, Vf{% (u) only depends on V, (u) and some constants, which implies
that estimating the robust variance is not computationally more demanding than estimating the
conventional variance V, (u) without the bias correction. For example, for the Uniform kernel and
p =1, Vrb’%(u) = 13.89V, (u)/(nh?). Imbens and Kalyanaraman (2012) and Arai and Ichimura

(2018) also use similar kernel-specific constants.

5.2 Inference on WQ-LATE

Denote the leading bias for 7 * as hﬁBRn + h% Bt .. The exact forms of B, and By, are given in

equations (B.11) and (B.12) in Appendix B, respectively. We propose the bias-corrected estimator
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forz*

200 = g+ _ (h%ﬁRn + h?ré},[) ,
where /B\R,, and ng are consistent estimators of Bgr, and Bt ., respectively.

~bc

Theorem 5 (Asymptotic distribution of 7). Let Assumptions 1, 2, either 3 or 3b, 4 and 5 hold
and 1=1,/nhr — 0. Let the bandwidths for 7* be hg = crh, ht = cth, the bandwidths used for
the bias estimation be br = crb and by = ctb, for some positive constants cg, ¢, and positive
sequencesh = h, — 0andb = b, — 0. Ifh/b — p € [0, o], n min{h®, b®} max{h2, b%} — 0,

nmin{h, b°®h—*} = oo, and nh* max{1, h®b~>} — oo, then

~bc
T —x*

vV

The exact forms of V., Vg_, and C, (p) are given in equations (B.4), (B.6), and (B.7) in Appendix

Vo  _V Cx 1
45 N (0.1), where V¢, = (E L Ve () )

nbSh—4 " nb2h-1) ¢y’

(6)

B, respectively.
Instead of letting ct be a constant, suppose ht = cth where ¢t = ¢, is a positive sequence

satisfying ct, — 0 and hc;ﬁ — 0. Equation (6) still holds.

V?[fn consists of three terms: V, is from the variance of the actual estimator 7 *, Vg_ is from
the variance of the bias estimator thgR,, + h%ﬁm, and C, (p) is from the covariance between
z* and than + h%ﬁTn. Similar to Theorem 3, Theorem 5 incorporates three limiting cases
depending on p. When h/b — p = 0, z " is first-order and the bias estimator is of smaller order.
Then ngn = V. /(nhcg). Whenh/b — p e (0, c0), both 7™ and the bias estimator contribute
to the asymptotic variance. When h/b — oo, the bias estimator is first-order and 7 * is of smaller
order. Then V% = Vg_/(nb%h~*cg).

Note that Q-LATE 7 (u) is a function of T and R, while WQ-LATE = * is a weighted average
of 7(u) averaging over T and hence is only a function of R. The asymptotic theory for z* in

Lemma 5 of Appendix B shows that the leading variance is of order 1/4/nhr. In theory, one can

choose a small bandwidth for T, in particular ht = ctph for ctp — 0, such that the leading
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bias associated with ht, h%BTﬂ, becomes first-order ignorable compared with the leading bias
associated with hg, h%BR,{. The leading bias of 7 * can then be simplified to hﬁBRn. It follows
that the first-order asymptotic property of z* will not depend on ht. These are features of the
general marginal integration or partial mean of the nonparametrically estimated conditional mean
function (see, e.g., Newey, 1994). Nevertheless, h2 B, might not be ignorable in finite samples.
The finite-sample performance of the bias-corrected estimator could be compromised, if the bias
term associated with ht was ignored. Our bias-corrected estimator 7€ and the associated robust
inference therefore take into account h%@Tﬂ.

The following Theorem presents the optimal bandwidth that minimizes the AMSE of 7 *.

Theorem 6 (AMSE optimal bandwidth for 7z *). Let Assumptions 1, 2, either 3 or 3b, 4 and 5 hold
and I71y/nhg — 0. If hg = hgy — 0, ht = hty = 0, nhgrh3 — oo, Nh% — ¢ € [0, 00),
and nhgh} — ¢ € [0, 0o), then the mean squared error of z* is E [(7%* - n*)z] = h%B%_ +
h4B2 +(nhr)™1V, +o0 (h} +h3 + (nhg)™1); further if nhgh% — 0, Br, # 0, and Br, # 0,
then the bandwidth that minimizes the AMSE is h, = (V/ (4'3%”))1/5 n—1/5,

The optimal bandwidth h,_ is derived under the scenario that the leading bias associated with
ht, h?rBT,,, is first-order asymptotically ignorable. Following Horowitz (2001), we suggest a
rule-of-thumb bandwidth for hy. In particular, hrTO; = hEﬁn_lmoT/a R, Where or and o7
are the standard deviations of R and T, respectively. This rule-of-thumb bandwidth satisfies the
conditions nh%_h3 — oo and nh%_h% — 0in Theorem 6. We can use h%,_ and h to conduct

bias-corrected robust inference provided in Theorem 5.

Remark 3. Lemmas 4 and 5 in Appendix B present the asymptotically linear representations of
7(u) and 7", respectively. We compute the asymptotic unconditional MSE, as in Imbens and
Kalyanaraman (2012). In contrast, Calonico, Cattaneo, and Titiunik (2014), Arai and Ichimura
(2018), and Calonico, Cattaneo, Farrell, and Titiunik (2019) derive the asymptotic conditional
MSE given the sample data. In large samples, these two approaches, approximating the uncon-

ditional or conditional MSE, are equivalent. In finite samples, the resulting confidence interval
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based on the conditional variance can be larger or smaller than the confidence interval based on
the unconditional variance.

The unconditional MSE simplifies the asymptotic analysis for our multi-step estimators. Note
that the Q-LATE estimator 7(u) involves two continuous regressors R and T. In contrast, the
standard RD estimator for a binary treatment has only one continuous regressor R. Based on the
asymptotically linear representation of 7 (u), the leading unconditional bias is a linear function of
the unconditional biases of Step 1 quantile regression and Step 2 mean regression. It follows that
the leading unconditional bias of 7 * is also a simple linear function of the biases of G*(u) and

MmE(u).

Remark 4. Calonico, Cattaneo, Farrell, and Titiunik (2019) show that inclusion of covariates in
the standard RD design can increase efficiency. Intuitively, the efficiency gain may carry over to
our WQ-LATE estimator if the covariate adjustment is made additively in a linear-in-parameters

way. A full theoretical development can be interesting for future research.

6 Empirical analysis

This section applies the proposed approach to quantify the impacts of bank capital on banks’
short-run responses and long-run failure probabilities. Are banks less likely to fail when they hold
more capital? Answering this question can shed light on the role of higher capital in promoting a
stable financial system. The minimum capital requirement in the early 20th century United States
provides a unique quasi-experiment that allows one to nonparametrically identify the true causal
impacts of bank capital. Back then, bank runs and banking panics were prevalent. The minimum
capital requirement was set in place to prevent bank from holding too little capital and to thereby
promote banking stability.

As shown in Figure 1, the requirement depends on town sizes and changes abruptly at the
town population threshold 3,000. The required minimum capital is $25,000 for a bank located in

a town with a population less than 3,000, and jumps to $50,000 for a bank located in a town with
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a population at or above 3,000. There are two other population thresholds, 6,000 and 50,000, at
which the minimum capital requirement changes. Our empirical analysis focuses on the population
threshold 3,000, since about 88% of banks in our sample are located in towns with a population
below 6,000.

Let the continuous treatment T be bank capital, and the running variable R be town population.
Further let Z indicate whether a bank is located in a town with 3,000 or more people. We consider
three outcomes of interest (Y): total assets, leverage, and an indicator of whether a bank suspended
its operation in the following 24 years. Leverage is defined as the ratio of a bank’s total assets to
capital, which is a measure of the amount of risk a bank engages in. Logged values are used for
bank capital, assets and leverage, as these variables have rather skewed distributions. We estimate
the impacts of the minimum capital requirement on the distribution of bank capital (i.e., the first
stage impact of Z on T), and further the impacts of higher capital on the three outcomes of interest
(i.e., the impacts of T on Y). We also quantify any possible treatment effect heterogeneity at
various levels of bank capital.

Our data come from three sources: the annual reports of the Office of the Comptroller of the
Currency (OCC), Rand McNally’s Bankers Directory, and the United States population census.
Our full estimation sample consists of 822 banks in 45 towns, among which 717 are below the
relevant policy threshold and 105 are above. In additionto T, Y, and R described above, we gather
information on county characteristics that measure their business and agricultural conditions, in-
cluding the percentage of black population, the percentage of farmland, and manufacturing output
per capita per square miles. These covariates (X) are used for validity checks. More information
on the data along with sample summary statistics is provided in Appendix D.1.

It is worth mentioning that in our sample, less than 1% of the banks below the regulatory thresh-
old hold the required minimum capital, $25,000, and less than 2% of the banks above the threshold
hold the required minimum capital, $50,000. Lack of mass points at the required minimum capital

levels ensures that our Assumption 1 holds.
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Figure 2: Estimated quantile curves of bank capital above and below the population threshold
3,000 (left) and quantile changes (right).

6.1 Estimation results

Figure 2 visualizes the estimated quantile curves of log capital above or below the policy threshold
(left) and the estimated quantile changes (right) along with their 95% point-wise confidence bands.
These estimates are generated using ﬁ’,;ﬂ =1, 462.76. For simplicity, all estimates in the empirical
analysis use uniform kernels, unless otherwise stated. Consistent with the visual evidence in Figure
1, Figure 2 suggests that significant changes only occur at roughly the bottom 30 percentiles of the
distribution of log capital. The estimated changes are also larger at lower quantiles. In contrast,
the estimated mean change in log capital using ﬁ;n = 1,462.76 is 0.107 with a standard error
0.148. The estimated mean change by the default CCT rdrobust package (using hr = 803.58 and
a triangular kernel) is 0.141 with a standard error 0.171. The lack of a significant mean change in
bank capital suggests that the standard fuzzy RD design does not apply.

Figure 3 illustrates the bias-corrected estimates of Q-LATEs at different quantiles along with
their 95% confidence intervals. The main bandwidths used for estimation are ﬁ;” =1,426.76 and
1t — 0.441. The bandwidth for bias estimation is set to be 4.5n~1/8 = 2, 308.67, corresponding
to p = 0.618 (See Appendix C.3 for details). A preliminary bandwidth 3/4?1\’;{” = 1,097.07
is used to determine the trimming thresholds. Alternative results based on undersmoothing or
bootstrapped standard errors (with or without being clustered at the town level) are presented in

Appendix D.2. Clustering seems to have little impacts based on the bootstrapped standard errors.
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Figure 3: Bias-corrected estimates of Q-LATEs at different quantiles
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Figure 4: Bias-corrected estimates of WQ-LATEs by different bandwidths

Our analytical standard errors therefore do not take into account possible clustering at the town
level.

As shown in Figure 3, the estimated Q-LATEs for log assets are around 1 at various low quan-
tiles of log capital. All estimates are significant at the 1% level. The corresponding WQ-LATE is
estimated to be 1.034, which is also significant at the 1% level, so on average, a 1% increase in
capital leads to roughly a 1% increase in assets among those banks at lower quantiles of the capital
distribution. The estimated impacts on log leverage and those on the long-run risk of suspending
operation are small and insignificant.

Figure 4 further plots the bias-corrected estimates of WQ-LATEs (along with the 95% confi-
dence intervals) against different bandwidth choices. The point estimates of WQ-LATES are robust
to a wide range of bandwidth choices, even though as expected, the confidence intervals get wider
as the bandwidth gets smaller. Calonico, Cattaneo, and Farrell (2020) develop a new bandwidth

selector for robust bias-corrected confidence intervals with minimal coverage error, in the context
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Figure 5: Bias-corrected estimates of Q-LATES on covariates (first moments)

of the standard RD design. A formal development of such coverage-error optimal bandwidths for
the Q-LATE and WQ-LATE estimators is out of the scope of this paper, but we can implement
the rule-of-thumb bandwidth suggested in Calonico, Cattaneo, and Farrell (2020), i.e., the rescaled
AMSE optimal bandwidth n=1/20h% = 1045.75. As shown in Figure 4, at this bandwidth, the
point estimates of WQ-LATEs are largely consistent with those estimates at our AMSE optimal
bandwidth, even though the confidence intervals are much wider.

Overall, our empirical analysis suggests that while the minimum capital requirement induces
small banks (i.e., banks at the bottom 30% of the capital distribution) to hold more capital, these
banks adjust their assets proportionately. That is, banks simply scale up without a ratio regulation.
As a result, their leverages and long-run risk of failure remain almost unchanged. These results

help us better understand the frequent bank runs and banking panics prior to the Great Depression.

6.2 Validity checks

Validity of our estimates requires our identifying assumptions to hold. This section performs the
proposed joint specification tests. For simplicity, instead of testing the entire distribution of covari-

ates, we test the low order (raw) moments of covariates. That is, we replace the outcome variable
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Figure 6: Bias-corrected estimates of Q-LATESs on covariates (second moments)

by each of the first and second moments of the four covariates (i.e., bank age, percentage of black
population, percentage of farmland, and log of manufacturing output per capita) and re-estimate
Q-LATEs. We use the same bandwidths and specification as those used for our main estimation.
Results of these falsification tests are visualized in Figures 5 and 6. Table D3.1 in the Appen-
dix further reports the bias-corrected estimates of WQ-LATEs on the first two moments of the
covariates. None of these estimates are statistically significant.

In addition to our joint tests, we also perform the standard RD validity checks, including the
density test and covariates smoothness test. Details of these tests and formal testing results are
provided in Appendix D.3. Figure 7 presents the histogram of the town population (left) and the
log frequency of the town population within each bin of 200 population (right). Superimposed on
the right graph is the estimated log density along with the 95% confidence interval. Figure 8 plots
the mean of the covariate in a bin of town population against the mid-point of the bin. The bars
mark the 95% confidence intervals. Overall we do not find evidence that banks took advantage of
the lower capital requirement and hence were more likely to operate in towns with populations just

under 3,000. Results of our validity checks strongly support the plausibility of our assumptions.
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7 Conclusion

An empirically important class of fuzzy RD designs involve continuous treatments. This paper
provides nonparametric identification and robust bias-corrected inference for such RD designs. We
utilize for identification any distributional changes in the continuous treatment at the RD threshold,
including the usual mean change as a special case. Our model can potentially apply to a large
class of policies that target parts or features of the treatment distribution, such as changing the
mean, changing the variance or shifting one or both tails of the distribution. Treatment changes
in general are responses to relevant policies. By focusing on where the true changes are in the
treatment distribution, we provide what are likely to be the most policy relevant treatment effects.

Our empirical application demonstrates the usefulness of the proposed approach.

References

[1] Almond D., Doyle J. J., Kowalski A. E., and Williams H. (2010): “Estimating marginal re-
turns to medical care: evidence from at-risk newborns,” The Quarterly Journal of Economics,

125(2), 591-634.

[2] Angrist, J. D., G. Imbens, and K. Graddy, (2000): “The Interpretation of Instrumental Vari-
ables Estimators in Simultaneous Equations Models with an Application to the Demand for

Fish,” The Review of Economic Studies, 67, 499-527.

[3] Arai, Y. and H. Ichimura (2018): “Simultaneous selection of optimal bandwidths for the

sharp regression discontinuity estimator,” Quantitative Economics, 9(1), 441-482.

[4] Arkhangelsky D. and G. W. Imbens (2021): “Double-Robust Identification for Causal Panel
Data Models,” NBER working paper No. w28364.

[5] Caetano, C., G. Caetano and J. C. Escanciano, (2020): “Regression Discontinuity Design

with Multivalued Treatments,” Working paper.

31



[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

Calonico, S., M. D. Cattaneo, and R. Titiunik (2014): “Robust Nonparametric Bias Corrected

Inference in Regression Discontinuity Design,” Econometrica, 82(6), 2295-2326.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2018): “On the Effect of Bias Estimation
on Coverage Accuracy in Nonparametric Inference,” Journal of the American Statistical As-

sociation 113(522), 767-779.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2019): “Coverage Error Optimal Confidence

Intervals for Local Polynomial Regression,” arXiv:1808.01398.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2020): “Optimal Bandwidth Choice for Ro-
bust Bias Corrected Inference in Regression-Discontinuity Designs,” Econometrics Journal,

23, 192-210.

Card, D.,D. S. Lee, Z. Pei, and A. Weber (2015): “Inference on causal effects in a generalized

regression kink design,” Econometrica, 83(6), 2453-2483.

Cattaneo, M. D., N. Idrobo and R. Titiunik (2019): A Practical Introduction to Regression
Discontinuity Designs: Foundations. Cambridge Elements: Quantitative and Computational

Methods for Social Science, Cambridge University Press.

Cattaneo, M. D., N. Idrobo and R. Titiunik (2020a): A Practical Introduction to Regression
Discontinuity Designs: Extensions. Cambridge Elements: Quantitative and Computational

Methods for Social Science, Cambridge University Press.

Cattaneo, M. D., N. Idrobo and R. Titiunik (2020b): The Regression Discontinuity Design.

Handbook of Research Methods in Political Science and International Relations.

Chen, Y., A. Ebenstein, M. Greenstone, and H. Li (2013): “Evidence on the impact of sus-
tained exposure to air pollution on life expectancy from China’s Huai River policy,” PNAS,

110 (32), 12936-12941.

32



[15] Chernozhukov, V. and Hansen, C. (2005): “An IV Model of Quantile Treatment Effects,”
Econometrica, 73, 245-261.

[16] D’haultfoeuille, X. and P. Février (2015): “Identification of Nonseparable Triangular Models
With Discrete Instruments,” Econometrica, 83(3), 1199-1210.

[17] Ebenstein, A., M. Fan, M. Greenstone, G. He, and M. Zhou (2017): “New evidence on the
impact of sustained exposure to air pollution on life expectancy from China’s Huai River

Policy,” PNAS, 114 (39) 10384-10389.

[18] Frandsen B., M. Frolich, and B. Melly (2012): “Quantile Treatment Effects in the Regression

Discontinuity Design,” Journal of Econometrics, 168, 382-395.

[19] Giuntella, O. and F. Mazzonna (2019): “Sunset time and the economic effects of social jetlag:

evidence from US time zone borders,* Journal of Health Economics, 65, 210-226.

[20] Hahn, J., P. Todd, and W. van der Klaauw (2001): “Identification and Estimation of Treatment

Effects with a Regression-Discontinuity Design,” Econometrica, 69(1), 201-209.

[21] Horowitz, J. (2001): “Nonparametric Estimation of a Generalized Additive Model with an

Unknown Link Function, ” Econometrica, 69(2), 499-513.

[22] Imbens, G. and K. Kalaynaraman (2012): “Optimal Bandwidth Choice for the Regression

Discontinuity Estimator,” The Review of Economic Studies, 79(3), 933-959.

[23] Imbens, G. W. and T. Lemieux (2008): “Regression Discontinuity Designs: A Guide to

Practice,” Journal of Econometrics, 142, 615-635.

[24] Imbens, G. and W. Newey (2009): “Identification and Estimation of Triangular Simultaneous

Equations Models Without Additivity,” Econometrica, 77, 1481-1512.

[25] Kong, E., O. Linton, and Y. Xia (2010): “Uniform Bahadur Representation for Local Poly-
nomial Estimates of M-Regression and its Application to the Additive Model,” Econometric

Theory, 26(5), 1529-1564.

33



[26] Litschig, S., and K. Morrison (2010): “Government Spending and Re-election: Quasi-

Experimental Evidence from Brazilian Municipalities,” UPF Discussion Paper.

[27] Newey, W. (1994): “Kernel Estimation of Partial Means and a General Variance Estimator,”

Econometric Theory, 10(2), 233-253.

[28] Qu, Z. and J. Yoon (2015): “Nonparametric Estimation and Inference on Conditional Quan-

tile Processes,” Journal of Econometrics, 185(1), 1-19.

[29] Shen, S. and X. Zhang (2016): “Distributional Tests for Regression Discontinuity: Theory

and Empirical Examples,” The Review of Economics and Statistics, 98(4): 685-700.

[30] Torgovitsky, A. (2015): “Identification of Nonseparable Models Using Instruments With
Small Support,” Econometrica, 83(3),1185-1197.

34



Supplemental Appendix for “Regression Discontinuity Designs with a Continuous
Treatment”

Yingying Dong, Ying-Ying Lee, Michael Gou

This Appendix is organized as follows. Section A provides proofs for the lemmas, theorem,
and corollary presented in Section 2 Identification. Sections B.1 and B.2 provide some preliminary
lemmas along with their proofs to facilitate deriving the asymptotic properties for the proposed
estimators. Sections B.3 and B.4 then present proofs for the theorems presented in Section 5
Inference. Section C describes how to estimate the biases, variances of the Q-LATE and WQ-
LATE estimators as well as the AMSE optimal bandwidths discussed in Sections 5.2 and 5.3.
Section D provides data description and various additional results of the empirical analysis.

A Proofs for Section 2 Identification

Proof of Lemma 1.1 By Bayes’ Theorem, Assumption 3 Up| (e, R =rg) ~ U] (e, R =rg)
means ¢| (Ug =u, R =1g) ~ ¢/ (Uy =u, R =rg), or f,u,r(e,u,ro) = fzuyr (€, U, rg). Fur-
ther,

fouir (8, U,T0) = fugr (8, U, 1) & &

I|m four (B, U, 1) = lim fyy,r (e, U, 1) = I|m faqur (e, U, 1)
rero r%ro
lim forr(e,qu(r,u),r) = lim fyrr (e, qo(r,u),r) = I|m feur (e, U,1),
I’—)FO I’%I’0

where equivalence (1) follows from continuity of f;u,r (e, u,r) in Assumption 2 and the defi-
nition U = U11 (R > rp) + Upl (R < rg), and (2) follows from the fact that given R = r for
r > 0( < 0),uandaqs(r,u) (go (r,u)) is a one-to-one mapping. Note that by continuity of
0z (r,u) and fyu,r (e,u,r), z = 0,1, IierO+ farr(e,qu(r,u),r) = fyrr (e, t1 (U),ro) and
Iiero- farr (€, Qo (r,u),r) = fyrr (8,10 (U), ro), SO the above shows

farr (B, 11 (U),r0) = fyTR (6,10 (U), ro). Thatis, given U = u, any potential changes in T when
R — rg are independent of ¢.

Proof of Lemma 1.2

I|m E[YIU=u,R=r]— lim E[Y|U =u,R =]

rorg r—rg

= lim E[Y|T =qi(r,u),Ur=u,R=r]— lim E[Y|T =qo(r,u),Up =u,R =r]
r—>r0 r—>r0

= lim E[G (Qu(r,u),r,e)[Ur =u,R=r]— lim E[G (qo(r,u),r, &) |Up=u,R =r]
rorg r—ry

=E[G (ta(u), ro, &) U1 =u, R =ro] —E[G (to(u), ro, &) |Ug = u, R =rg]
_ / (G (tu(U), o, ) — G (to(U), o, &) Fuur (de, U, o).



where the first equality follows from Assumption 1; the second equality follows from the definition
Y = G (T, R, ¢); the third equality follows from the continuity conditions in Assumption 2 and
compact support, which together ensure interchangeability of limit and expectation (integral). It
follows that E[G (q;(r,u),r, &) |U; =u,R=r] = [G(q; (r,u),r,¢) fyu,r(e,u,r)de, z =
0, 1, is continuous in r. The last equality follows from the fact that Assumption 3 implies

fejur (€, U,10) = fouer (8, U, o) = frur (8, U, T0).

Proof of Theorem 1 By definition, T = q(r,u) = qo(r,u) (1 — Z) + g1(r, u)Z. Further by
smoothness of g, (r, u), z = 0, 1 in Assumption 2, the right and left limits of q(r, u) atr = rg exist,
i.e., Iimr_>r0+ q(r,u) = gi1(rp, u) = t1 (u) and Iimr_”g q(r,u) = qgi1(ro, u) = to (u). Equation (3)
holds following Lemma 1. 7 (w) = [, 7 (u) w (u) du is identified since 1) 7 (u) is identified, 2)
the weighting function w (u) is assumed to be known or estimable, and 3) the set/ = {u € [0, 1]:
[t1 (U) — tg (u)] > O} is identified given that g, (r, u), z = 0, 1 is identified.

Proof of Lemma 2 Assumption 3b monotonicity states Pr (t1(Uy) > to(Ug)|R =rp) = 1 or
Pr(t1(U1) < to(Up)|R = rg) = 1. Without loss of generality, we assume the former is true. Given
the smoothness conditions in Assumption 2, we have

Iimr_”gE[Y|R =r]—|ierO-E[Y|R =r]

ZRD — _ _
lim,_, + B[TIR =r]—lim _, ~-E[T|R =r]
IierJ]E [G (@1(r, U1),1,6) IR =r] — lim m - E [G (qo(r, Ug), T, &) IR =]
N lim_, + B [d2(r, U1|R =r] — lim m_,-E [do(r, Up)IR =]
_ BIG t(U1), 10, &) IR = ro] = E[G (to (Uo)), Fo, &) IR = ro]
E[t;(U1)IR =ro] — E[to(Uo)|R = ro]
_ BIG (1), 1o, &) = G (to (Uo)), Fo, &) IR = ro]
E[ti(U1) —to(Uo)IR = ro]
_JJ [ Av (uo, u1, €) Frueu;,R=r, (de€, U, U1) Fusu,r=r, (dUo, du1)
J[ At (uo, u1) Fuyu,|r=r, (dug, duy)
Ay (Ug, Uz, €) -
= ffzfm RD (Uo, U1) Fejuguy,R=r, (de, g, U1) Fuyu,|r=r, (dUg, duy),
where Ay (Up, Uz, e) =G (tl(ul) ro, €) — G (to(Uo), ro, €), At (Ug, U1) = t1(ur) — to(Uo),
wRP (g, uy) = A1 (Uo.U1) , I = {up, uz € [0, 1]: t1(u1) — to (Up) > 0}.

ffIAT(Uo u1) Fuguy |R=ry (duo,duy)

Under Assumption 3b monotonicity, @R (uo, u1) > 0and [/, RP (uo, u1) Fugu,r=r,(dug, du1)

= 1. Therefore, under Assumptions 2, 3b, and 4, = RP identifies a weighted average of individ-
ual causal effects, AY(UO u1.e) — Gt(U1).ro.e)— G(tO(UO) 0-6) ‘among those having tyu1) — to (Ug) > O.

t1(ug)—to(Up)
Further, when the %unctlon G (T, R1 gi is coontlnuously differentiable in its first argument, we




have

_RD _ IierJE[Y|R =r]—Ilim M s E[YIR =r]
lim, = BITIR =] — lim,_,~B[TIR =]
_ BIG U1), 10, &) = G (1o(Uo), o, &) IR = ro]
E[t1(U1) — to(Uo) IR = ro]
t(Up) 0G(t
B[ fa ©Cbndt|R = ro
(U1) _
|:ftol(U01) 1dt ) R= ro]
B [ [ 28401 (to(Uo) < t < ti(Un) dt|R = o]
E[[10oUo) <t < tiU)dt|R =ro]
oG (t,r
= /E [M‘R =rg,to(Up) <t < tl(Ul)]
y Pr(to(Up) <t < t1(U1)IR =rp)
fPI’ (to(Ug) <t < t1(Up)|R =rp) dt
oG (t,r
= [ [¥ R =rp,to(Up) <t < tl(Ul)] whPdt,
where @RP = PloMo)=tstuUi)IR=ro) ‘he third equality follows from Lemma 5 in the Appendix

[ PritoUo) <t <ty (Up)dt

of Angrist, Graddy and Imbens (2000), and the fifth equality follows from the law of iterated
expectations and interchanging the order of integration under the standard regularity conditions.
See Theorem 1 of Angrist and Imbens (1995) for a similar expression when they discuss the LATE
model with a binary IV and variable treatment intensity.

Note that Lemma 2 describes the two types of averaging that characterize the standard RD es-
timand in the case of a continuous treatment. First, there is averaging over some of the individuals
at a given treatment level t. This is reflected in the expectation

E |:aG(t,ro,g!
ot

R=rp,to(Ug) <t <ty (Ul)]. For any treatment level t, only those individuals whose

potential treatments at R = rg, namely t1(U1) and tg(Up), bracket this treatment t enter into the
expectation. Second, there is averaging over different treatment levels even for the same individu-
als. Averaging over different treatment levels is reflected in the outer integration and the weighting
function wRP. The weight given to any particular treatment level is proportional to the fraction of
individuals whose treatment changes bracket this treatment level.

Proof of Theorem 2 When Assumption 3 the local treatment rank restriction holds along with

. . (W) —m~ +(U)—q— e . L
Assumptions 1, 2 and 4, z* = |, rg+8;_g”_(ﬁ‘)) fu 'qu+((‘;))_‘;_((‘:))'ldudu identifies 7 (w*), which is a

special case of the WQ-LATE in Theorem 1 using a weighting function w* (u) = fl'li‘;—i‘:))ﬂdu.
0
Note that w* (u) > 0 by construction, so = (w™*) is a weighted average effect by Theorem 1 and

the discussion in the main text.
Alternatively, when Assumption 3b monotonicity holds along with Assumptions 1, 2 and 4,




7* = = RP, 7 RD jdentifies a weighted average effect by Lemma 2.

B Proofs for Section 5 Inference

This section proceeds as follows. We first introduce notation. Section B.1 presents preliminary
lemmas to facilitate establishing asymptotics. Section B.2 presents asymptotic theorems under
undersmoothing. These lemmas and theorems can also be of independent interest. Section B.3
collects the proofs of the lemmas in Section B.1. Section B.4 provides the proofs of Theorem 7,
Theorem 3, and Theorem 4 in Section 5, which pertain to 7 (u). Section B.5 presents the proofs of
Theorem 8, Theorem 5, and Theorem 6 in Section 5, which pertain to 7z *.

Notation. Let f{jp(u) = lim,_, c frir@F (), 1), g7+ (u) = lim_, = a2q(r, u)/or2, mE(u) =
lim, _, =+ OB[YIT =t, R = r]/otlh—qzq), m{T(u) = lim, _, = O’E[Y|T =t, R =r]/ot?|i—q* (),
m/Eu) = lim,_, = O?E[Y|T =q*(u), R =r]/or? and o2 (u) = lim = V[Y IT=q*u),R=
r]. Define A%(u) = (m{*(u) — z*)w*(u)/Aq(u). _

The following constants are defined by the kernel function. x; = [“vIK@)dv, 1j =
fooo vIK2@w)dv, Cy = 4(}{%/10 — 2K1K92A1 + K%/lz) (Kz — 2K§)_2, Cg = (K% - K1K3) (Kz — ZK%) _l,

and Cc(p) = [y~ K/p)K@)dv(pxrz [3° KW/p)K@)dv — 1 [;° vK(v/p)K (v)dv).! Define
the 6 x 6 symmetric matrices

r—r

1/2 k1 0 & 0 K2 Ao A1 0 22 00

k2 0 k3 0 2K2K1 A 0 A3 0 O

k2 0 2xok1 0 . 0 0 0O

52 = k0 23 |NdA2= s 00
2«3 0 00

K4 0

Letej be the 6 x 1 jth unit column vector, i.e., it has 1 as the jth entry and 0’s as all other entries.
~bc

For the variances of 7 (u) and 77~ (u),
22.0C 2+ (u 2=(u
V. () = 02v G+ (u) Lo (u) (B.1)
(Aq))” fr(ro) \ frjgW) ~ frp(U)
Vg, (U) = V. (U)C; 440 (Ces + k2e6) T S, *eref Sy (Cges + k286) (B.2)

8 (Cges + K266) " Sy ey
AoCv(x2 — 2x2)

C.(u;p) = — V() Cc(p) (B.3)

1For the Uniform kernel, 1o = 1/4, Cy = 4, Cg = —1/12, Cc(p) = p3/384 if p < 1, and Cc(p) =

0.03125(p/3 — 0.25) if p > 1. For the Epanechnikov kernel, 1o = 0.3, Cy = 0.243, Cg = 0.07414, Cc(p) = Q.if
p =0,and Cc(p) = Ao(k2lo — k1l1) if p = 1.



For the variance of 7 * and ﬁbc,
V. =V} + VI, where (B.4)
Cv [y, (%7 (u) + o2~ (u)) du

AVl 3 (B.5)
fR(ro) (i, 1Aq(u)|du)
AT(WAT(v) AT(UW)A™(v) )
VA = — dod
g fR(rO) /(mm{u g DU)( T|R(u) leR(l)) " fﬂR(u) f'|'_|R(U) v

Vg, =VMC, 14 (Cges +x2e6) T S; T A2S, T (Cres + K25) (B.6)
8 (Cges + r2e6) " S;*
Cv (Kz — ZKE)

Cr(p) =— VI /0 K (0)K (0] p)V(ik2 — x10/p)do (B.7)

where v = (1,0,0,02,0,0)7. V™ is due to estimation of Arfi(u) in Step 2 and VI is due to
estimation of A§(u) in Step 1. For p = 1, the integration in C, (p) becomes (zcg/lo — K141, K241 —

K142,0, k242 — K143, 0, O)T.
For the bias of 7 (u),

Bre(U) = (Bre(W) + B () (M (u) — 7)) = B{ () (m” (W) — () ) /Aqw)  (B8)
Br.(u) = Br2(u)/Aq(u) (B.9)
B.(u) = ¢&Bgr, (U) 4+ 2Bt (U) (B.10)
where Bro(U) = Cg(m/*(u) — m/~(u)), Bra(u) = x2(m{"(u) — m{"(u)), and B (u) =

//:i:(u)
For the bias of 7™,

Bry = /u Br. (U)w* (u) du +/u (Bf (u) =By (W) (z(u) —x*) Z;Ezidu (B.11)

Br. E/UBT,(u)w* (u) du (B.12)
— % 2 + R . w* (U)

B _/L{B,(u)w (u)du —|—CR/M(B1 (u) =By (W) (t(u) — ) Aq(u)du (B.13)

Let B|B| = E B] — J8 denote the bias for a generic estimator 2 of the parameter 4 and
C [X, Y] denote the covariance of any two random variables X and Y. Let || - | oo be the sup-norm,
e, [ flloo = SUPxe x | f (X)|

B.1 Preliminary asymptotic results

In the following, Lemma 3 presents the asymptotically linear representations for AG(u) and A (u).
Lemma 4(1) and Lemma 5(1) present the asymptotically linear representations for 7 (u) and 7 *, re-



spectively. Lemma 4(D) and Lemma 5(D) present the asymptotic distributions of 7 (u) and 7 *,
respectively.

Lemma 3. Let Assumptions 1-5 hold. Then uniformly inu € U,
(Q) AG(u)—Aq(u)—hg(Bf (W) —By (W) =n~' 31, Zi®f () — (1~ Z))@; (u) + Op(h}) +
0p ((nhgr)~*2), where

q)ILi(u) =Uu-—-1(Ti <q1(Rj,u))) 2 (2 — k1 (Ri — rO)/hR)iK (Ri - FO)

fH(u) (k2 —2c2)  hg hR

and @; (u) is defined analogously by replacing q: (R;, u) with go(R;, u).
(M) Afi(u) — Am(u) — (h&Bra2(u) + h3Br2(u) + hEBf (WM (u) — hEBI (WM™ (W) =
N30 Zi(#F () + o (wymit ) — (1 = Zi)(¢5; (U) + @7 (u)m{™(u)) + Rem, where

¢ () = (Yi — (™) +mFQ) (Ri —ro) + m*(u) (Ti — g™ (W))))
22 —ri(Ri —ro)/(hR)) 1 o (Ti —qi(u)) 1. (Ri - ro)
i) (ko —22)  hy hr hr hr

and the remainder term Rem = Op((log n/ (nhthr)¥* + ((Iog n/(nhgh3))Y% + hg +
hT)((Iog n/(nhR))l/2 + h%)).

Lemma 4. Let Assumptions 1-5 hold.

(1) Then uniformly inu e U, 7(u) — z(u) — h4Bg,(U) — h2Br,(U) = n71 >0 | IFi(u) +
Rem, where the influence function I F;; (u) = (Zi (¢35 (u) + @3 (W) (Mg (u) — 7 (u))) — (1 —
Zi)(¢5; (U) + @3 (U)(m™ (u) — 7(u)))) (Ag(u)) ™, and @3; (u), 5 (u), and Rem are given
in Lemma 3.

(D) |th = hRn — 0, hT = th — 0, nth% — 09, nhThSR — C € [0, OO), nth$ -
¢ e [0,00), and h3/ht — 0, then for u e U, /nhgh7 (7 (u) — z(u) — h4Bg,(U) —
h2Br.(U)) =4 N (0, V. (u)).

The bandwidths conditions on ht and hg in Lemma 4 are symmetric, suggesting that hr
and ht have the same first-order impact on z(u). This is because the local linear estimator of
E[Y|T, R] in Step 2 dominates the first-order asymptotically linear representation, i.e., §* from

Step 1 is of smaller order.?

Lemma 5. Let Assumptions 1, 2, either 3 or 3b, 4 and 5 hold and I~1,/nhg — 0.
(1) Then z* — z* — h3Bgr; —h2B1, =n~13>1_, I F; + Rem, where the influence function

2The condition h%/hT — 0 is to control the remainder term of the product of the estimation errors of
JE[Y|T =t,R=r*] /ot and §*(u). This is from linearizing M* (u) = E[Y|T = G* (u), R =r*] in the esti-
mation errors.



| Fri = Zi®y; — (1= Z)) Dy + [y, (Zi®F(WAT(U) — (1 = Zj) D3 (u)A~(u))du,

w* (Frir(Ti, 1))
Aq (Frr(Ti, r3))
1

Lk (Ri — ro)/l(FﬂR(Ti +5hT,rgc) el/{) K(s)ds

5y = (Yi —m(Ti,ry) — my(Ti,rg) (Ri —ro))

hr hr
2 (k2 — k1(Rj —ro)/(hR))
fr(ro) (2 — 2«2)

2

m;(Ti, ry) = lim,_, .+ OB [Y|T =Ti, R =r]/or, and @7 (u) and Rem are given in Lemma 3.

(D) IfhgR =hgyn — 0,hy =hty, = 0, nth$ — 00, nh% — C e [O, 0), and nth$ —> C e
[0, 0), then /Nhg (7" — 7* — h%4Br; —h2Br1,) =4 N (0, Vz).

Define y(u) = 1(|Aq(u)| > 0). Rewrite 7* = folr(u)w*(u)x(u)du. In estimation, we re-
place y (u) by y(u) =1 (|Ad(u)| > en). Lemma 6 below shows that using y (u) is asymptotically
equivalent to using y (u).

Lemma 6. Let the trimming parameter e, satisfy e * sup, ¢y, [|AG(u)] — |Ag(u)|| = op(1) and
e%(suuoueb‘,)\|Aci(u)|—|Aou<u)|})‘l = 0p(1). Then f5' AG(U) (7 ()= (W))du = 0p(supyey [1AG(W)]
—|Aqu)l}).

Given the above Lemma 6, in the following proofs for 7 and #°¢ we focus on estimators using
the infeasible trimming function y (u).

B.2 Asymptotic distributions under undersmoothing

Theorem 7 below presents the asymptotic distribution of 7 (u) under bandwidth sequences that go
to zero fast enough with the sample size n (i.e., satisfying nh%hT — Oand nh?hR — 0 instead of
converging to ¢ € (0, 00)), so that the bias is asymptotically negligible.

Theorem 7 (Asymptotic distribution of 7(u)). Let Assumptions 1-5 hold. If hg = hg, — 0,
ht =hth, = 0, nth% — 00, nhTh% — 0, nth? — 0, and hZR/hT — 0, thenforu e U

7(u) — 7 (u) _ V()
—\/m —4q N (0,1), where V; n(u) = ——

The exact form of V, (u) is given by equation (B.1).

The bandwidth conditions in Theorem 7 imply a bandwidth choice hr = hgry, = cgn™@
and ht = hy, = cyn™2 for some constant a € (1/6,1/3) and cr,ct € (0,00). Theo-
rem 7 implies «/nhrht (%(u) — r(u)) —4 N (0,V,(u)), where V. (u) is the asymptotic vari-
ance of /nhrht7(u). The 100(1 — a)% confidence interval for z(u) is then given by [%(u) +
(1)_1‘_1a/2\/V, (u)/(nth_T)], where Q)l‘_la/z is the (1 — &/2)-quantile of the standard normal dis-
tribution. One can estimate V. (u) by the usual plug-in estimator, i.e., replacing the unknown
parameters involved with their consistent estimates.

7



Theorem 8 below similarly presents the asymptotic distribution of 7 * using bandwidth se-
quences that go to zero fast enough with the sample size (i.e., satisfying nh% — 0and nhght — 0
instead of converging to ¢ € (0, 00)), so that the bias is asymptotically negligible.

Theorem 8 (Asymptotic distribution of 7 *). Let Assumptions 1, 2, either 3 or 3b, 4 and 5 hold and
|_1«/I’IhR — 0. |th = hRn — 0, hT = th — 0, nth% — o0, and nh% — 0, nth‘} — 0,
then

A % %

T —7T V.

—4 N (0,1), whereV, ,, = )
\/\T,n d ( ) ,n nhR

The exact form of V. is given by equation (B.4).

The bandwidth conditions in Theorem 8 imply a bandwidth choice hg ~ hy ~ n™2 fora e
(1/5,1/4). Based on Theorem 8, /nhg (7" —z*) =4 N (0, V), Where V, is the asymptotic
variance of /nhrz*.

The asymptotic distributions of 7 (u) and 7 * presented here are valid only when the bandwidths
shrink to zero fast enough with the sample size, which prevents overly large bandwidth choices, as
are typical in empirical practice.

B.3 Proofs for Section B.1

The following proofs focus on §*(u) and m*(u) using observations above the RD threshold. Re-
sults for §~(u) and m~(u) can be analogously derived.

Proof of Lemma 3.

(Q) Proof for AG(u). By Theorem 1.2 of Qu and Yoon (2015), we can show that the leading
bias of §* (u) with a small enough hr is given by

1 _
Bf (u) = q;/+(u)§(1, 0) Nif- 1/7)+ v?(1,0) K (v)do, where

hRr

3 1 o (12 K
il (1 3 omen (17 2)
R

and D = [0, (F —ro)/hr)NSupp(K) if R = (r, F). Note that (1, 0N, = (22, —2x1, 0)/ (12—
2x2), 50 Bf (u) = Cgq/*(u).
By the Taylor expansion in Step 3 of the proof of Theorem 1 in Qu and Yoon (2015) and by

] ] o 2.2 o 3.3 .
their notation, ej (u) = —h%%(R'h—Rro) e hf;%(R'h—RrO) EALD 4+ o(hd). Following the

same arguments as those in their proof and assuming that 3q(u, r)/or2 is bounded, the second-
order bias of §*(u) is O (h3).

(M) Proof for Ami(u). Kong, Linton, and Xia (2010) provide a uniform Bahadur representation
for the local polynomial regression that is uniform over the interior support of the regressors. In
the following, we extend their results to the case when one of the regressors R is evaluated at the
boundary point rg.



Decompose M+ (u) —m™(u) = M (u) —m*(u)+m*T(Uu)—m* (), where M+ (u) = E[Y T =
qt(u),R = ro] is the infeasible estimator using the true g™ (u). By Corollary 1 of Kong, Lin-
ton, and Xia (2010), the following asymptotically linear representation holds: m*(u) — m*(u) —
B[m* )] = n7t >, Zig4 (u) + Op ((logn/(nhght))**) uniformly over u e U, where the
bias

B[m*(u)]

h2 a’m(t,r) h2

R 7+ H ’ T 7+
—m/"(u), hght IIm ——= ,—m:T(u
2 r ( ) RET r_)rgr 6!‘6'[ t ( ))

t=q+(u) 2

=(1,0, O)Sl_lQl(

+0(h3 +hd),

1/2 x1 O ) 0 K2
S = K1 K2 0 y and Q1 = K3 0 2K2K1 .
0 0 & 0 2xxq 0
Note (1,0,0)S;! = (2x2, —2x1,0)/(x2 — 2x?) and (1,0,0)S;'Q1 = 2(Cg,0,%2). Then

B[+ (u)] — B[m~(u)] = h§Bra(u) + h3Br2(u) + o(hg + h).
Applying Theorem 1 of Kong, Linton, and Xia (2010) and Lemma 3(Q), we have

sup

W) = MW — (0% @) — a7 W) SBIYT =t R =r]|
ueld t

=q*(u)

o 2 O ~
ue eTo
- EE[YIT =1, R =rq] )sup GT(u) — q+(u)‘)
ot ueld

~ 0, (Iog n/(nhg) +h% + ((Iog n/ (nth%))l/2 +he+ hT) ((log n/(nhr)Y2 + hg))
=0, (((Iog n/ (nthﬁ))l/z +hg + hT) ((Iog n/(nhr))Y? + h%)) ,

where the compact set 7o C 7. We then obtain i+ (u) —m™* (u) —B[f*(u)] - h%BI’(u)mﬁ(u) _
N~ 3 of (wmitU)Zi + ¢35 (u)Z; + Rem.

Proof of Lemma 4.
(1) From the proof of Lemma3, | AG—Aqllec = Op ((logn/(nhgr))Y2 + hZ), [|Af - Am|| =
Op ((logn/ (nhgrht))Y/? + hZ + h2), and uniformly over u € U,

Am(u) — Am(u) 7(U) .
Agw  agqu (A0 Aa0)

+Op ([arh — am| _[Ad - Ag]).

T(u) —7(u) =

By Lemma 3, we obtain the influence function | F;j(u) and the bias.



(D) Consider the asymptotic variance V, (u). E[Z (u—1(T < qu(R,u)))|R] =0,s0E[Z;®7;] =
0. Further, lim,_, .+ E[Y — (mT(u) + mF(u)(R = ro) + m¢"(u)(T — g+ (u)))|T =gqF(u),R =

r] = 0, so we can show E[Z;¢3;] = O(h). Then the sampling variation from m(u) in Step 2
contributes

hrhTV [ZigF ()]

= thTE[ZE[ (Y = (m*(u) + mF(u) (R —ro) +mgH(u) (T — q+(u))))2

T,R}
2
22— iR —ro)/h) ) L Z(T—q+<u>)i (Rom)]
><( f(U) (k2 — 267) )h%K e S The )] TO0
a®t(u)
frr(W)

=240Cy

+0(1),

where Cy = 4 fooo (Kz — Kll))ZKz(D)dl)/(K‘z — 21{%)2 = 4(16%/10 —2K1K2A1 + K%ig) (KZ — ZK%) _2.
The sampling variation from Aq in Step 1 contributes

thTV [Zi (Dii_i (U)]

2 (2 — 1(R —ro)/hR))2

fT+R(u) (Kz — 216%)

:thTE[ZE [(u —1(T < qu(R, u)))>? ‘R](

1 R—rg
—_K?
12 (5 )]
fa (ro)

+2
TR

=htCvu(l —u) +o(ht) = O(hr).

Thus the sampling variation from the first step estimator A§ is of smaller order compared with
the sampling variation from the second step estimator i (u). Therefore we obtain the asymptotic
variance V. (u).

For asymptotic normality, we apply Lyapounov CLT with the third absolute moment. The Lya-
pounov condition holds, i.e., (>, V[I F; (u)])_?’/2 ST E[IFiP] = 0((nhgthsh=3/2) x
S E[NFiwP] =0 ((nhrht) ™) = 0(1). The bandwidth conditions guarantees
vnhrht Rem = 0y (2).

Proof of Lemma 5.

(1) The proof is for the estimator using the infeasible trimming, i.e., we use w*(u) = %
u

fortd = {u € (0,1): |Aq(u)| > 0}. Denote this infeasible estimator as 7 = fu%(u)zb*(u)du. We
show that as | goes to infinityandn — oo, 7* — 7 = op((nhR)_l/Z) at the end of the proof.

s ) = AWl AQ - N V.X: (1) X (7)) : :
Let w* (u) = Aq@@n = B and 0*(u) = TIA@ET = T8 A linear expansion

10



D" (U) — w* (u) = SOFAE — (B — B) + Op(|A — A [B ~ B[) = Op(lIf — allec) =
Op((logn/(nhr))¥2 + hZ). Then

T—n"= /M%(u)ﬁ)*(u)du—/ur(u)w* (u)du
= / (T(u) —z(u) w* (u)du—i—/r(u) (0*(u) — w* (u)) du (B.14)
u u
+ /u (T(u) — 7 (W) (@*(u) — w* (u)) du,

where the last term is Op (((logn/(nhrht))Y/2+h% +h2)((logn/(nhg))¥2+h%)) by Lemma 4.

First consider the estimation error in the estimated weighting function @*(u) in equation
(B.14). Let ¢4;(u) = ¢f:(u) — ¢ (U), where ¢ (U) = Zij®f (u) + h3B] (u) and ¢ (u) =
(1= Zi)®; (u) +hEB1 (u), 50 AG(U) — Aq(u) =n~t 300 ¢4;(u) + Op(h}) + 0p((nhr)~2),
The absolute value function is Hadamard directionally differentiable.

By the delta method in Example 2.1 of Fang and Santos (2019), A(u) — A(u) = |AG(u)| —
|Aq) =n"1 3 ¢4 () (L(AQ(U) > 0) — 1(Aq(u) < 0)) + Op(hd) + 0y ((nhr) V%) =
Op ((nhr)~Y2 4+ hZ), since 1 (Aq(u) = 0) = 0 foru e Y. It follows that B — B = [, (A(u) —
A))du +o(1) =n"t30 [ ¢1 W) (L(AG(U) > 0) — L(Aq(u) < 0))du + op((nhr)~Y/2) =
Op((nhr)~Y2 + h%). Then

/ur(u) (0*(u) — w* (u)) du
:/u’;) (A(u)—A(u))du—%*(é—B)
—I—Op(/ulr(u)ldu”,&—AHOO‘é—B‘)

13 *
- HZ/M (T(Bu) - %) $1i (U) (1 (Aq(u) > 0) —1(Aq(u) < 0))du
i=1

+ Op (Iog n/(nhgr) + h‘,‘q) +0p ((nhR)_l/z)

= % Z/M (z(u) = 77) $1i () (E)du + Op (Iog n/(nhg) + hﬁ) +0p ((nhR)‘l/Z) (B.15)
i=1

(u)
since w*(u)/Aq(u) = (1(Aq(u) > 0) — 1(Aq(u) < 0))/B.
Next consider the first term in (B.14). Let m*(v) = lim, _, + E[Y|T =v,R=r], mf(®) =

lim,_, + E[Y[T = 0,R = r]/or, and m{"(v) = lim_, + OE[Y[T = t,R = r]/ot|r—,. By
change of variable v = g™ (u), do = duaq™(u)/au = dufgr(ro)/ {5 (U). Then ¢ (u) defined in

w*
Aq

11



Lemma 3 becomes

¢35 (Frir(@, o)) = (Yi — (M () + m* (©) (Ri —ro) + mi" (v) (Ti = v)))

2 (k2 — x1(R; _rO)/hR) 1 (TI )
h Khg (Ri = o).
fR(Fryr (v, 10)) (k2 — 2«%) hr hy hr (Ri —To)

LetZ/* = [u, 0] C ¢ such that Aq(u) > O forall u e 4*. Then

Ty

gt (@
= / W ( (m+(0) + m/+(1)) (Ri —ro) + mt+(v) (Ty — 1))))
qt(u

202 =R —ro)/hR) o e m o frR(FiR(e: 1)

do

f-lfl_R(FTﬂR(l), ro)) (Kz — ZKE) fR(rO)B
gt @-Tj
_ Aw)“;i (Yi = (M*(Ti + h1s) + m*(T; + hrs) (Ri — ro)
ato-
— m*(Ti + hts) (hTs)))K(s)d52 (e2 — ©1(Ri —ro)/R) Kns (Ri — ro)

fR(ro)B (Kg — ZKE)
= @3 + Op(h7).

The last equality follows by letting U;i = Fr,|r(Tzi,ro) ~ Unif(0,1) for z € {0,1}. Thus

Tii = g™ (Ugi) and m*(Tyj) = m*(Uy). The same argument applies to /~, where Aq(u) < 0

for u € U~. Then together with the influence function derived in Lemma 4, the first term in
equation (B.14) is given by

/u (7(u) — 7(u)) w*(u)du

1 n
_ ﬁZ(zicp;li —(1-Z)®3)1(U; €U) +/ (¢ (@) - 2(w)

w* (u)
Aq(u)

Together with (B.15), we obtain the asymptotically linear representation for 7 *.

du + Rem.

~¢3 (M) — 7)) + hEBro(Y) + h2Bro(w))
(D) The asymptotic variance V, is derived using the influence function in Lemma 5(1),

V, = n'L”gOhRV[ (293 — 1 — Zi)Dyy)

+/ (Zi 0} (AT ) — (1 - zi)cpﬁ(u)A—(u))du].
U

12



lim,_, + E[(Y — (m*(U) + mF (U)(R — ro)w*(U)/Aq(U)|U = Fryr(T1,T0), R =r] =0, 50
we can show E[Z; ®F;;] = O(hgr) and E[Z; ®F;; [, Zi @, (u)A*(u)du] = O(hg). Then for V7,

lim hrV [/ Zi<I>fi(u)A+(u)du]

_ nlLrgohR/ // [(U—1(T <q"W)) (0 =1 (T < q*®))IR]
A+(u) A*®)  (2(2—x1(R=To)/hR) 1 (R—Tg
x (u)du (D)d ( =20 mK( o )) fr(R)AR.

In the following derivation for V', we sometimes suppress the notation 4/— for simplicity.
Let T = [t,f], 4" =[u, 0], =q*(0), g =q* (), and Q = g — q. The second equality below
is by change of variable s = (T — q(u))/hT The fourth equality below is by change of variable
a=(q(u) —q()/hr,s0du = f{{r(@(v) +aht)hrda.

(], s )]

+ o/t . ot
fR(ro>BZ/u+/u+/ B[(Y —m* (@) —m" @) (T =qu)) (Y —m* (@)
~mF @) (T =a©))[T, R =g |Kn, (T = q)Kn (T = @) frjr(T, rg)dT

1
dudo
T|R(U)fT|R(0)

[ Q(U)
~ oz | Jean o EL(Y = @) = @yshr) (Y = a0
-0 GO —q@)+shn) T =q() +shr. R = ]K)

q(u) —q(v) )f h g dudo
X o (—hT ) @)+t s S

[ Q(U)

/u+ /Z,{+/ ww [(Y =mT @) (Y —mT(@())

—m () (Q(U)—Q(D)))‘T =q(u), R =r; ]K(S)— (%TQ(D)_FS)
dudo Cv
r(W fr(©) fr(ro)B?

x frir(q(u), ry)ds i + O(ht)

a-q@) q(z - q(v) a
fR("O)B2 /L{+A Q( ) [ 10)_g —m¥(q() +ahn)) (Y —m* Q)
_ mt+(Q(v))ahT)|T = q(o) +ahr, R =rd]K(s)K (a +s)dsdadv + O(hr)
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q-q(@) Q(") - q(z)) _a

_ .

B fR(ro)82 /Z/Hﬁ q(v) m s K(s)K (a +s)dsdac“"(v)do + O(hT)
q—q() Q(“) = q(v)

N fR(ro)B2 /wﬁ a0 Ju q(T> K(s —a)K (s)dsdas?* (v)dv + O (hr), (B.16)

where the crude bound O (ht) comes from the integration over the sub-support /*. Let G(u) =
f_“oo K (s)ds. By integration by parts and change of variable,

a-q@) t-q@)
= Rt

K(s —a)K (s)dsda

a-9@)  Jt-q@)

hT hT

t=a@) 4-9@) _¢
hT At

= K(a)daK (s)ds

t— q(u) 9-4() q(v)

o B
[??( (q_‘“”’ ) -e (7 -s) K es
T

( q—oq() TTG(q q(v)
Tt h
t—q) q-t —t
( ht )(G(hT)_G( ht ))

q(v) q-t q-t

_G( ht )(G(hT)_G(hT ))

Note in the first two terms in the above equation, the range of integration does not depend on v. So
we can change the order of integrations in (B.16).

Let 02t (v) = B[ (Y — mT(T))?|T =q(), R =r}]and V(v) = [ 62+ (u)du. We compute

/ o>t ()G (q —a) — S) do
U+ ht
— V()G (q —h?( v) )) +/ V)K (q —hj(v) )qh(T)
0
V@6 (-5) -V (Q/hr ) + | o, VIFTR(@ +ahr T)K 6 +a)da

= V(@G (=s) = VWG(Q/ht =) + V(0) (G(s) — G(=Q/ht +5)) + O(h1)
= (V(@) = V(W)G(Q/hrt —s) + O(hr),

q —t
T

G

,_,

a-

s) K(s)ds —

%

s) K (s)ds

3
=

®
|

+

where the second equality is by change of variable a = (q(v) — §)/ht. Similarly
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fope 0 @ )G(q 1) s)dv = (V(@) — V()G (=Q/ht —s) + O(hr). And

/ 2+( )G( Q(l))
u+
:V(D)G( q(v))

= V(u)G — V()G

)
/u ( hj(l))) qh(:) )
(+

) . V(FT|R(t+ahT ))K(a)da

—V(u)G( q) vwe [ —2 ) +va (q_f)—e a-t +O(ht),
ht ht ht ht

where the second equality is by change of variable a = (q (v) —t)/ht. Similarly
fwa”(u)e(!‘,ﬂ#)do — V(0)G (lh‘f) V()G ( ) + O(hr), because V(Fr|r(t, ry)) =
V(0) = 0.

The main component in (B.16) becomes

QQ() IQ()

/+/q =0 [— K(s —a)K (s) dsdac ™" (v)do

15



O

\.—f
o
|-

(V(U) - V()G (% - S) K (s)ds —/ L (V@) - V@))G( _ %

e ) ()
()
oo () - (5] (e (5o () o @

whose limit is V(0) — V(u) = [+ o?*(u)du as ht — 0. Then we obtain V™ in (B.5).

Below we discuss that in finite samples the bandwidth ht might not be small relative to q —
q,t —¢, and g — t. We suggest an adjustment term to estimate V' in Section C. Let the support
of the kernel K be [-k.,k]. Leth = Q/(2k). Forht > h,s € [-k,k—Q/hr], and k €
[Q/ht +5.K], IG(Q/hT +5) = G(K)| < IK(K)IIk — Q/hT —s| = O(Qht/h?) = O(h1/Q).
So when ht > Q/(2k), equation (B.17) becomes fu“ o2(W)du + O(ht/Q). In finite samples,
O (h7/Q) might not be ignorable. Thus in the first two terms in (B.17),

T3

—s)K (s)ds

ﬂ\ﬂ

3

/TG(%—S)K(S)dS—/jG(—%—s)K(s)ds
o ) it tq
- (th_Tq) - (Eh_Tq) ‘/q G(S‘hg)K@dS—/h_;T G(S-%)K(s)ds. (B.18)

The last three terms in (B.17) are of smaller order o(ht/ min{t — q, q-—th.

To show asymptotic normality, we apply Lyapounov CLT with third absolute moment. By
the bandwidth conditions, the Lyapounov condition (31, V[IFyi])™>* S0, B[[I Frif] =

O((nh=1)=%2) "1 B[|1 F,i 3] = O((nhg) %) = o(1) holds.

Finally, we argue that as the number of grid points | = I, — oo and 1=1/nhg — 0, we can
work with # in the above proof by showing that z* — # = 0,((nhg)~/2). Decompose z* — 7 to
171> tupdup =171 D7 #upd*u)) (B.19)

ujeld ujeld
+17 > %(u,-)zz)*(u,-)—/j(u)a)*(u)du (B.20)

=y u
ujeld
+/A%(u)ﬁ)*(u)du—/ T(W)*(u)du. (B.21)
u u

For the term (B.21), we argue that using the estimated trimming #/ is asymptotically equivalent
to using the unknown ¢{. By Lemma 6, [;|AG(u)|du — [, |AG(u)[du = fol [AGU)|(7(u) —
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x (U))du = op((nh r)~1/2). The smoothness condition in Assumption 5.2 implies Lipschitz conti-
nuity, so 7 (U)w* () [, [Aq)|du = O(JAq(u)|). Thus | [ 7 (W)d*(u)du — [, 7 (W)d*(u)du| =
Op(fo1 |AG(U)[(7(u) — x(u))du) = op((AnhR)_l/Z) by Lemma 6.

Next consider the term (B.20). Let f(u) = 7(u)w*(u) that is a smooth function of u. By
a Taylor series expansion, the approximation error of the Riemann sum is \I—l Zujeﬁ f(uj) —
Ja fdu] <1723, g [fup=fujn] <1703, g | P@Ep|uj—uj-o) < 17 max, gz | @) =
Op(1~1), where Gj € (Uj—1, uj). Therefore (B.20) is Op(171) = 0p((nhg)~Y/2). The same argu-
ments for (B.20) and (B.21) imply that (B.19) is 0p((nhg)~Y/2).

Proof of Lemma 6. Rewrite

2 (U) = x(u)

=1(JAG(U)| > €n, |AG(U)| < 0) — 1 (JAG(U)| < €n, |AG(U)| > 0)

=1(JAGW)] > €n, 1AQU)[ < 0) — L (IAGU)| < en < 2¢n < [AG(U)]) (B.22)
—1(IAGW)] < €n,0 < [AQU)] < 2€n) . (B.23)

By the condition e sup, ¢y, [|AG(U)|—|Ag(u)|| = 0p(1), the firstterm in (B.22) 1(|AG(u)| >
en, [AQ(U)] < 0) < 1(||AG()| — |Aq(u)]| > €n) = O with probability approaching one (w.p.a.1)
for any u e U. Thus (supyey [IAGW)] = [AGWI) ™ 3 IAGWIL(AGW)] > €n, [AQU)] <
0)du = 0 w.p.a.1. It then implies that fol IAG(U)[1(JAG(U)| > €n, |AG(U)| < 0)du
= op(supueu \|Ad(u)| — |Aq(u)||). The same argument applies to the second term in (B.22) and
impliesthatfol IAGW)IL(JAG(U)] < en < 2€n < |AQ(U)])du = 0p(SUpycy ||AG(U)[—]AGU)I]]).

For the term in (B.23), note that foll(o < |Aq(u)| < 2en)du = F(2¢p) denotes the CDF of

|[Aq(U)| with U ~ Unif (0, 1). By the smoothness Assumption 5.1, we can apply a Taylor series
expansion F(2¢,) = F’(0)2¢, + 0(en) = O(en). Therefore

1
| 18401818601 < 0.0 < 1aq@)] < 2¢0)c
1
< en/o 1(0 < |AqQ(u)| < 2¢p)du = O(e?) = o(suE [1AG(U)| — [Aq(u)]|)
ue
by the condition €2 (supy, |1AG(U)| — |Aq(u)||)_1 = 0p(1). The result is then implied.

B.4 Proofs of Theorem 7, Theorem 3, and Theorem 4 for z (u)

Proof of Theorem 7. Lemma 4 implies Theorem 7 by letting the bias be of smaller order, i.e.,

Vnhght (h%BRr, (U) — h2B1,(u)) = 0(1).

Proof of Theorem 3. The following derives the terms Vg_(u) and C, (u; p) in the variance of
%bc(u), which are due to bias-correction.
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Let By (u) = c3Cam/*(u) + c2xom{*(u) and Ba(u) = B3 (u) — B3 (). For notational
simplicity, we suppress the notation for u in the functions of u. Let B —-B,; = BJr B — @_
B~ ) where B, is defined in (B.10). We linearize the estimator and focus on the part above the
threshold: B} —B+ = {BJr Bf —c4Bf (7 —1)+c3 (B+—B+)(m *—1)}/Ag+Rem,. Corollary 1
of Kong, Lmton and Xia (2010) for the local quadratic estimator implies the asymptotically linear
representation for B — B3 in (B.24) below and the convergence rates of the derivatives in B :
I — o = Op((logn /%)% + b). I — 1l = Op((logn/b®)"2 + b)
and [f{" — m{T |l = Op((log n/(nb"’))l/2 + bz). Lemma 3 in Qu and Yoon (2019) suggests
167+ — o/ T lleo = Op((log n/(nb5))1/2 + b). Thus it can be shown that the term associated with
G/ in Bf and the remainder terms Rem, are of smaller order.

~ 1 N 1 (logn\**
Bf —B =1, (b2 (Caea + x2e9) 37 +B[B3 ]} + 0 (@ (n—gz) ) (B.24)

B .
—A—q(f—f)Jr

CgC%
Aq

= Op ((log n/(nb6))l/2 +b + (logn/(nhrh1))Y2 + h% + h%) ,

" (6~ 0/") (mi* =) + Rem,

where B [@;] = O(b) and

WpS Bt &
B ) = =22 S Kn (X =0 (Y= (X5 = %) W00 ) 1 (X, = x) Zi.
nf s (u)

i=1

where Kyp(X; — %) = (brbr) K (15 +“”) K (B50), W, = diag(1,1,1,2,1,2), By =
dlag{l) ba ba b29 b27 b2}1 A| = (Tl /CTo |/CR) y é = (q+(u)/CTa rO/CR)TJ
T
u (X) = (1, R/cg, T /o1, R?/cE, RT/(crer), T?/c2 ), and
/ 1 ; 2 /7 *— = -
for(x) = ( m*, m/*cg, miter, m*c3, |Imr_>r0 %}tzqﬂu)cRcT, mt+cT) . Bi5 is defined
as B4 by replacing Z; with 1 — Z; and + with —
Together with Lemma 4, the asymptotically Ilnear representation for P s

fbc—r:%—r—hz(gr—B,)—thf

L B[Bf —B;] cZ(Bf -By
:EZIFrbCi_hz( [2 2]_CR(Bl Bl)(%_,[)
Nz

Aqg Aq

Al 1/ CBCZ / All— /— CBCZ /—
(qr+ qr+) AqR (mt+ ) (Qr qr ) AqR (mt _T))

h? (logn\**
+ Op (F (n—bz) + Rem
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1 h2/logn  h logn logn\ /4
= > IFwe +O0p{h?b+h3+ Y —— 4+ — + + 1+ 2(—) :
n ,; ! p( N RV BRI P9\ b2

where the influence function

1 , h? ;
|Foi = 5 [Zi (qb; + @ (miF — r)) — 17 (Coea +x26) " B]

h2
—(1-Z)(p5 + O (M7 —1)) + 02 (Cges + k2e6) " ﬁ;z—]. (B.25)

Next we derive the asymptotic variance V [;7 ] to be

W,S; 1Bt
2 KoK =) (Y= 1 (X = %) Wo 8500 w (X~ x) 21| By Sy MW,
TR

where the second moment term
VKo X =30 (Y = 1 (X =) " W5 8200 1 (X; — %) Zi

o0 2
=// Ké(x—x)E[(Y—u(z—z)Twz‘lﬁzw) 'R,T]ﬂ(l—l)ﬂ(l—l)T
T Jrg
X fTR(T, R)deR

:/00 /‘X’ K2(0)K2(s)E [(Y — u (K_K)nglﬂzﬁ))z ‘T gt 4brs. R4 bRD:|
—00 J0

1
x pu((brs, bro) N ((brs, bro) )T frr(a™ + brs, ro + bro)dvds.——

b2cTCRr
272
= 0 =qt.R = + T 1
_bZCTCRV[Y‘T =q ,R—ro]fTR(q arO)elel +O(b )
Therefore .
N 2150 B ~ )
Vsl = anC:TWZSZ ‘ere S;'W2 + O ((nb) 1) ,
TR

Thus the variance of §, contributes to the asymptotic variance of 7¢ by a term of order p4(nb?)~1 =
(nh?p=®)~1. Since (Cges + x266) " W2 = 2 (Cpeq + x2€6) ', we obtain Vg_(u) defined in (B.2)
by showing that the sample above the threshold contributes

o2t 1

fz CTCR(AQ)?

813 (Ces +x2e6) ' S; eref Syt (Cpey + x266) .
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For the covariance term,
Clzigy. A3 ]

1 2W,S; 1Bt

N 7R (2 — 2

x (Y = (M +mi* (R = ro) +mi* (T = q*)) (Y — e (X = x) T Wy 5o00))

)E[Kh (T—a",R—=ro)Kp (T —=q™, R —ro)

x (k2 — k1 (R —ro)/h) u (X = x) Z],
where the expectation term is
/T/: Kin (T =%, R = 1o) Ko (T =%, R = r0) (k2 — x1(R — ro) /) i (X — X)
< E[ (Y = (m* +m* (R =) + m{* (T —q™)))
x (Y =1 (X =x)" Wy 8p00)

2 2+ 00 2
= hzgﬁ(’cz (/0 K(v/p)K(v)dv)

_%/O vK(v/P)K(D)dD/O K(v/p)K(o)du)el f +0 (bh_z),

T, R] frr(T, R)dRAT

Since Bn‘lel = e1, the covariance

h? 1
C [Zi¢§, Y (Cgeq + x2€6) ﬁ;;] (202

1
aop” Clzied. £17]

1 %t 8 (Cgesq + Kzea)T Sz_lel [ 00 2
nb2ctcg fT+R (KZ — ZK%) (ACI)Z k2 (/0 (v/p)K(v) U)

— %/OOO oK (v/p)K (v)do /OOO K(v/p)K(v)dv] +0 ((”b)_l) -

— — (Cges +x2e6) "

A similar derivation yields

h? 1
C |:Zi(1)fi (m{+ — T) S~ (Cgeg + nge)T ﬂ:;—]
(mi" —

M T)pZC [ziof, g2] =0 ((nbz)—l) .

.
= — (Cges + K2€p) (80)2

Thus the covariance between the §, and 7 contributes to the asymptotic variance of 7be by a term

20



of order (nb?p)~1 = (nh?p~1)~1. We obtain C, (u; p) defined in (B.3) by showing that the sample
above the threshold contributes

2+ 16 (Cge ) S;ley [
o (Cges +x286) " S, 1/ K (0/p)K (0)do
0

ffr crcr(x2 — 2x3)(AQ)2

X (p;cg/o K(v/p)K(v)dv—Kl/o vK(v/p)K(v)dv).

Therefore V2 = O ((nh?)~1 +h*(nb®)~1) and B[] = —h2B[B,]+ O(h%) = O(h3+h?b)
is of smaller order by the conditions n min{h®, b®} max{h?, b} — 0. We have the asymptotically
linear representation in (B.25), °° — 7 = n"1 3, I F 0y + 0p((Nh?) =2 4+ h2(nb®)~1/2).

For asymptotic normality, we apply Lyapounov CLT with third absolute moment. When
h/b = p € 0,00), (B.25) implies vnh2(z — z — B[?"]) = vnh2n~1 31, I F,05; 4 0p(1).
The Lyapounov condition holds, ( >7;_; V[I FTbci])_S/Z ST E[I FociP] = O((nh=2)=%/2) x
> B[] Fooei[¥] = O (n™2/2h3(h—44p%b~4)) = O((nh?)"*/?) = o(1). Then vnh2(*°(u; h, b)—
7 (U)) =g N(0, VEC(u)).

When h/b — oo, v/nbh=4(2 — ¢ — B["]) = +/nbSh=4n—1 31_, I F.u5; 4 0p(1). The
Lyapounov condition holds, (>, V[I FTbci])_3/2 S E[ P 3] =
O((nb=8h*)=3/2) "1 E[|1 Fyoe; 3] = O (n~/2b%6p8b—%) = O((nb?)~%) = o(1). Then
VnbSh=4("(u; h, b) — 7(u)) =4 N(0, Vs, (1)).

Proof of Theorem 4. Theorem 4 follows by minimizing the AMSE implied by Lemma 4. The as-
ymptotic distribution becomes n/3(z (u)—z (u)) —¢ N (ck(U)ct (U)B, (), (Ck(U)CE (U)) IV, (u)),
where ¢ (U) = (V. (u)/8)"%(Br. (u)/BR, ()2 and ¢t (u) = (V. (u)/8)"/°(Br. (u)/B3, (u)*/*2.

B.5 Proofs of Theorem 8, Theorem 5, and Theorem 6 for 7 *

Proof of Theorem 8. Lemma 5 implies Theorem 8 by letting the bias be of smaller order, i.e.,
Vhhg (h4Br: +hBr,) = 0(1).

Proof of Theorem 5.  The following derives the terms Vg_ and C, (p) in the asymptotic variance
of nhRﬁbc, which are due to bias correction.

Similar to the proof of Lemma 5, the proof below is for the estimator using the infeasible
trimming function y (u), denoted by B, = fu g,(u)ﬂ)*(u)du + fu (@f(u) — §1_(u)) (%(u) —
bc 7%bc

ﬁ)tb*(u)/Ad(u)du. Following the same arguments as in Lemma 6, we have 7
0p((nh)~1/2).
First derive the asymptotically linear representation

. 1
AP = - > 1Fpnei +0p ((nh)—l/2 + pz(nb)_l/z) ,
i=1
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where the influence function
I Froej = Zi [/ O (AT (U)du — p? (Cgey + K2e6) T D (D)L (Ti € Tr11)
Ol LT € Tep) | - 1= 20|05, (01T € T (8.26)
+ /u O (U)A™(U)du — p® (Cges + K265) T D5 (0)1(Ti € Tys0) }

with ®;; (h) defined in Lemma 5 and

w*(Ui)

@55, (b) = (Yi — (mi(Ui) +myE(Up) (Ri —ro) + %m’r/i(Ui) (Rj — l’o)z)) AQUD)

.
WoS;t (. Ry —r1o (Ri —r0)2 1 (Ri —rg)
x 1, ,0, ,0,0) —K .

fr(ro) ( br br br br

To derive q)zizi (b), linearize B, — B, Where B, is defined in (B.13), to be

/u (B (W) - B.(w)) w*(u)du +/M (Bf (u) — By () (F(u) — (W) Z);((l:))du + Rem,.
The leading term in Rem, is Op(||§ — BelloollAG — AQllec) = Op(((log n/(an))1/2 +bh+

ogn/(nhrht + ng + ogn/nR + y the proof o eorem 3. And the
logn/(nhgh7))"* + hZ + h2)((logn/(nhg))"’ + h2)) by th f of Th 3. And th
terms associated with the cross products of BJr Bf, A§—AQ,7—r7,and 7" —z* in Rem, are
of smaller order.

Together with Lemma 4 and Lemma 5,

~bc
- -t

—2*—7* —h?B, —h%B, — B,)

:lzn“mi —h2/ (é,(u)—B,(u)) w*(u)du

~c3h2 2/ | Fai(u) (BY (@) — BT ) & ((”))

— CRh4/u B.(u) (Bf (u) — B (u)) X (( ))du + Rem + O (h5 + h?(Rem + Rem”)) .

By the same argument in the proof of Lemma 5, the third term associated with | F;j(u) is
Op(h% ((nhr)~Y/2 4 h2)), which is of smaller order. We focus on the second term [, (B, (u) —
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Br(u))w*(u)du using the expansion in (B.24). One can show that

/ L(u)[b-z (Cges +x286) " fid(u) + E[ﬁg] —Bf () (F(u) — z(u)) {du (B.27)
u Aq(u)
= Op ((nb5)‘1/2 +b+ (nhr) Y2 +h% + h%) :

To see why, the second term associated with IB%[@Zr ] is O(b) and the third term associated with
¢ — 7 is Op ((nhgh7)™Y2 4+ h% +h2) by the proof of Lemma 5 with the additional weight
BI’(Ui)/Aq(Ui). For the first term in (B.27), we use the same arguments as those in deriving
(B.14) in the proof of Lemma 5. By change of variable » = q*(u) ands = (v — Tj) /b1, we have

*(U) ,
/ Aq(u)ﬁ” 5 (u)du
_ Wesy'Bgt 1B 1 w* () | .
/u AL (U)AqU) Ko(Xj —x) (Y' —u(Xi —x) W, ﬁz(é))

X u(X —x)duZi

_WgSle‘l L / * (Frur(Ti +brs, ro)) K(s)
Aq (Frir(Ti + brs, rg)) fr(ro)

(FT1|R(Ti + brs,rp) € Z/{)
X (Y' - ((bTS Ri —ro) ) Wy ﬁz@)) ((brs, Ri —ro) ") dsZiKp(Ri — ro)

— = Z Zi 5, (0)1 (Ui € U) (1 + 0p(b?)).
i=1

For the asymptotic variance contributed by gn, Vg, , we have

B0 (01 (Ui € U)Zi]
2
- WzSZ_lE[ (Y — (m+(U) +mT(U) (R —ro) + %m/ﬁ(U) (R — rO)Z)))
R—rg R—rg 2 ! R—rp R—rg 2
(50 (B5) o) (150 (552 00)

w* (V) S, W,
X (Aq(u)) K2 (R —ro)1(U eld) z] 20

:wzsgl/oo/ 1 (Fryr(TIro) € U) v vK? (D)E[(Y — (m+(U)+m;+(U)(bRo)
0 T
2
+%m’r’+(U)(bRo)2)) U

S, W,
bR B2f2(ro)

= Frr(TIro), R=ro + va] frr(T,ro + bro)dTdo
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E[V[Y|U,R]1(UelU)|R =r{]
br B2 fr(ro)

Thus the first term in (B.27) is Op((nb%)~1/2). Then p? (Cgeq + x2e6) " @, (D) contributes to the

asymptotic variance of 2 by a term of order p#(nb)=! = (nhp=5)~1. We obtain V_ defined in
(B.6) by showing that the sample above the cutoff contributes

W2S; A28, W, +o(b™h) = O(b™h).

4 [, 0%t (u)du

Cge e6) | S;1ALS; Y (Cge e6) .
cRBZTa(ro) (Cges + x2e6) S, "A2S, " (Cpes + x2€p)

The asymptotic covariance is limy_; o0 —2hp2(CBe4+x2e6)T(C[Zi 7, (M1(Ui e U), Z; @3 (b)
1(Ui € U)] = limn_ 00 —20p?(Caes + K286) ' B[Zi DF;; (h) D7y (0)1(U; € U)], where

E[Zi®F; (h)cb22I (b)1 (Ui e U)]
B 2W232
B B2 fé(ro) (Kz — ZK%)

/==
x (Y —mE(U) = mE(U) (R —rg) — ¢ Z(U) (R— fo)z)

:
R— R —ro)? R—

w1, 2210 o, ) 0.0) (ko—xim—Y1Uew .
bR bR hR

By change of variable v = (R — rg)/bg, the above expectation term is

E[Z Kh (R —r0) Kp (R = o) (Y —m*U) —mFU) (R - ro))

1 (0.¢]
p_b/o /T K@)K@/p)V [Y|U = Frr(T,r0),R=r0+ UbR]V(Kz —k10/p)
x 1 (Frr(T,r0) € U) frr(T,ro+vbr)dTdo = O ((pb)—l).

Thus the covariance between p? (Cges + K2€6)T @7, (b) and ‘1’21. (h) contributes to the asymp-

totic variance of #°¢ by a term of order p2(npb)~1 = (nhp=2)=1. We obtain C, (p) defined in
(B.7) by showing that the sample above the cutoff contributes

8% (u)du
B2 fR(ro) (KZ — ZK%)

(Cata-+x2e0)" 7% [ K@K (0/p)v(xz = w10/ p)d.

Therefore V[7#"] = O((nh)~ + (nb%h~*)~1) and B[] = O (h?(h + b)) that is smaller-
order by the bandwidth conditions n min{h®, b} max{h?, b2} — 0. To show asymptotic normal-
ity, we apply L%/apounov CLT Wlth third absolute moment. When h/b — p € 0, 00), (B.26)
implies +/nh(z [ “]) = ¥nhn=t 3, I Fee; + 0p(1). The Lyapounov condition

(Zi:l V[I Fnbcl]) 3/2 Z|=1E[|I Froeil ] = ((nh 1) 3/2) ZizlE[ [T Fzeci ] =

0 (n~%2h3/2h=2) = O((nh)~/2) = o(1) holds. Then v/nh (" (h, b) — z*) =4 N(0, V).
When h/b — oo, vnbSh=4(2" — z* — B[2"]) = vnbh=2n~1 31| I F,ue; 4 0p(1). The

Lyapounov condition holds, (31, VI Fpeei])~>/> 30, B[|1 F,eci 3] = O ((nb=5h%)=3/2) x
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S B[ Fpoi}] = O (n~Y/2b15/2h=68h=2) = O ((nb)~1/2) = o(1). Then +/nbSh—4(#"(h, b)—
n*) —d N(O, VB”).

Proof of Theorem 6. Theorem 6 follows by minimizing the AMSE implied by Lemma 5. The as-
ymptotic distribution becomes n2/5(2*—z*) —q N (ct2Brx, ¢V, ), where ¢t = (V. /(482 ))"°.

C Estimation of the biases, variances, and AMSE optimal band-
widths

This section describes how to estimate the biases B, (u) and B, for 7 (u) and z *, respectively, and
the asymptotic variances V, (u) and V, for 7 (u) and 7z *, respectively. We also describe how to
estimate their associated AMSE optimal bandwidths h_(u), h%_(u), h%_, and h°. With suitable
choices of some preliminary bandwidths given below, these estimators for the biases, variances,
and optimal bandwidths are consistent.

Consistency of each unknown element in these plug-in estimators requires standard bandwidth
and regularity conditions. These conditions are well known in the literature (see, e.g., Kong,
Linton, and Xia, 2010, Calonico, Cattaneo, and Titiunik, 2014, and Qu and Yoon, 2015) and
are satisfied by our estimators. In the following we focus on estimating the unknown parameters
defined above the RD cutoff. Corresponding parameters defined below the cutoff are estimated
analogously.

C.1 Biases estimation

Consider the biases of 7(u), Br,(u) and Bt (u) in equations (B.8) and (B.9), respectively. Cg is
a constant depending on the kernel function. For the Uniform kernel, Cg = —1/12. Aq(u) in the
denominator of 7 (u) is estimated in Step 1 of the estimation procedure described in the main text.

The remaining unknowns are m;*(u), g/ (u), m”*(u), and m;* (u). They can be estimated by
local quadratic quantile and mean regressions. In particular, g;/* (u) is estimated by 2a» from the
local quadratic quantile regression with a chosen bandwidth b,

(ao, 01, a2)

= arg min Z K (M) Pu (Ti —op— o1 (Ri — ro) — o2 (Ri - I’o)z) .

aQ,01,02 li: Ri=ro) bR

Further, mi*(u), m{*(u) and m/*(u) can be estimated by /5\0,1, 2’,6\0’2 and 2?2’2, respectively
from the local quadratic regression

; Ri —ro Ti —§*(u)
@k,j,k,jzo,l,z) — arg min Z K( ™ )K( = )

Pieinki=012 (iR =ro)

2 _ 2
x (Yi =D > Bej (Ri—ro)* (Ti — cﬁu))“k) .

i
i=0 k=0
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Plugging in Cg and the estimates of m; () a/%(u), m’*(u), and m”i(u), one obtains §RT (u)

and Bt (u). Then the bias of 7" is estimated by plugging in these estimates.

C.2 Variances estimation

For the standard error of 7(u), we estimate V,(u) in equation (B.1). For the Uniform kernel,
Cy =4and 1o = 1/4. Aq(u) is estimated by Step 1 estimation described in the main text. The
remaining unknowns are cg, Ct, fTilR(u), fr(ro), and o %% (u).

The densities fT+|R(u) and fr(rp) can be estimated by the standard Nadaraya-Watson esti-

mator. That is, leR(u) =>" 1K(R"r°)K( i(“))Z /Z, 1K(R'_r°)Z. and fr(ro) =
(ng)~ 1>, K (%) where the Silverman-rule-of-thumb bandwidth for the Uniform kernel

gr = 0.73440gn~Y/6 and g7 = 0.734457n=Y/6 for {7 (u) and g = 1.8430rn~Y/° for fr(rp).
The standard deviations o g and o 1 are estimated directly by the sample standard deviations of R
and T, respectively.

o2t (u) can be estimated by 0, from the local linear regression

_ 4+ L
(0,91,02 =arg min Z K (TI+T(U)) K (R.bR ro)

90.01.92 iR =1)

X ((Yi — T (U))? — 0o — 01 (Ri —ro) — 07 (T; —ﬁ+(u)))2,

where M*(u) is estimated in Step 2 estimation described in the main text.

Plugging in all the estimates and the constants Cy and g, one obtalns V (u).

Consider next the standard error of the bias-corrected estimator ¢ (u) For the Uniform kernel,
Vg, (U) = 9.765625V, (u) by equation (B.2), and C,(u; p) = 3.125p%V, (u) when p < 1, and
C.(u; p) = 37. 5(p/3 1/4)V.(u) when p > 1 by equation (B.3). Plugging in V (u) for a chosen
p, one obtains V, ).

For the standard error of 7 *, we estimate V, in equation (B.4). Estimation of Aq(u), fr(ro),

TIR(u) and o2+ (u) is descrlbed at the beginning of this section. w*(u) is estimated in Step 4
estimation in the main text. The only unknown involved in V3 is m; *+(u), which appears in A*(u)
and can be estimated as described in Section C.1. We estimate A*(u) by plugging in the estimates
of Aq(u), miE(u), and w*(u).

To estimate V', we include a finite-sample adjustment term in (B.18). Suppose U = U]-lez/{j
is a union of J disjoint intervals, where Aq(u) # 0 foru € Uj = [u;, 0j]. Let qJ = q*(d)),

qJr =qt(u)), QJr = qJ — qJr and the support of Ty be 7+ = [t*, {*]. Then V™ is the estimate

of
J
C
AT | o uydu+A7 [ o2 d) Y :
Z;( J/uj" (du+ J/uj” O ) e (, 1Aq(W)du)2

J:
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where

it —qgt tt —qgi
+_ i V_cl: J
B Q

Gu) = f_“oo K (s)ds, and A} is defined analogously by changing + to —. Note that when ht is
small relative to Qf, the last two terms in Af are zero. As ht — 0, AT becomes 1 and equation
(??) becomes V. The adjustment term is especially relevant when policies target top or bottom
of the treatment distribution and hence t+ — q+ ortt — qJr could be small relative to h.

Further plugging in the estimates of Aq(u), fr(ro), leR(u) AT (u), 6°*(u), and the constant

Cv, and replacing integration by summation, we obtain V” = Vm + Vq

Consider lastly the standard error of the bias-corrected estimator 7 i he by Theorem 5, For the
Uniform kernel, Vg_ = 1.641V™ by equation (B.6) and C,(p) = (3.125p — 2.5p%)V™ when
p<landC,(p)=(25-1 875/p)vm when p > 1 Dby equation (B.7). Plugging in the estimates
of V, and the constant C (p), one obtain V

C.3 Optimal bandwidths estimation

Given the consistent estimates in the previous sections, by the plug-in rule, one can consistently es-
timate the AMSE optimal bandwidths for # (u) by h h%, (u) = CR(u)n‘l/6 and h* L) = éj‘;(u)n‘l/6
where CE (U) (V. (U)/8)1/6(BTT (u)/BY, (u)+/12 and cr(u) = (Ve (U)/8)1/6(BRT(U)/B )R
For 2%, ey, = (V. /(4B%,))Y/5n=1/5 and hiot =hy n=Y3061/6R.

For our emplrlcal analy3|s we choose b = cn‘l/ , Where 1/8 is the optimal rate for estimating
the second order derivatives of m (t, r) by local quadratic regressions, and the constant c is set to
be a value (4.5) such that the estimates are stable.

D Supplementary empirical analysis

D.1 Data description

Our data are collected from three sources: the annual reports of the Office of the Comptroller of
the Currency (OCC), Rand McNally’s Bankers Directory, and the United States population census.

The OCC’s annual report includes the detailed balance sheet information. We collect balance
sheet data on national banks in 1905 and whether they suspended their operation in the following
24 years (up to 1929). Our analysis focuses on national banks that were established after 1900.
The minimum capital requirement changed in 1900. Before 1900, national banks were required to
have a minimum capital of $50,000 regardless of whether they operated in a town above or below
the 3,000 population threshold. National banks established before 1900 might be subject to either
the old or new regulatory regime, depending on when they were rechartered. We do not have the
information on when they were rechartered.
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The OCC'’s annual report also indicates the town, county, and state in which each bank was
located. We match this information with the United States Population Census to determine town
populations. Since all banks in our sample were established between 1900 and 1905, their capital
requirement in 1905 was determined by their town population in 1900, as reported by the 1900 cen-
sus. In addition, we gather information on county characteristics that measure their business and
agricultural conditions, including the percentage of black population, the percentage of farmland,
and manufacturing output per capita per square miles.

Bank capital is the sum of a bank’s capital and surplus. Bank assets refers to a bank’s total
amount of assets. Leverage is defined as the ratio of a bank’s total assets to capital. Higher
leverage is associated with lower survival rates during financial crises. However, banks generally
have an incentive to increase their leverage so they can accumulate higher rates of returns on their
capital.

Table D1.1 Sample summary statistics

Z=0 z=1

N Mean (SD) N Mean (SD) Difference (SE)
Log(capital) 717 10.5(0.40) 105 11.2(0.39) 0.66 (0.04)***
Log(assets) 717 11.7(0.53) 105 12.5(0.54) 0.77  (0.06)***
Log(leverage) 717 1.19(0.34) 105 1.30(0.34) 0.11  (0.04)***
Suspension 717 0.10(0.30) 105 0.06 (0.23) -0.04 (0.03)
Bank age 717 2.45(1.07) 105 2.78(1.03) 0.33 (0.11)**
Black population (%) 674 0.07(0.16) 101 0.08(0.15) 0.01 (0.02)
Farmland (%) 674 0.77(0.25) 101 0.71(0.27) -0.06 (0.03)**
Log(manufacturing output) 672 3.73(1.11) 101 4.39(0.96) 0.66 (0.12)***

Note: The sample consists of all national banks established between 1900 and 1905 and located
in towns with a town population less than 6,000; ***Significant at the 1% level, **Significant at
the 5% level

Brief sample summary statistics are provided in Table D1.1. Banks operating in towns with
3,000 people or more have more capital on average; they also hold more assets and have higher
measured leverages. However, these simple correlations may not reflect the true causal relation-
ships. As we can see, towns with more than 3,000 people are associated with older banks, a lower
percentage of farm land in their counties, and higher manufacturing output per capita. These results
highlight the importance to seek for local identification. Causal relationships would be confounded
if one compares banks far away from the regulation threshold.

D.2 Additional estimation results

Table D2.1 presents estimates using a bandwidth that satisfies the undersmoothing conditions in
Theorems 7 and 8. These estimates remain similar to those bias-corrected estimates reported in
the main text. Note that the bias-corrected estimates use larger bandwidths, so there is no loss of
precision compared with estimates by undersmoothing.

As a convenient alternative to computing the analytic standard errors, one may use the standard
nonparametric bootstrap based on drawing n observations with replacement to obtain standard
errors and confidence intervals. The bootstrap is valid for the bias corrected Q-LATE estimator
by the Delta method. Tables D2.2 presents estimates with bootstrapped standard errors. These
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bootstrapped standard errors are similar to the analytic standard errors reported in the main text.
Tables D2.3 further presents estimates with bootstrapped standard errors that are clustered at the
town level. Clustering does not have a big impact. Our main conclusions remain the same.

Table D2.1 Impacts of log(capital) on bank outcomes (undersmoothing)

Q-LATE Quantile  Log(assets) Log(leverage) Suspension
0.10 0.954 (0.260)*** -0.046 (0.234) 0.018 (0.143)
0.12 0.922 (0.236)*** -0.078 (0.218) 0.005 (0.125)
0.14 0.896 (0.225)*** -0.104 (0.209) 0.007 (0.121)
0.16 0.871 (0.245)*** -0.129 (0.228) 0.007 (0.133)
0.18 0.760 (0.294)*** -0.240 (0.255) -0.028 (0.149)
0.20 0.769 (0.293)*** -0.231 (0.252) -0.031 (0.149)
0.22 0.766  (0.295)*** -0.234 (0.254) -0.030 (0.148)
0.24 0.805 (0.284)*** -0.195 (0.244) -0.043 (0.141)
0.26 0.808 (0.270)*** -0.192 (0.231) -0.041 (0.132)
0.28 0.814 (0.272)*** -0.186 (0.233) -0.048 (0.131)

WQ-LATE 0.836 (0.397)**  -0.164 (0.375) -0.016 (0.150)

Note: The top panel presents estimated Q-LATEs; The last row presents the estimated
WQ-LATES; hg = 1, 150 and ht = 0.441 for all estimation, which satisfy the under-
smoothing conditions for the Q-LATE and WQ-LATE estimators in Theorems 7 and 8;
The trimming thresholds are determined by using a preliminary bandwidth for R equal
to 3/4hg = 862.5; Standard errors are in the parentheses; ***Significant at the 1%
level, **Significant at the 5% level.

29



Table D2.2 Impacts of log (capital) on bank outcomes with bootstrapped standard errors

Q-LATE Quantile  Log(assets) Log(leverage) Suspension
0.10 1.030 (0.376)*** 0.030 (0.376)*** -0.131 (0.195)
0.12 1.062 (0.344)***  0.062 (0.344)*** -0.134 (0.181)
0.14 1.050 (0.327)*** 0.050 (0.327) -0.140 (0.180)
0.16 1.035 (0.315)*** 0.035 (0.315) -0.141 (0.181)
0.18 0.911 (0.304)**  -0.089 (0.304) -0.161 (0.178)
0.20 0.955 (0.315)*** -0.045 (0.315) -0.162 (0.183)
0.22 0.972 (0.307)*** -0.028 (0.307) -0.165 (0.186)
0.24 1.014 (0.310)*** 0.014 (0.310) -0.168 (0.188)
0.26 1.093 (0.324)***  0.093 (0.324) -0.167 (0.195)
0.28 1.087 (0.338)***  0.087 (0.338) -0.165 (0.206)
0.30 1.100 (0.363)***  0.100 (0.363) -0.168 (0.214)

WQ-LATE 1.034 (0.291)***  0.034 (0.291) -0.155 (0.175)

Note: The top panel presents the bias-corrected estimates of Q-LATEs; The last row
presents the bias-corrected estimates of WQ-LATEs; For all estimation, hg = 1, 462.76,
which is the AMSE optimal bandwidth for the WQ-LATE estimator (The AMSE optimal
bandwidth for the Q-LATE estimator hg ranges from 1, 158.15 to 1, 303.90), ht =
0.441 and p = 0.618; The trimming thresholds are determined by using a preliminary
bandwidth for R equal to 3/4hr = 1,097.07; Bootstrapped standard errors (in the
parentheses) are based on 500 replications; ***Significant at the 1% level, **Significant
at the 5% level.

Table D2.3 Impacts of log (capital) on bank outcomes with bootstrapped clustered standard errors

Q-LATE Quantile  Log(assets) Log(leverage) Suspension
0.10 1.030 (0.358)*** 0.030 (0.358) -0.131 (0.191)
0.12 1.062 (0.318)*** 0.062 (0.318) -0.134 (0.186)
0.14 1.050 (0.314)*** 0.050 (0.314) -0.140 (0.186)
0.16 1.035 (0.307)*** 0.035 (0.307) -0.141 (0.190)
0.18 0.911 (0.311)** -0.089 (0.311) -0.161 (0.191)
0.20 0.955 (0.321)*** -0.045 (0.321) -0.162 (0.192)
0.22 0.972 (0.309)*** -0.028 (0.309) -0.165 (0.195)
0.24 1.014 (0.315)*** 0.014 (0.315) -0.168 (0.195)
0.26 1.093 (0.331)*** 0.093 (0.331) -0.167 (0.199)
0.28 1.087 (0.353)*** 0.087 (0.353) -0.165 (0.217)
0.30 1.100 (0.371)*** 0.100 (0.371) -0.168 (0.230)

WQ-LATE 1.034 (0.288)***  0.034 (0.288) -0.155 (0.185)

Note: The top panel presents the bias-corrected estimates of Q-LATES; The last row
presents the bias-corrected estimates of WQ-LATEs; For all estimation, hg = 1, 462.76,
ht = 0.441 and p = 0.618; The trimming thresholds are determined by using a prelim-
inary bandwidth for R equal to 3/4hr = 1, 097.07; Bootstrapped standard errors (in the
parentheses) are based on 500 replications; ***Significant at the 1% level, **Significant
at the 5% level.
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D.3 Additional validity checks

Table D3.1 presents the bias-corrected estimates of WQ-LATEs on the first two raw moments
of covariates, which serve as joint specification tests. None of these estimates are statistically

significant.

Table D3.1 Tests for local rank invariance or rank similarity

First moment Second moment
Bank age 0.879 (0.731) 3.653 (3.860)
Black Population (%) 0.015 (0.128) 0.012 (0.079)
Farmland (%) -0.010 (0.156) 0.052 (0.195)

Log(manufacturing output) ~ 0.511 (0.669) 3.798 (5.881)

Note: Bias-corrected estimates of WQ-LATES are reported; For all estimation, hg =
1,462.76,ht = 0.441and p = 0.618; The trimming thresholds are determined by using
a preliminary bandwidth 3/4hr = 1097.07. Standard errors are in the parentheses.

Table D3.2 presents the formal testing results for smoothness of the density of town population
and smoothness of the conditional means of pre-determined covariates near the policy threshold.
For details of various RD density tests, see, e.g., McCrary (2008), Cattaneo, Frandsen, and Titiunik
(2015), and Cattaneo, Jansson, and Ma (2020).

Table D3.2 Tests for smoothness of covariates and density
I: Covariate
Bank age 0.218 (0.350) Farmland (%) 0.005 (0.110)
Black Population (%) -0.096 (0.084) Log(manufacturing output) 0.342 (0.382)
I1: Density of town population
-0.592  (0.554)
Note: Panel I presents the estimated discontinuities in the conditional means of covari-
ate; Robust standard errors are in parentheses; Panel 1l presents the t statistic of the
estimated density discontinuity of town population along with the p-value using rdden-
sity; hr = 1, 462.76 for all estimation.
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